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PREFACE

THIS
book treats of three-dimensional Kinematics, Statics,

and Dynamics in \\hat is I think a natural, as I have found it

to be a convenient, order. It may be regarded as a sequel to two

I'nniH-r treatises* to which occasional reference is made; but it

is not dependent on these, and will I trust be readily followed

by students who are conversant with ordinary two-dimensional

Mechanics.

The subject is of course a very wide one, and some principle of

selection is necessary. I have tried to confine myself to matters of

genuine kinematical or dynamical importance, avoiding develop-

ments whose interest, often considerable, is purely mathematical

or now mainly historical. It is owing to such considerations that

whilst some account is given of the Theory of Screws, of Null-

Systems, and of Least Action, on the other hand brachistochrone

problems, and the general theory of the Differential Equations
of Dynamics, are left untouched.

The book does not claim to be more than an elementary one,

regard being had to the nature of the subject. The reader who

wishes to carry his studies further will find ample assistance in

Thomson and Tait, inRayleigh's Theory ofSound,and in Whittaker's

Analytical Dynamics. And in common with other recent writers I

must mention with a special sense of obligation the works of Routh,

which in their later forms are an almost inexhaustible store-house

of theorems and results, and abound in interesting historical

references.

I have to thank Mr J. E. Jones, M.Sc., of the Manchester Uni-

versity, for his assistance in the revision of the proof sheets, and

for many valuable suggestions. I am much indebted also to the

staff of the Cambridge Press for their careful supervision of the

printing, and. for calling my attention to various oversights.

H. L.

July 1920.

*
Statics, Cambridge, 1912, and Dynamics, Cambridge, 1914.
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CHAPTER I

KINEMATICS OF A RIGID BODY. FINITE DISPLACEMENTS

1. Degrees of Freedom.

In forming the equations of motion of any dynamical system
we proceed in the first instance by infinitesimal steps. The con-

figuration and state of motion at a given instant t being regarded
as known, we calculate the changes which take place in a time &t

in consequence of the forces and constraints to which the system is

subject. This leads, in the manner which will in principle be al-

ready familiar to the reader, to the differential equations of motion.

Accordingly, an analysis of the possible infinitesimal displacements
of the system is all that is really required in the way of kinematical

preliminary.

In the case of a rigid body, however, the study offinite (as dis-

tinguished from infinitely small) displacements leads to some

theorems so simple and elegant that it is usual to devote a little

space to them in the first instance. A similar procedure, it may be

recalled, is usually adopted in the particular case of two-dimensional

displacements [S. 30]*.

The position of a rigid body moveable in three dimensions is

fixed when we know the positions of any three points A, B, C of it

which are not in the same straight line. For if P be any fourth

point of the body, the tetrahedron PABC is of invariable dimen-

sions. The coordinates (Cartesian or other) of the three points

A, B,C relative to any fixed frame of reference are nine in number,
but they are not independent, being connected by the three

relations which express that the distances BC, CA, AB have given
values. The number of independent variables, or

'

coordinates
'

(in

a generalized sense), which are necessary and sufficient to specify
the position of the body is therefore six. A rigid body whose

*
Eeferences in this form are to the author's Statics, The number indicates the

Article.

L. H. M, 1



2 HIGHER MECHANICS [I

position is not restricted in any way is accordingly said to have

six '

degrees of freedom.'

The generalized coordinates referred to may be chosen in

various ways, and speaking generally we may say that any six

independent kinematical conditions will restrict the body to one or

other of a series of definite positions, none of which can be departed
from without violating the conditions in question.

This principle, simple as it is, has useful practical applications. For

instance, the position of a theodolite relative to its stand is (in most forms)
determined by the fact that its three rounded feet rest in three V-shaped

grooves, there being thus six contacts. In another method, one foot rests in a

trihedral hollow, a second in a V-shaped groove, whilst the third rests on a

flat surface.

Again, a rigid structure may be fixed relatively to the earth by six links,

provided certain 'critical' configurations of these are avoided, analogous to

those met with in the two-dimensional theory of structures [S. 13, 15].

A rigid body which is subject to five conditions only has one degree of

freedom. An instance is that of a body carried by three rounded feet, two of

which are in contact with the sides of a V-shaped groove cut in a plane

surface, whilst the third rests on the plane. The body has thus freedom to

move parallel to the groove, but in no other way so long as all five contacts

are maintained. This arrangement, called a '

geometric slide,' is adopted in

some modern physical instruments.

Again, four conditions leave two degrees of freedom, as when a rifle-barrel

rests on two forks with rounded arms, one in front of the other. The rifle

can still be moved lengthways ;
it can rotate about its length ;

and it can of

course be made to execute any combination of these movements. Another
instance is the telescope of an altazimuth instrument. The geometrical con-

ditions here are that a certain point in the body, viz. the intersection of the

axis of the telescope with the axis of the pivots, is fixed, and (further) that

the axis of the pivots is restricted to a horizontal plane.

A simple example of a body subject to three conditions, and therefore

having three degrees of freedom, is that of a body with three rounded feet

resting on a fixed surface. If this surface be plane we have the type of two-

dimensional freedom discussed under Plane Kinematics [S. 13] *.

2. Displacements about a Fixed Point. Euler's Theorem.

The displacement of a rigid body from one given position 'to

another may be effected in various ways. In particular we may
* The practical importance of the geometrical theory of freedom and constraint

was first duly emphasized by Lord Kelvin (Thomson and Tait, Natural Philosophy,

2nd ed., Art. 198).



1-2] KINK.MATI' >. 01 A KKill) BODY 3

imagine that by a pure translation, in which all points of the body
describe e<pial and parallel straight paths, some arbitrarily <-li<

point of the body is brought to its final position (say), and that

the body is then turned about as ;i fixed point until two other

points /I, n of it, not in a straight line with 0, are brought into

their final positions. By a theorem due to Euler*, this second

operation is equivalent to a rotation about some fixed axis

through 0.

To see this, we imagine two coincident spherical surfaces to be

described about as centre. One of these surfaces is conceived as

fixed in space; the other as fixed in the body and therefore move-

able with it. The displacement about may be regarded as due

to a sliding of the latter surface over the former, as in an idealized

'ball and socket
'

joint; and the theory is accordingly very similar

to that of a plane figure moving in its own plane [S. 14]. Suppose
that as a result of the displacement a point of the moveable sphere
is brought from the position A in space to the position B, whilst

the point which was at B is brought to C. The plane ABC cuts the

fixed sphere in a circle, usually (but not necessarily) a 'small' circle.

If / be either pole of this circle, the isosceles spherical triangles
AJB, BJC are congruent, since AB = BG, these being two positions
of the same great-circle arc of the

moving sphere. Hence AB can be

brought into coincidence with BC
by a rotation about OJ as axis,

through an angle AJB^.
It appears, as was independently

evident, that a rigid body one point
of which is fixed has three degrees
of freedom, and that three indepen-
dent coordinates are therefore necessary to specify a particular

position. These might be for instance, the two angular coordinates

of the axis by rotation about which the body can be brought from

* Leonhard Euler, b. Bale 1707, d. St Petersburg 1783. The date of the theorem

is 1776.

f The case where C coincides with A may be treated as a limiting case, but it is

plain that the axis of rotation then bisects the arc AB, the angle of rotation being
ir. If A and B be antipodal points, the construction becomes indeterminate, and
some other point must be chosen in place of A.

12



4 HIGHER MECHANICS [I

some standard position to the position in question, together with

the angle of the rotation. Another system of coordinates, more

convenient for purposes of calculation, will be explained later

(Art. 33).

3. Composition of Finite Rotations.

It is now necessary to distinguish between the two senses in

which rotation can take place about a given axis. If 0, A be any
two points on the axis, a rotation will be reckoned as a positive

rotation about OA when it is related to the direction from to A
in the same way as the sense of the rotation is related to that of

advance in a right-handed screw. A rotation in the opposite sense

will be accounted as negative. Thus if N and 8 denote the north

and south poles of the earth, the diurnal rotation may be reckoned

either as a positive rotation about SN, or as a negative rotation

about N8.

The following construction for finding the result of a rotation

a about an axis OA, followed by a rotation ft about an axis OB,

appears to have been first given by O. Rodrigues (1840)*. We
denote by A, B the points where the respective axes meet the fixed

spherical surface having as centre. On AB as base we construct

the spherical triangles ACB, AC'B having the angles at A each

equal to Jot, and the angles at B each equal to J/3. It is plain from

the figure that the rotation a

about OA will bring a point of

the body from G to (7, and that

the subsequent rotation /3 about

OB will bring it back to C.

Hence 00 is the axis of the

rotation equivalent to the two

former ones. We notice that if

the order of the two rotations

about OA, OB had been in-

verted, the result would have been equivalent to a rotation about

00'. We have here an instance of operations which do not follow

the
' commutative law,'

*
Subsequently by Sylvester, Phil. Mag. (3), t. xxxvii (1850), and Hamilton,

Lectures on Quaternions (1853), p. 332.
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To find the angli- of the resultant rotation about 0(7, we con-

struct on the opposite side of

> ;i t r;iii^' . >yimn<'t n

.illy -<|iial to ABC. Since tin-

rotation about OA does not

affect a point initially at A t

whilst the rotation about OB
would bring it to A', the re-

quired angle is ACA', or

2 (TT (7). Since a rotation

through four right angles does

not affect the position of a

body, this is equivalent to a

rotation - 20.

We derive the following theorem, apparently first stated ex-

plicitly (with some extensions) by Hamilton in 1844*: If ABC be

any spherical triangle, and the centre of the sphere, the effect

of three successive rotations of amounts 2A, 2B, 2(7 about OA,
OB, 0(7, respectively, will be to restore the body to its initial

position, provided the sense of the rotations be the reverse of that

indicated by the order of the letters A, B, C.

4. Donkin's Theorem.

A displacement of a rigid body about a fixed point has been

regarded in the preceding investigation as determined by the axis

and the angle of the equivalent rotation. A rotation about a

diameter of a fixed unit sphere may however also be specified by
an arc of the great circle whose plane is perpendicular to this

diameter. Thus if P, Q be two points on this circle, a rotation

which would bring a point from P -to Q may be specified by the

arc PQ. The order of the letters is of course important, but the

precise position of the arc PQ on its great circle is immaterial f.

On this understanding we have the following theorem, dis-

*
Sir W. R. Hamilton (1805-1865), Royal Astronomer of Ireland 1827-1865.

See his Lectures on Quaternions, p. 334.

f Arcs used in this sense, and here distinguished by Roman type, have a certain

analogy to localized vectors in piano, although the law of combination is different,
as the theorem which follows shews.
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covered independently by Donkin*, and Hamilton f: If ABC be

any spherical triangle, three successive rotations represented by
2.BC, 2.CA, 2.AB will restore a body to its original position.

The equivalence of this theorem to that given at the end of Art. 3

may be established by means of the polar triangle, but the

following proof, given by Donkin
J,

is direct.

The sides of the triangle ABC are produced as in the figure, so

as to make

The triangles AB^d, A 2BC2 ,
A 3B3C are therefore directly equal

to one another, and '

symmetrically
'

equal to ABC. The rotation

B,

Fig. 4.

2.BC would bring the triangle A 2BC2 into the position A 3B3 C,

the rotation 2.CA would then bring it into the position AB^,
and the rotation 2.AB would finally bring it back to its original

position A 2BC2 .

It follows that two successive ro-

tations represented by two great-

circle arcs AB, BC are equivalent to

a rotation 2.XY, where X, Y are the

middle points'ofAB, BC, respectively.

On the other hand it is to be

noted that three successive rotations

represented by the arcs AB, BC, CA Fig. 5.

* W. F. Donkin (1814-1869), Savilian professor of Astronomy at Oxford,
1842-1869. The theorem was published in 1850.

f Lectures on Quaternions, p. 330.

I Phil. Mag. (4), t. i (1851).
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(not their doubles) are equivalent to a rotation about

OA through ;ln angle equal to the

spherical excess of the triangle ABC*.
That the point which starts from A
is finally restored to its in it ial position

is obvious. To find the angle of the

resultant rotation we need only con-

sider the successive positions assumed

by the arc originally coincident with

AB. The first rotation (AB) places

it along BX in the figure; the second /

shifts it to the position CY, such that X Y

the angle BCY is equal to the angle Fig. 6.

B of the spherical triangle; whilst the third rotation brings it to

AZ, so that ZAC = TT - ACY= TT - B - C. The angle between the

first and last positions is therefore

The theorem of Hamilton and Donkin has an interesting application to

the kinematics of the eye. The movements considered are of course relative

to the head, which for the present purpose may be regarded as fixed. The

organ rotates very approximately about a fixed point 0, and so far as the

muscular equipment is concerned, it has the usual three degrees of freedom.

In its normal operation, however, the movements are so coordinated that

there is virtually freedom only of the second order, the position of the eye as

a whole being completely determined by the direction of the visual axis, i.e.

of the line joining to that point of the field which is the object of direct

vision. This limitation is essential in order that the same object seen in the

same position relative to the head should affect always the same elements of

the retina whenever the gaze is directed to the same point of itt.

The law which defines the position of the eyeball in terms of the direction of

the visual axis was formulated by Listing (1857). The various directions of this

axis may be indicated in the usual manner by their intersections with a fixed

spherical surface (of arbitrary radius) described about 0. There is a certain
'

primary
'

position A on this surface, to which all others are referred . The
law in question is that when the visual axis is transferred from A to any
'secondary' position F, the displacement of the eyeball is equivalent to a

*
Hamilton, Lectures on Quaternions, p. 335. The simple proof in the text is

by Hankel.

t This is known as Bonders' law (1847).

This is the position assumed when, standing upright with head erect, we look

towards a distant point of the horizon straight in front.
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rotation represented by the great-circle arc AP. It is not necessary, of course,
that the transition should actually be effected in this particular manner, but

the result must be the same, whatever the intervening positions, in virtue of

Bonders' law.

It follows that the transition from one secondary position P to another Q
is equivalent to a rotation XY, where X, Y are the middle points of the arcs

AP, AQ, respectively. For the transition may be supposed made, first from

P to A, and then from A to Q. Hence the transition from P to any other

Fig. 7.

position whatever (such as Q or R in the figure) is represented by some great-
circle arc through Jf, i.e. it is equivalent to a rotation.about some axis at right

angles to OX. This line OX is therefore called (by Helmholtz) the 'atropic
line

' for the position P.

5. The most general Displacement of a Rigid Body.
We have seen that any displacement of a rigid body may be

resolved into (i) a pure translation by which an arbitrarily chosen

point is brought from its initial to its final position 0, and (ii) a

rotation about some axis through ;
and it is evident that the

order in which these operations are performed is indifferent. The
direction and amount of the translation will vary with the par-
ticular point chosen; but the direction of the axis of rotation, and

the angle of rotation, will be independent of this choice.

There is one set of planes, fixed relatively to the body, which

remain throughout the above operations parallel to their original

positions, viz. the planes perpendicular to the axis of rotation.

Let or, a denote any figure in one of these planes, in its initial and

final positions respectively. By a pure translation parallel to the

axis of rotation a may be brought into the plane of a'\ let a"
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<lriioh its position after this operation. It is known that er" may
now be brought into coincidence with a by rotation about a

certain point / in its plane [S. 14]. Hence the most general di--

placement of a ri^id l><><lv maybe resolved into (i> a traoslation

parallel to a certain axis, and (ii) a rotation about this axis*. Thi>

is the same as if the body had been rigidly attached to a nut

revolving on a screw of suitable pitch. As special cases we may
have a pure rotation, or a pure translation. In the latter case the

point 7 in the above argument is at infinity.

There are various other types of elementary operation into which a dis-

placement of a rigid body may be resolved,. One of the most interesting of

these is the 'half-turn,' i.e. a rotation through two right angles about a given

axist. This is specially simple in that the axis only need be indicated, the

sense of the rotation being indifferent.

The method rests on the following lemmas :

1. A half-turn about an axis a, followed by a half-turn about a parallel

axis b, is equivalent to a translation parallel to the shortest distance between

Fig. 8.

a and 6, of amount equal to twice this distance, in the direction from a to b.

This is proved at once by considering the displacement of any point P in the

plane of a, b.

* The theorem was given in 1830 by M. Chasles (1793-1880), distinguished for

his writings on Modern Geometry. The proof in the text is given by Thomson and

Tait.

t This was employed by Hamilton as regards rotation about a fixed point.

Further developments are due to W. Burnside (1889) and H. Wieuer (1890).
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2. A half-turn about an axis a, followed by a half-turn about an intersecting

axis
fc,

is equivalent to a rotation about the common perpendicular to these

Fig. 9.

axes, of amount equal to twice the angle between them, in the direction from

a to 6. This is proved in a similar manner.

3. To find the effect of successive half-turns about two skew axes a, 6, let AB
be the shortest distance between these axes, and let a be

the line through B parallel to a. Nothing is changed if

we interpose two half-turns about a'. Now a half-turn

about a, followed by a half-turn about a', gives a transla-

tion parallel to AB, of amount 2AB. And a half-turn

about a', followed by a half-turn about 6, gives a rotation

about AB, of amount equal to twice the angle between

a and b. We infer that any displacement of a rigid body
is equivalent to successive half-turns about two axes.

Since the -specification of two skew axes involves eight

elements, whereas the number of degrees of freedom of

a rigid body is only six, the above resolution can be

effected in a doubly infinite number of ways. All that

is essential for the representation of a given displacement
is that the axes a, b should meet at right angles the axis

of the equivalent screw, at the proper interval, with the

proper mutual inclination.

b

Fig. 10.
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EXAMPLES. I.

1. Prove that in a three-dimensional frame of // joints tlie nuniU-r of bars

ju>t siiHicicni I'm-
I'JL'i'lity is 3/< - G, and that th-n- nm-t I >K at least one j<

at which not moiv than live liars meet.

Prove that a frame of joints! \>. ute.l by the edges of a poly-

hedron whose faces are all triangular is just rigid.

2. A body is rotated through 90 about each of two axes which intersect

at an angle of 60. Find the axis and the angle of the equivalent single

rotation. [The angle is 104 28'.]

3. Prove that if the telescope of an altazimuth instrument be turned in

altitude through an angle a, and in azimuth through an angle /3, the angle (0)

through which it has been rotated is given by
cos < = cos %a cos 0.

Also that the altitude (6) of the axis of the resultant rotation is given by
cos 6= sin a/sin \<j>.

4. If OA, OB be axes fixed in a rigid body, and moving with it, prove
that a rotation 2A about OA, followed by a rotation 2Z? about OB, is equivalent
to a rotation 2(7' about 0(7', where 0(7 is related to the initial positions of

OA and OB as in Fig. 2, p. 4.

5. Shew that successive half-turns about three intersecting mutually

perpendicular ax-es will restore a body to its original position.

6. Prove that successive half-turns about two skew axes at right angles
are equivalent to a half-turn about the shortest distance, together with a

translation represented by twice this shortest distance.

7. Deduce Donkin's theorem (Art. 4) from the theory of half-turns.

(Burnside.)

8. If ABC ... K be any fixed spherical polygon, prove that successive rota-

tions of a rigid body about the centre of the sphere, represented by
AB, BC, ..., KA, will be equivalent to a rotation about OA through an angle

proportional to the area of the polygon. (Hamilton.)

9. Also that successive rotations represented by the doubles of the arcs

AB, BC, ..., KA, will restore the body to its original position. (Hamilton.)

10. Also that successive rotations about OA
, OB, 0(7, . . ., 0A", through double

the angles A, B, C*, ..., A" of the polygon, will restore a body to its original

position. (Hamilton.)

11. Deduce the rule for composition of half-turns about intersecting axes

from Eodrigues' construction (Art. 3).

12. Examine the proof of Rodrigues' theorem (Art. 3) in the case where
the two rotations a, /3 have opposite signs.
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13. Assuming Listing's Law (Art. 4) prove that if the eyeball rotates about

a fixed axis, the visual axis traces on the spherical field an arc of a circle

through the 'occipital point,' i.e. the point diametrically opposite to the

primary position A.

14. If vectors be drawn from a fixed point to represent the displacements
of the various points of a rigid body, their other extremities will lie in a

plane.

15. Prove directly that a straight line AJB of given length can be brought
into any other position A'B' by a rotation about some axis, and hence that

any given displacement of a rigid body can be effected by two finite rotations.

16. Prove from the theory of half-turns, or otherwise, that any displace-
ment of a rigid body may be resolved into two rotations, and that the axis of

one of these may be chosen arbitrarily.

17. Suppose that in any given displacement of a rigid body the point
which was at A is brought to B, that the point which was at B is brought to

(7, arid that the point which was at C is brought to D. Let HK be the shortest

distance between the bisectors of the plane angles ABC, BCD. Prove that

the displacement is equivalent to a translation HK together with a rotation

about HK through an angle equal to the angle between BE and CK.

(Crofton.)

18. Having given that three points of a rigid body are brought from the

positions A, 5, (7, 'to A'
t B', C", respectively, construct the equivalent screw-

displacement.

19. Prove the following construction for finding the resultant of two finite

screw-displacements about given axes a, b. Let AB be the shortest distance

between these axes
;
let PQ be a line meeting a at right angles, such that half

the given displacement about a would bring PQ to AB
;
and let RS be a line

meeting b at right angles, such that half the given displacement about b would

bring AB to RS. Further, let QS be the shortest distance between PQ and

RS. Then QS is the axis of the resultant screw-displacement ;
the translation

is 2QS-, and the rotation is twice the inclination of RS to PQ. (Burnside.)

20. A rigid body is turned through an angle 6 about an axis through the

origin whose direction is (I, m, n). If P and P be the initial and final positions

of any point, and
, 77, ,

the coordinates of the middle point (Q) of PP, prove
that the direction-cosines of PP' are

QN
where QN is the perpendicular from Q on the axis of rotation.

If x, y, z be the coordinates of P, and a/, y'^ z' those of P', prove that

where



EXAMPLES 13

21. Deduce the equations

d + "/ - V^=x - vy+ ft*,

y -f X/ - vxf =y - \z+ vx,

;ui(l prove that .r', y', ^' arc expressed in terms of #, y, 2 hy the following .scheme,

where p
2= 1 + X2+ /xH >

2
:

(Rodrigues. The method indicated is due to Darboux.)



CHAPTER II

INFINITESIMAL DISPLACEMENTS

6. Rotations as Localized Vectors.

From this point onwards we consider only infinitesimal dis-

placements. The theory is included to a certain extent in that of

finite displacements, but is simpler in that the effect of successive

operations can be found by superposition, without reference to the

order. This is in virtue of the general principle of superposition of

small variations.

An infinitesimal rotation is determinate when we know the

axis about which it takes place, and the angle, regard being had of

course to the sense. It may therefore be indicated completely by a

segment AB* measured along the axis, of a length proportional,
on some magnified scale f, to the angle, the direction from A to B
being chosen so that the rotation is right-handed with respect to

it (Art. 3). The exact position of AB along the axis is immaterial.

The utility of this convention rests on the fact that a rotation,

as thus represented, has, like a force in Statics, the properties of a

'localized vector/ In particular, rotations about intersecting axes

may be compounded by addition of the corresponding vectors.

To prove this, we note in the first place that the displacement
of a point due to a rotation

AB will be normal to the plane

OAB, and of amount AB.OM,
where OM is the perpendicular
drawn from to AB. In the

annexed figure it will be towards

or from the reader, and may
therefore be reckoned as positive

or negative, according as lies

to the left or right of AB. The Fig. 11.

* Bomau type is used to distinguish the vector AB from the mere length AB.

f Thus we may suppose that the angle is e . AB, where e is some infinitesimal

constant, of the nature of the reciprocal of a line. The factor e is however omitted

in what follows.
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displacement of is thus given by the same rule, both as to mag-
nitude and sign, as the moment of a, force AB about in Plant

Statics. It follows that tin

effect on a rigid body of two

infinitesimal rotations repre-

sented by AB, AC will be the

same as that of a rotation

AD, the geometric sum of AB,
AC. For we ran infer from

Varignon's theorem of moments Fi8- 12 -

that this is true as regards the displacements of all points in the

plane ABC. The displacements of three such points (not in the

same line) are however sufficient to determine the altered position

of the body.
There is thus a complete analogy, as regards mathematical

relations, between infinitesimal rotations on the one hand, and

forces in Pure Statics on the other. A rotation, like a force, is

associated with a definite straight line, but has no reference to any

special point in the line; it admits of opposite senses; and equal
and opposite rotations about the same line neutralize one another;

moreover, rotations about intersecting axes are compounded by the

law of vector addition.

Since the assumptions corresponding to these are all that is

required as a basis for Pure Statics, we may infer that every

proposition in the latter subject has an exact analogue in the

kinematical theory of the infinitesimal displacements of a rigid

body, and vice versa. A theorem established in either connection

is at once known to be true when translated into the language of

the other application.

For example, from the known rules for the composition of

parallel forces we may deduce the

result of rotations about parallel

axes. The ordinary statical proof

may in fact be adapted stepby step.

An independent proof is easily

given. Thus, suppose we have two

infinitesimal rotations p, q (reck-

oned positive when right-handed)
about the parallel axes AA',

B

Fig. 13.
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Let be any point in the plane of these axes, and draw the per-

pendicular OAB. The resulting displacement of a point at will

be normal to the plane of the figure, of amount p .OA + q . OB, if

suitable signs be attributed to OA, OB according to their direction.

If in AB we take a point C such that, in the vector interpretation,

^.CA + g.CB = 0, ..................... (1)

we have

The displacement of is therefore such as would have been pro-

duced by a rotation p + q about a parallel axis through C*.

A special case arises, as in Statics, when p + q = 0. We then

have

_p.BA, .........(3)

the same for all positions of in the plane. Hence equal and

opposite rotations about parallel axes are equivalent to a trans-

lation normal to the plane of the axes, of amount equal to the

product of either rotation into the distance between the axes. The

sense of the translation is ascertained by taking on one of the

axes. We thus learn, as a detail of the analogy above referred to,

that a translation corresponds to a couple in Statics, and the

amount of the translation to the moment of the couple.

7. Composition of Rotations about Skew Axes.

It was shewn in Art. 5 that the most general displacement of

a rigid body is equivalent to a rotation about a definite axis,

together with a translation parallel to that axis. It is therefore

described as a ' twist
'

about a certain screw. By a ' screw
'

is here

meant merely the geometrical form which indicates the type, but

not the amount, of the particular displacement. It is completely

specified when we know the axis, and the ratio of the translation

to the rotation. This latter ratio, which is of the nature of a line,

is called the
'

pitch,' and is reckoned positive or negative, according
as the relation between the rotation and the translation is right-

or left-handed (Art. 3). When the axis and the pitch are known,

the amount of the twist is specified by the angle of rotation, which

* The figure is drawn for the case where p, q have the same sign ; but the proof

is general.
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in.iv !> positive or negative according to the particular convn lion

adopted
The composition of rotations about axes in the same plane has

already been dealt with. We proceed to investigate the twist

which is equivalent to rotations p, q about two skew axes. Let o>

be the rotation which would be equivalent to rotations p t q about

two intersecting axes respectively parallel to the given ones; and

let a, ft be the angles which the axes ofp and q make with that of

o> on opposite sides. These quantities o>, a, ft may be supposed
found by an auxiliary construction. Now let AB be the shortest

Fig. 14.

distance between the given axes, and let a plane be drawn through
AB parallel to the axis of co. The rotation p may be resolved at

A into two components p cos a, p sin a, about axes in and perpen-
dicular to this plane; and q will have corresponding components

q cos 18, q sin ft. The components p sin a, q sin ft are equal in mag-
nitude, but of opposite sense, and are therefore equivalent to a

translation

T p sin a. AB =
q sin ft.AB, ............... (1)

parallel to the axis of w. The components pcosa, q cos ft are

equivalent to a rotation

a) = p cos a + q cos ft .....................(2)

about a parallel axis through a point in AB* such that

B................... (3)

* The figure is drawn for the case where the angles a, are both acute. If one

of them be obtuse the point will fall in the prolongation of AB in one direction

or the other.

L. H. M. 2
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We have thus determined the axis of the resultant twist, and the

amounts T, a) of the translation and rotation composing it.

From (2) and (3) we have

p cosa _ q cos/3 _ o> ,

~OB
''

AO ~AB'

The pitch of the screw about which the twist takes place is there-

fore

OT = T/o,= OB tan a =AO tan ft ............... (5)

sin a sin /3 . nwhence r=-^ ^-AB...................... (6)

It is apparent, conversely, from the preceding investigation

that any infinitesimal displacement of a rigid body can be resolved

into two rotations in an endless variety of ways. We can shew,

further, that the axis (but not the amount) of one of these may be

chosen quite arbitrarily.

Suppose, for example, that the axis of p in the above figure is

assigned. We construct the shortest distance A between this axis

and that of the given twist. The quantities o>, r, a, and the mag-
nitude of AO, are known; and we have to find the position of

B, the angle /3, and the rotations p, q. The values of OB and /3

are given by (5); and those of p, q then follow from (4).

That the resolution of a twist into two rotations is possible,

with one of the axes arbitrary, might have been expected. For

when the axis of p (say) has been assigned, we have still six ad-

justable elements at our disposal, viz. the four quantities necessary
to fix the axis of q }

and the magnitudes ofp and q.

Two lines which are related in the above manner with respect
to a given screw are said to be '

conjugate.' It will be noted that

the orthogonal projections of two conjugate lines on a plane per-

pendicular to the axis of the screw are parallel (Fig. 14).

Finally, we have

pq sin ( + ). AB =p sin a . AB . q cos ft + q sin fi . AB .p cos a

=
*"-, ..........................................(7)

by (1) and (2). The expression in the first member is six times

the volume of a tetrahedron having two opposite edges in the axes

of p and q, respectively, of lengths proportional to these quantities.
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If the two rotations be represented, in the manner already

r.\plam<-<|, l>y locali/.n I vectors HK, LM, it appears from (7) that

in whatever way the above n-.snhition 1. d, tin- volume of

Uir tetrahedron of which HK, LM are opposite ed onstant,

proport ioiial to the product cor.

8. Null-Lines, Points, and Planes.

A '

null-line
'

with respect to a given screw may be denned
from the present point of view as a straight line such that the

infinitesimal displacements of all points of the body which lie in it

an- at right angles to the length. It is known that if this condition

is fulfilled for any one point of the line it will hold with respect to

the rest [S. 50, 51]. It is evident at once that any null-line which

meets one of a pair of conjugate lines must also meet the other.

The conception of null-lines will be met with again in the

analogous theory of systems of forces in Statics, in which connection

it was indeed first introduced; see Art. 16. It has however an

importance from the present kinematical standpoint. For instance,

if one or more points of the body be constrained to lie on given

surfaces, the normals to the surfaces at these points are null-lines.

In particular, if a structure be connected to the earth by one or

more links, freely jointed at their extremities, the axes of these

links are null-lines.

The whole assemblage of null-lines, since it consists of lines in

space which are subject to one condition, form a three-fold infinity.

In the language of Line Geometry they constitute a '

complex.' In

the present case, those lines of the complex which pass through

any assigned point will lie in a plane, for being null-lines they
must be perpendicular to the direction of displacement of that

point of the body which is at 0. The complex is therefore of the

type called 'linear,' or 'of the first degree*.' The plane which is

the locus of the null-lines through is called the
'

null-plane/ or
'

polar plane,' of 0.

Conversely, the null-lines which lie in a given plane will in

general meet in a point f. For if two null-lines in the plane meet

* In genera], those lines of a complex which pass through a given point generate

a cone. If this surface is algebraic, its degree fixes the '

degree
' of the complex.

t In the general case of a complex of the -nth degree, the lines which lie in a

given plane envelope a curve of the nth '
class.'



20 HIGHER MECHANICS [ll

in 0, the displacement at is normal to the plane, and all lines in

the plane which pass through will be null-lines. And there are

in general no others. For if three null-lines in the plane could

form a triangle, the displacement at each intersection would be

normal to the plane, and the displacement of the solid would then

evidently consist merely of a rotation about some finite or infinitely

distant line in the plane. This special case is to be excepted from

the preceding statement. The point in which the null-lines of

a plane meet is called the '

null-point,' or
'

pole
'

of the plane.

The matter may also be looked atfrom another interestingpoint of view. Con-

sider the points of the body which lie originally in a plane ZZT,
and let w' be their

plane after an infinitesimal displacement. Let <r be any figure in the plane m,

and let o-' denote its displaced position. If o-' be projected orthogonally on the

plane cr, we obtain a figure <r" which may be regarded as congruent in all

respects with o-, since we neglect small quantities of the second order. The

figures <r, or" will not in general coincide, but may be brought into coincidence

by a rotation about a point in their plane [S. 14, 15]. Let m denote the

normal to or at 0, and n the ultimate intersection of the planes w and zsr'.

It is evident that the displacement of the body may be regarded as made up
of rotations of suitable amounts about these axes m, n. It follows that all the

null lines in the plane must intersect m as well as n, and must therefore pass

through 0. It will be noticed that we have in m, n a pair of conjugate lines

which are at right angles. The line n is called the 'characteristic' of the

plane*.

If the pole A of a plane a lies in a plane /3, the pole B of ft

will lie in a. This follows at once from the fact that AB is a null-

line. Also, the poles of all planes through AB will lie in the inter-

section of the planes a, /3. This intersection is conjugate to AB.

Some further properties of null systems will be noticed in the

Chapter on Statics.

9. Analytical Formulae.

Whenever in the course of this book we employ rectangular

Cartesian coordinates, we shall assume that the axes form a '

right-

handed
'

system. That is, we assume the positive directions Ox, Oy,

Oz to be so related that a positive rotation of |TT about Ox would

bring Oy into the former position of Oz, and so on in cyclical order

of the letters. Thus, if Ox, Oy are in their usual relative position

in the plane of the paper, Oz will be above this plane. If the

* This theory is due to Chasles.
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direction of one of the axes be reversed we obtain a '

left-handed
'

system. One set of axes Ox, Oy, Oz can be brought into coinci-

dence with another set 0V, 0'y
7

,
OY by a mere displacement, so

that Ox' shall coincide with Ox, Oy' with Oy, and Oz with Oz, only
if both systems an- right-handed, or both left-handed*.

In proceeding to an analytical discussion of the small displace-

ments of a rigid body, we begin with the case where one point
of the body is supposed fixed. We have seen (Art. 2) that any
small displacement is then equivalent to a rotation o> about some

axis OJ. Taking rectangular axes through 0, this rotation can be

resolved into three components p, q, r about Ox, Oy, Oz, respec-

tively; thus if X, /JL,
v be the direction-cosines of OJ" we have

p = \co, q
=

/j,(o,
r = vco, (1)

and jo
2 + <?

2 + r2 = to
2

(2)

To find the component displacements, parallel to the axes, of a

point P whose coordinates are (say) x, y, z, we make use of the

principle that the displacements of any two points A, B, of the

body when resolved in the direction AS are equal, since the length
AB is unaltered [S. 50, 51]. We draw PL normal to the plane yz,

M

Fig. 15.

and LB, LG perpendicular to Oy, Oz, respectively. The displace-

ment of P parallel to Ox will be equal to that of L, which is made

* The relation between two systems of opposite character is that of an object

and its image in a plane mirror. The geometrical process of passing from the one

to the other is called '

perversion.'
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up of qz due to the rotation about Oy, and ry due to the rotation

about Oz. Hence, and by similar considerations, we find that the

component displacements of P are

Bx = qz ry, Sy = rx pz, &z =py qx..........(3)

We note that

, .............................. (4)

0, .............................. (5)

which verify that the displacement of P is perpendicular to both OP and OJ.

We have also

= o>
2

. OP2
, sin2 JOP............................... (6)

This is otherwise evident*, for if PQ be drawn perpendicular to 0.7, the dis-

placement of P is

To express the most general displacement of a rigid body
relative to fixed coordinate axes, we have only to superpose a

uniform translation whose components I, ra, n (say)f are the com-

ponent displacements of tjiat point of the body which was at 0.

Thus
&x = l + qz -ryl

8y = m + rx-pz, ........................ (7)

$z = n -\-py-qx.

The locus of the points which are displaced parallel to the axis

of rotation is determined by

x _ Sy _ Bz- ~>

or ^ ^
p q r

These are the equations of a straight line; and since they are

unaltered when we write x + kp for x, y -f kq for y, and z + kr for z,

whatever the value of k, we see that the line is parallel to the axis

of the rotation. The displacement of the body is therefore equi-
valent to a rotation about this line, together with a translation

*
If OP=p, we have

<j) p Up Up
t This notation has been chosen for the sake of conformity with the analogous

formulae in Statics (Art. 19).
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parallel to it*. In our previous terminology we have a twist about

a certain screw, of which the line (9) is the axis.

The six elements /, m, n, p, q, r on which the specification of a

particular infinitesimal displacement of a solid depends, or any six

quantities proportional to them, determine by the five ratios which

they bear to one another the axis and the pitch of the screw about

which the body is displaced, and may be called the 'coordinates'

of the screw.

The displacement of any point, resolved parallel to the axis of

the screw, is

r ~ Ip + mq + nr- -
(10)

ft) ft)
"

0) 0)

and the pitch is therefore

rjp + mq + nr

to j0
2 + ?

2 + r2

If we were to refer the same displacement to any other con-

gruent system of rectangular axes, the value of p* + <f + r2
,
or or,

would of course be unaltered. Also, since the pitch is fixed, the

same statement must hold with regard to the expression

Ip + mq 4- nr. Hence in the transformation from one right-handed
set of axes to another, the expressions

p* + q* + r2 and Ip + mq + nr

are absolute invariants.

If the displacement reduces to a pure rotation, we have r = 0,

or

lp + mq+nr = ......................(12)

The six quantities I, m, w, p, q, r, when connected by this relation, determine

a line^ viz. the axis of rotation. This system of '

line-coordinates,' as they are

termed, is employed in many geometrical investigations f. From this point
of view we are concerned only with their ratios

; they are accordingly equi-
valent to only four independent quantities, in virtue of (12).

If (#! , 1/1 , z^ be any point on the line, the values of I, w, n are obtained

from (7) by momentarily transferring the origin to (xlt yll ^), and writing
~ x\ i

~
y\ >

~ 2i f r #
y->

2 respectively. Thus

l=ryv -qzlt m=pzl -rxl ,
n= qxl -py l ,

..... .......... (13)

* This theorem was given in 1827 by A. L. Cauchy (1789-1857). As already

stated the extension to finite displacements is due to Chasles.

f It was introduced by Cayley in 1860, and subsequently employed by Pliicker

in his researches on Line Geometry.
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which verify (12), as they ought. The condition that a line (I, m, n, p, q, r)

should be a null-line with respect to the screw (', ra', n', p', q', r'} can now be

expressed. Since the direction-cosines of the line are proportional to p, q, r, the

condition that the longitudinal displacement of a point at (xly ylj Zj) should

vanish is

Q, ...(14)

or lp' +mq' +nr' + l'p+ m'q-\-rir=Q, .....................(15)

by (13). This is the equation of the linear complex formed by the null-lines

of the screw (l\ m'
t ri, p', q

1

, /).

We shall meet with a relation of this form as the more general condition

that two screws should be 'reciprocal' (Art. 22). The quantities , m, n, p, q, r

are then no longer subject to the condition (12).

1O. Constraints.

Whenever the small displacements of a rigid body are subject

to some one geometrical condition, the analytical expression of this

leads in general to a homogeneous linear relation between the six

variable quantities I, m, n, p, q, r, that is, to a relation of the form

Al + Bm + Cn + Fp +Gq + Hr=0, ............(1)

where the coefficients are constants. For example, if a point

(X, 2/i> -?i)
be constrained to lie on a given surface, the displace-

ments of this point are subject to the condition

\&e +/% + i/^ = 0, .....................(2)

where X, /*,
v are the direction-cosines of the normal to the surface

at the point (xl) ylt ^). Hence

X (I + qzl
- ryO + p (m + rx

l
-
pzj + v(n + py1

-
qx^ = 0, . . .(3)

which is of the above form.

If the body is subject to six relations of the above type, the only

solution is in general l = m = n=p =
q
= r = Q. The body is then

fixed; i.e. it cannot be moved without violating one or other of the

given conditions.

Thus, as already pointed out, a rigid structure which is

anchored down by six links is in general fixed.

It may, however, happen that owing to the special configuration of the

links the body is still capable of an infinitesimal displacement. The analogous

but much simpler question in Plane Kinematics [S. 15] will be remembered.

Let the line-coordinates of the six links be denoted by
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\\ line the symbols in each group are supposed subject to a relation of the form

(12) of Art. 9. By hypothesis, the lines in question are null-lines with respect

to some displacement (l\ ', n\ p\ tf, r'), and must therefore satisfy the

equation

lp'+ mq'+nr' + l'p+ m'q + n'r=()........ ..(4)

In words, they must all belong to the same linear complex*, of which this iw

the equation. Analytically, the condition is

=0.

, ^6, KQ, p6 , ?fl ,
r

fl

Cf. Art. 19 (26).

If we have five independent relations of the type (1), these will

give unique values to the five ratios I : m : n :-p : q : r. The body has

now one degree of freedom, viz. it can twist (to an arbitrary extent)

about the screw thus determined. The displacement of any point
of the body can now take place only in a definite direction.

If we have four independent constraints, the ratios l:m:n:p:q:r
are indeterminate; but if (l'} m', ri, p'y q', r') and (I", m", n", p", q", r")

be any two independent solutions of the four equations, any other

solution can be expressed in the form

l = \l' + ld", m = Xra' + /*ra", n = Xn'

p = \p' + pp", q = \q' + fjq", r = \r'

For the given conditions are obviously satisfied by the six quan-
tities

l \l' pi", m \m /j,m", n \ri i*>n",

p-\p' - pp", q-\q
f -

pq", r -\r' - pr".

We may determine X and ^ so as to make two of these vanish, and

the equations can then only be satisfied by zero values of the

remaining four. The body has now two degrees of freedom, since

it can twist to arbitrary and independent amounts about the two

screws (I', m', n', p
f

, q', /), (I", m", ri',p", q" , r"). These two screws

may themselves be chosen in an infinity of ways. Since the

directions of motion of any point of the body, due to twists about

the two screws, are independent, the point is capable of motion in

two dimensions. It follows that the case of a rigid body, four of

whose points are constrained to move on given surfaces, embraces

all possible types of freedom of the second order.

* Six lines so related are said by Sylvester to be ' in involution.' The theory

was developed from the statical standpoint by Cayley, Spottiswoode, and Sylvester.
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Three constraints, again, leave the body free to twist about
three independent screws. Each point of the body has now, in

general, liberty to move (but not of course independently) in three

dimensions. Hence, although the case of a body in contact at three

points with fixed surfaces is an important instance, it is not

sufficiently general to be typical.

The remaining cases, where a body is subject only to two con-

ditions, or one, and has therefore four or five degrees of freedom,

respectively, are of less interest, but will be referred to later

(Art. 22)*

11. Two Degrees ofFreedom. The Cylindroid.

We proceed to consider more fully the case of a body having
two degrees of freedom. It has been pointed out that this is typi-

fied, with complete generality, by a solid in contact at four points
with fixed surfaces, and that the normals at these points are null-

lines with respect to any possible displacement. These normals are

met by two real or imaginary transversals f, which are evidently

conjugate lines. When they are real, any possible displacement
can be resolved into two rotations about them as axes; but since

they may be imaginar}^ this statement does not hold in general.

We have therefore to ascertain the result of twists of arbitrary

amounts about any two screws whose axes and pitches are given,

and to examine the configuration of the singly-infinite system of

screws thus obtained.

We begin, somewhat indirectly, with the case where the axes

of the two given screws are at right angles, and intersect. We take

these as the axes of x and y, and denote the respective pitches by
a, b. If

j9, q be the rotations about them, we have, in the notation

of Art. 9,

l = ap, m = bq, n = 0, r (1)

* The theory of infinitesimal displacements was developed from the above point

of view by Sir E. S. Ball (1840-1913), Lowndean professor of Astronomy at Cam-

bridge 1892-1913, in a series of papers dating from 1871. See his Theory of

Screws, Dublin, 1876, and Cambridge, 1900.

f Any three skew lines determine a hyperboloid of one sheet, on which they are

generators of the same system. The fourth line meets this surface in two real or

imaginary points. The generators of the opposite system which pass through these

points are the transversals in question.
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The equations of the axis of the resultant twist (Art. 9 (9)) become

ap + qz_bq-p2:_py-qx
P q

'

whence

(3)

Hence, whatever the values of p, q, the axis of the resultant twist

is a generator of the conoidal surface

z(a? + y*)
= (b-a)xy......................(4)

The coordinates of any point on this surface may be expressed
in the forms

x = pcos0, y = psin6, z = csm20, .........(5)

where c = | (6 -a)............................ (6)

The generators meet the axis of z at right angles, and intersect a

circular cylinder described about this axis in a curve which, when

Fig. 16.
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developed into a plane, is a curve of sines, the perimeter including
two complete periods. The surface is called the 'cylindroid*'; its

scale is determined by the parameter c.

The pitch of the screw whose azimuth is 6 is, by Art. 9 (11),

...... )

The distribution of pitch among the various screws of the system
is indicated by the conic

ax* + bf = C, ........................ (8)

where C is any constant; for if p be the radius drawn in the

direction 6, we have

*r=C/p
2............................(9)

The curve (8) is accordingly called the
'

pitch conic.' We notice

that not more than two screws of the system have the same pitch.

It is important to notice that the cylindroid itself is unchanged
if the pitches a, b be increased by equal . amounts, since the para-
meter c is unaltered. The only modification is that the pitches or

of the screws associated with the various generators of the surface

are all increased by the same amount, in virtue of (7).

If we distinguish by suffixes the quantities relating to any two

screws of the system, we have from (5)

21 -^2
= 2csin(<9]

-02)cos(01 + 2),
............ (10)

and from (7)

Wl -wa
= 2cBin(01 -08) sin (01 + 6i) t

......... (11)

whence tan (ft + <92)=^-^ ...................(12)
\z\ 83)

It appears from these formulae that a system of screws having the

above configuration can be constructed so as to include any two

screws whatever. For, the perpendicular distance z1 z2 between the

two axes, the mutual inclination BI 62} and the difference t^ nr2 of

the pitches being regarded as given, the angle 61 + B2 is determined

by (12), and either of the equations (10), (11) then serves to deter-

mine the parameter c.

* The name was given by Cayley. The surface presents itself in the geometrically

cognate subject of the Linear Complex, as investigated by Pliicker and others.
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We may assert, then, that whenever a body lias two degrees of

freedom, the axes of tin- various about which it can twist

will lie on a certain cylindroid, and that the distribution of pitch

among these screws will be given by a formula of the type (7).

As a particular case, the cylindroid may of course degenerate

into a plane, the parameter c being zero. The various screws have

then all the same pitch, as is otherwise evident.

1 2. Three Degrees of Freedom.

When a body has three degrees of freedom, as defined by three

independent screws having given axes and pitches, the axis and

the pitch of any other screw about which it can twist are deter-

mined by the two ratios between the three angles of rotation. The

number of such screws is accordingly doubly infinite, and their

axes form what is called in Line Geometry a 'congruence/ To

ascertain the configuration, and the distribution of pitch, we begin,

as in the preceding Art., with a special assumption, and afterwards

proceed to shew that it can be made to cover all possible cases.

We assume that the axes of the three fundamental screws inter-

sect at right angles. We take these as coordinate axes, and denote

the corresponding pitches by a, b, c. If, in any small displacement,

p, q, r be the angles of rotation about these axes, we have

l = ap, m =
bq, n = cr, .................. (1)

and the pitch of the resultant screw is

'

The equations of its axis are, by Art. 9 (9),

ap 4- qz ry _ bq + rx -pz _ cr+py qx ^
p q r

and it is to be noted that each of these fractions is equal to tsr.

Hence, to find the locus of the axes of all the screws having a

given pitch, we have to eliminate the ratios p:q:r between the

equations

(a vr) p + zq yr = 0,

-zp +(b-<er)q + xr = 0,
\

......... (4)

yp xq + (c txr) r 0.
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The result is

(a
-

r) x* + (6
- w) i/

2
-f (c

-
r)

2 + (a
- w) (b

- w) (c
- w) = 0.

(5)

The locus, when it is real, is accordingly a hyperboloid of one sheet.

It will be imaginary if ts exceeds the greatest, or is less than the

least, of the three quantities a, b, c.

In particular, the locus of the axes of the screws of zero pitch
is the quadric

a#2
-f by

2 + c*2 + abc = 0, (6)

which is, however, imaginary if a, 6, c have all the same sign.

By varying the value of r in (5) we get a series of hyperbo-

loids, containing the axes of all possible screws of the system.

If p be the radius of the quadric (6) drawn parallel to any one

of these axes, it results from a comparison of (2) and (6) that the

corresponding pitch is

abc
,^

The surface (6) is therefore called the
'

pitch-quadric.'

We have still to shew that a system- of screws of the above

kind, based on three screws whose axes intersect at right angles,

represents the most general case of freedom of the third order.

In the first place, if the possible screws include three screws of

zero pitch, i.e. three axes of pure rotation, these determine a certain

hyperboloid, and the generators of the opposite system will be null-

lines. Any other axis of pure rotation must meet all the null-lines,

and must therefore lie on the aforesaid hyperboloid. The equation

of this surface, when referred to its principal axes, will be of the

form

and, to identify this with (6), we have only to make

6c = -o2
,

ca = - 2
,

a& = 7
2

(9)

Taking a, /3, 7 as positive, we find

(10)
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The present case arises whenever the body is in contact at three

points with fixed surfaces, but, as already pointed ,,ut, t|,i> ,

\ainpl.-

is not sufficiently general.

\\V have seen, however, that the configuration of the axes of

the various screws which result from arbitrary twists about two

primitive screws is urn-hanged if the pitches of these be altered by
the same amount. The only effect is that the pitches throughout
the resulting system are all altered in the same way. This con-

clusion must hold when we add a third primitive screw, provided
its pitch be similarly altered.

Take now the most general case of three degrees of freedom,

and suppose that CT is the pitch of some screws in the system. If

we add - to- to all the pitches, the configuration of the axes is un-

changed. Hence the axes of all the screws whose pitch was ta

will lie on a hyperboloid whose equation, referred to the principal

diameters, is of the form

aV + &y + cV+a'6V = (11)

The system of (altered) screws is that due to arbitrary twists about

three screws whose axes intersect at right angles, and whose

pitches are a', b', c', respectively. The original system can therefore

be based on three screws about intersecting and mutually perpen-
dicular axes, whose pitches are

a = a' + CT, & = &' + OT, c = c' + *r (12)

In terms of a, 6, c the equation (11) takes the form (5), as before.

The locus of the axes of the screws of zero pitch is the quadric (6),

but this is now not necessarily real. If it be imaginary, the distri-

bution of pitch may be found by reference to the conjugate hyper-
boloid obtained by reversing the sign of the last term in the

equation *.

EXAMPLES. II.

1. Deduce the rule for compounding infinitesimal rotations about parallel

axes from Rodrigues' construction for the case of finite rotations (Art. 3).

2. Prove from first principles that three infinitesimal rotations represented

by BC, CA, AB are equivalent to a translation normal to the plane ABC, of

amount proportional to the area of the triangle ABC.

* The substance of Arts. 11, 12 is derived mainly from Ball, I.e. ante p. 26.

References are given by him to parallel investigations of other writers.
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3. Verifyby the usual formulae for transformation of rectangular coordinates

that the expressions

and

of Art. 9 are absolute invariants.

4. Prove that the equations (Art. 9 (9)) of the axis of the twist which is

equivalent to any given infinitesimal displacement may be written

x (qn rm)/o>
2 _y (rl pn)/o)

2
_z (pm - ql)/o>

2

p g.
r

5. In any infinitesimal displacement of a rigid body, the straight lines

drawn through the various points of a given straight line, in the directions of

the displacements of these points, are generators of a paraboloid.

6. If a line be parallel to the axis of a screw, its conj ugate is at infinity.

If it be perpendicular to the axis, its conjugate intersects the axis.

If a line coincides with its conjugate, it is a null-line.

7. The null-planes of the various points of a straight line intersect in the

conjugate line.

8. In any infinitesimal displacement of a rigid body, the straight lines

drawn through the various points of it in the directions of the respective dis-

placements are perpendicular to their conjugates.

9. Any two pairs of lines which are conjugate with respect to a given

twist lie on a hyperboloid.

10. If the axis of z be the axis of a screw of pitch w, the equation of the

polar plane of the point (#t , ylt z^ is

Prove that the line conjugate to

11. Prove that the lines which are perpendicular to their conjugates form

a complex of the second order, whose equation in line-coordinates is

Ip +mq+m (p
2+q2

)
=

0,

if the axis of z be that of the screw.

12. Prove that the locus of points whose directions of displacement all

pass through a given point is a twisted cubic lying on a circular cylinder

which has the axis of the twist and a parallel line through as opposite

generators.
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13. Prove that if a body is subject to one constraint only, there are two
axes such that longitudinal motion in the one is accompanied by a definite

proportion of rotation about the other.

14. If a solid ellipsoid is in contact with fixed surfaces at three
j

A, B, C which are extremities of conjugate diameters, then in any infini-

tesimal displacement the centre moves parallel to the plane ABC.

EXAMPLES. III.

(Cylindroid, etc.)

1. Prove that a plane through a generator of the cylindroid cuts the surface

again in an ellipse whose projection on the plane xy is a circle.

2. Prove that if a body twist about a screw belonging to the cylindroid

the displacement at the origin is parallel to that diameter of the pitch conic

which is conjugate to the direction of the axis of the screw.

3. A circle of radius c revolves with uniform angular velocity about an
axis AB in its plane. A point P describes the circle with twice this angular

velocity. Prove that the perpendicular PN on AB generates a cylindroid of

parameter c-,
and that the length NP gives the pitch of the corresponding

screw, in a possible distribution. (Lewis.)

4. Prove that the sum of the pitches of the two screws which pass through
any point on the axis of a cylindroid is constant.

5. If a body receives twists about three screws of a cylindroid, and if the

amount of each twist be proportional to the sine of the angle between the other

two screws, the body will occupy the same position as at first.

6. A body receives independent infinitesimal rotations about two axes

which are at right angles, but do not intersect. Prove that the equation of the

cylindroid thus determined is

the axes of x, y being parallel to the given lines, and the origin half-way
between them.

7. The axes of two screws are

^=0, z= c, and #=0, z= c,

and their pitches are tzr,
-

tzr, respectively ; prove that the corresponding

cylindroid is

8. A body receives arbitrary rotations about the three lines

y= b,z=-c\ z=c,x=-a; x=a,y=-b.
Prove that the locus of the axes of all screws of pitch w is

2ayz+ 2bzx+ %cxy + 2abc+ w (a?+y2+ z2 -a2- 6* - c2)+w3= 0.

L. H. M. 3



CHAPTER III

STATICS

1 3 . Statics of a Particle.

The extension to three dimensions of the familiar propositions

in this subject presents no difficulty. The resultant of any number

of forces acting on a particle may be found by a polygon of forces.

The fact that the sides of the polygon are not assumed to lie in the

same plane makes no difference to the proof [S. 7]. For equili-

brium, the polygon must be closed.

We may also recall the theorem that if G be the mass-centre

of particles ml} m2) ...
)
mn situate at Plt P2 ,...,PW ,

and any
other point, we have, in vectors,

(?ttj + Wa + . . . + ran) OG = ml . OPj + raa . OP2 + . . . + mn . OPn .

...... (1)

Hence forces represented by mx . OP^ m2 . OP2 ,
. . ., mn . OPn have a

resultant 2(m).OG. The scalar quantities ml) m2 , ...,mn need

not all have the same sign, but it is assumed that 2 (m) =f=
*.

Analytically, the process of reduction of a system of forces

acting on a particle is as follows. Let OP be a vector representing
a force F acting at the origin; and draw through P three planes

parallel to the coordinate planes. These will enclose with the

latter a parallelepiped. Then, referring to Fig. 15, p. 21, we have

the vector equation

OP = OA +AN+NP = OA + OB + OC.......... (2)

The force F is therefore equivalent to three forces X, Y, Z along
the coordinate axes, viz.

X = F\
y Y=F/JL, Z=FV) ............... (3)

where \ //,,
v are the direction-cosines of OP.

A system of forces acting at is reduced in this way to three

I OFOf-^S

R = -S.(Z).............(4)

* The theorem is attributed to Leibnitz (1646-1716) ;
it is an immediate conse-

quence of the modern vector definition of the mass-centre [S. 64].
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along On\ Of/, O:, respectively. If /, m, n be tin- <
1 1 1 < ction-coeines

of the resultant S, we have

P = Sl, Q = 8m, R = Xn, (5)
and therefore

#P+Q+J3 (6)

The formulae (5) and (6) determine S and its direction (/, m, n).

For equilibrium we must have 8 = 0, and therefore

P = 0, Q = 0, R =
(7)

That is, the sum of the resolved parts of the given forces in each

of three mutually perpendicular directions must vanish.

14. Statics of a Rigid Body. Definition of a Moment.

A force, acting on a rigid body is conceived, in Pure Statics, as

resident in a certain line, and as having a definite magnitude and

sense, but it has no necessary reference to any particular point on

the line, the position of the point of application being indifferent.

Moreover, it is assumed that two forces in intersecting lines are

equivalent to a single force through the intersection, derived from

them by the law of vector addition. Also that equal and opposite
forces in the same line neutralize one another. All this is summed

up in the statement that a force has the properties of a '

localized

vector/

In consequence of the analogy pointed out in Art. 6 there is an

exact parallelism between the theory of systems of forces and the

kinematical theory of the small displacements of a rigid body. The
various statical theorems might, indeed, be inferred without further

proof, but it is at all events instructive to investigate them from

the new point of view. It may be added that in the historical

order of development the statical theorems came first.

The definition of a ' moment
'

employed in two-dimensional

Statics now requires to be extended. To find the moment of a

force PQ about any axis AB, we project PQ orthogonally on a

plane perpendicular to AB. The moment is then given, as to

magnitude, by the product of the projection (FQ', say) into its

distance from the nearest point A (say) ofAB. It will be noticed that

the corresponding magnitude in Kinematics is the longitudinal

displacement of any point in AB, due to a rotation PQ. This

analogy gives perhaps the most convenient rule as to the sign of

32
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the moment. The convention which we adopt is that the moment

is positive or negative, according as a right-handed rotation about

P'Q' would displace a point at A in the direction from A to B, or

the reverse. Thus moments with respect to AB and BA are dis-

tinguished by the opposition of sign.

Fig. 17.

A geometrical expression for the magnitude of the moment is

obtained as follows. If AB be a unit length measured along the

axis, and if 6 be the inclination of PQ to AB, and MN their

shortest distance, the moment is equal in absolute magnitude to

PQsm0.MN.AB, (1)

i.e. to six times the volume of the tetrahedron of which PQ and

AB are opposite edges*.

It easily follows from the definition that the sum of the

moments of two intersecting forces about any axis AB is equal to

the moment of their resultant. For if we project orthogonally on

a plane perpendicular to AB we obtain two intersecting forces and

their resultant. We have then only to apply Varignon's theorem

[S. 20] to these, taking moments about the point in which the

plane meets AB.

The proof can be extended to the case of parallel forces.

1 5 . Reduction of a three-dimensional System of Forces.

Poinsot's Theorem.

By repeated applications of the principles stated at the

beginning of Art. 14 a given system of forces may be replaced by
* M. Chasles (1847).
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another system in a great variety of ways. But in no ^wh tr.-m--

formal ion is any clian^v mad.- at any sta^-, either in thcgeoiu.

sum of the forces, or in the MUM of their moments about any given
axis. It is convenient, in what follows, to suppose that by m<

of a polygon of forces [S. 31], or otherwise, a free vector R is con-

structed which represents, as far as magnitude and direction are

concerned, the geometric sum of the given forces. We will suppose
for the present that R is not zero.

There are certain modes of reduction which are of special

interest.

In the first place, consider a fixed plane normal to the direction

of R. We may resolve each force of the given system, at its inter-

section with this plane, into two components, viz. a force P parallel

to R, and a force Q in the plane. The forces P form a parallel

system, and have a resultant obviously equal to R, acting in a

definite line. The geometric sum of the forces Q, on the other

hand, must vanish, so that they are equivalent to a couple.

Hence a three-dimensional system of forces is in general

reducible to a single force acting in a definite line, together with

a couple in a plane perpendicular to that line*. The line in

question is called the '

central axis
'

of the system ;
and the above

combination of force and couple is called a ' wrench.' The type of

a given wrench may be specified, apart from its intensity, by a

screw whose axis is the central axis, and whose pitch is the linear

magnitude which is the ratio of the couple to the force.

The above reduction is moreover unique except in so far that

the plane of the couple may be any plane perpendicular to the axis.

For the central axis is necessarily parallel to the vector R, and

since the sum of the moments about any line which meets it at

right angles must vanish, it can only have one position. The

moment of the couple, again, is determinate, since it must be

equal to the sum of the moments of the given forces about the

central axis.

It appears that the statical effect of any system of forces

depends on six independent elements. These may be, for instance,

the four quantities necessary to determine the central axis,

* This theorem is due to L. Poinsot (1777-1859), Elements de Statique> Paris,

1804.
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together with the magnitudes of the force and couple. We infer

that in order that the system may be in equilibrium six indepen-
dent conditions must be satisfied. Also that any system of forces

which involves six arbitrary and independent elements can be

adjusted so as to be equivalent to any given wrench. In particular
a wrench may be resolved into six forces acting in six assigned
lines. As a special case, it may be resolved into six forces acting
in the edges of a given tetrahedron. And such resolutions are

in general determinate.

It has been seen, for example, that a three-dimensional struc-

ture can in general be anchored down in a definite position relative

to the earth by means of six links (Art. 1). We now learn that the

tensions or thrusts evoked in these links in consequence of any

given forces acting on the structure are in general determinate.

There are possible cases of exception, when the links have certain
'

critical
'

configurations. (Arts. 10, 19).

16. Null-Systems.

The determination of the wrench equivalent to two given

forces, and the converse proof that a given wrench can be resolved

into two forces, one of which may act in any arbitrary line, follow

so closely the steps of the corresponding kinematical investigations
that it is unnecessary to go through them again. See Art. 7.

The lines of action of the two forces are said to be '

conjugate
'

with

respect to the given wrench.

A '

null-line
'

is now defined as a line such that the moment of

the wrench about it is zero*. If a null-line meets one of a pair of

conjugate lines it must also meet the other.

The geometrical relations between the various lines are the

same as in the kinematical analogue, but we may briefly indicate

alternative proofs.

If through a point we draw any line, the null-lines through
must meet the conjugate line, and must therefore lie in a plane.

This is the 'null-plane/ or 'polar-plane,' of 0. The conjugates of

the various lines through will all lie in the null-plane of 0. If

the line through be normal to the null-plane, we have the

*
It was in the present statical connection that the theory of null-lines and

planes was developed by A. Mobius (1790-1868), in his Lehrbuch der Statik, 1837.
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analogue >f a case discussed in Art. 8. The conjugate line is then

tin- -characteristic' of the plane.

If in any plain- we take a straight line, the null-lines which li-

in the plane must all pass through the point where the conjugate
line meets the plane. This is the 'null-point,' or 'pole,' of the plane.

If a point A lies in the polar plane of li. th -n It li -^ in tin-

polar plane of A ;
and the intersection of these planes i> th- line

conjugate to AB.

The theory of conjugate lines leads to a demonstration of an important
theorem in Graphical Statics.

Two plane figures, each composed of a number of polygons, arc said (in this

connection) to be 'reciprocal' when to every line in one figure there corresponds
a parallel line in the other, in such a way that to lines which meet in a point

in either figure correspond lines forming a closed polygon in the other. The

theorem in question is that a figure of the above kind will admit of a reciprocal

if it is the orthogonal projection of the edges of a closed polyhedron with plane

faces [S. 34].

If we consider any such polyhedron, the poles of its various faces with

respect to a given wrench will be the vertices of a second polyhedron, whose

edges are the lines joining the poles of adjacent faces of the first figure. Thus,

to a vertex A of the first figure where m faces meet there will correspond in

the second figure a polygonal face of m sides, whose plane is the polar plane

of A
y
in virtue of the property above proved. Moreover, the sides of the

polygon will be respectively conjugate to the m edges of the original figure

which meet in A. It appears that the relation between the two figures is

mutual, each being derived from the other by the same process*.

It has been remarked (Art. 7) that the orthogonal projections of conjugate

lines on a plane perpendicular to the central axis are parallel. Hence if the

two polyhedra are thus projected we obtain two plane figures which are

'reciprocal' in the sense above defined t.

1 7 . Theory of Couples.

It was pointed out in Art. 6 that there is a complete mathe-

matical analogy between a couple and a pair of equal and opposite

infinitesimal rotations about parallel axes. Since such a pair of

rotations is equivalent to a translation normal to the plane of the

* Since the polar plane of A contains A, the vertices of each polyhedron lie in

the planes of the corresponding faces of the other. Hence either polyhedron may,

in a sense, be said to be both inscribed and circumscribed to the other. The possi-

bility of such a relation between two solid figures was pointed out by Mobius.

f The theorem is due to Maxwell. The above proof was given by Cremona,

Le figure reciproche nella statica grafica, 2nd ed., Milan, 1872.
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two axes, and since translations can be represented by free vectors,

being compounded by the usual process of vector addition, we may
infer that couples can be similarly represented. More precisely, if

we draw a vector (anywhere) normal to the plane of the couple, of

length proportional to the moment of the couple, and in the sense

such that the moment of the couple about it is positive, according
to the convention of Art. 14, the inference is that couples in different

planes may be compounded by geometric addition of the represen-
tative vectors*.

We proceed to give an independent, statical, proof of this

proposition.

Fig. 18.

We imagine the plane of the paper to be perpendicular to the

planes of the two couples to be compounded, and therefore normal

to the intersection of these planes, which is represented by the

point B in the diagram. In virtue of known theorems we may
suppose each couple to be replaced by a pair of forces + P, normal

to the plane of the paper, and so arranged that one force of each

couple is in the common section (B). The arms AB, BC will then

be proportional to the respective moments. The two forces in the

line B will cancel, and there remains a couple of moment P .AC in

the plane AC. If we draw from any origin three vectors to

represent these couples, in the manner explained, they will be

respectively perpendicular and proportional to the sides of the

* The theorem is due to Poinsot, I.e.
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A/if
1

. H(;nce the, thinl vector is the sum <>t th- other

two.

Ex. Four .-.,u|il<'>
in tin- pl.-im-s of tin- fa. --s of a tetrahedron, of momenta

proportional to the ;uv.-is <f th-sr t';ici-s, will ! in i><|iij|jhriiiui provided they

are all ri^lit-hamlfd or all Id'i -handed) with respect to normals drawn out-

wards from the respective fa<

It is known that three forms represented by the sides BO, CA, AB of any

triangle ABC are equivalent to a couple whose moment is represented by
twice the area of the triangle. Hence, in the present case, the couples acting in

the faces of a tetrahedron OA EG can be replaced by forces in the edges which

cancel in pairs. If we reverse the sense of the couple in ABC, it is equivalent
to the couples in the other three planes ;

see Fig. 19.

Fig. 19.

The particular case where the three edges OA, OB, OC are mutually

perpendicular, as in the figure, is worth notice. If A be the area of the triangle

ABC, and I, m, n the cosines of the angles which the normal to it from makes

with OA, OB, OC as coordinate axes, respectively, the areas of the projections

of A on the coordinate planes will be /A, wA, wA respectively. Hence a couple
G about an axis whose direction-cosines referred to rectangular axes are

I, m, n

is equivalent to couples IG, mG, nG about these axes, as is otherwise evident

from Poinsot's theorem.

Another inference from the present theorem is that four concurrent forces

whose directions are parallel to the normals drawn all outwards (or all inwards)
from the faces of a given tetrahedron will be in equilibrium if their magnitudes
are proportional to the areas of the corresponding faces.

1 8 . Reduction of a System of Forces to a Force through
an assigned point, and a Couple.

We can now shew that a three-dimensional system of forces

may in general be replaced by a single force acting through any

assigned point 0, and a couple. For let P be any force of the
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system, and at introduce two equal and opposite forces Pl} P2 ,

of which P! is parallel as well as equal to P. The original force P
is thus equivalent to Pj at together with the couple formed by
P and P2 . When all the forces of the given system have been

dealt with in this way, we have a concurrent system of forces, such

as P! ,
at 0, which may be compounded into a single resultant S,

together with a series of couples which may be compounded into

a single couple. The single resultant will be given as regards

magnitude and direction by the geometric sum of the given forces.

The plane of the couple will be parallel to the null-plane of 0.

If the geometric sum vanishes, the system reduces to a couple,

unless indeed it is in equilibrium.

If the system be previously reduced to a wrench consisting of

a force S and a couple 6r
,
the force S can be transferred to any

point by the 'introduction of a couple of moment pS, where p is

the distance of from the central axis. This couple is in the

plane of S and p; combining it with GQ we have a couple of moment

0=V(0o* +/>*#), (1)

whose axis makes an angle with the central axis, such that

t&u0 = pS/G (2)

When the system has been reduced to a force S at and a

couple 6r, these may be resolved according to three mutually

perpendicular axes through 0, viz. the force S into three components

P, Q, R along these axes, and the couple into three components
L, M, N about them. It is evident that P, Q, R are respectively the

sums of the components of the original forces resolved parallel to

the respective axes, and that L, M, N are the sums of the moments
of the original forces about the axes. In the following Art. 19 this

reduction is carried out analytically. For equilibrium it is essential

that each of the six quantities P, Q, R, L, M, N should vanish.

Ex. 1. Four forces acting in the perpendiculars drawn from the vertices of

a tetrahedron to the opposite faces, and proportional to the areas of these faces,

are in equilibrium.

Let OABG be the tetrahedron, and let the perpendiculars drawn from

A, B, C to the opposite faces be projected orthogonally on the plane ABC,
The projections will be the three perpendiculars of the triangle ABC. Hence
a line drawn through the orthocentre of this triangle normal to its plane meets
three of the given forces and is parallel to the fourth. It is therefore a null-
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line. Since lour such null-lines can be drawn which an- u.t parallel to one

plane, the forces cannot reduce to a couple. Ami we ha\'- -e.-n Art. 17 tliat

the <,'. metric MUD vanishes.

Ex. 2. Four forces perpendicular to the i'aco of a tetrahedron, at the

mean centres of thor faces, .-mil proportional to the respect will KM;

in e(|nilil.riiini provided they act all inwards, or all outwards*.

For if 0', A', B', C' l>e the mean centres of the faces opposite ". -I, /?, C,

respectively, the four forces will be related to the tetrahedron C/A'RC' as in

the preceding Example.

1 9. Analytical Formulae.

We adopt as usual a right-handed system of rectangular axes.

Let (#!, ylt Zt), (#2 , y2 ,
22 ), ... be the coordinates of any points

P1} P2 , ... on the lines of action of the respective forces. The force

\

Fig. 20.

at P! may be supposed specified by its components Xl ,
Ylf Z

parallel to the coordinate axes, that at P2 by its components
X2 ,

F2 ,
Z2 ,

and so on. We draw Pfl normal to the plane zx, and

HK perpendicular to Oz. If we introduce two equal and opposite
forces Xi in KH, we see that the force X^ at Pl is equivalent to

an equal and parallel force in KH together with a couple about

Oz whose moment is ylX l . Again, introducing equal and

opposite forces Xl in Ox, we see that the force Xl in KH is

equivalent to an equal and parallel force Xl in Ox, together with a

couple about Oy whose moment is zlXl . Thus the force Xl is

transferred from Pl to 0, provided we introduce couples ZiX-^ and

* This follows from hydrostatic principles, but the statical proof is interesting.



44 HIGHER MECHANICS [ill

-
y1Xl about Oy and Oz, respectively. The forces Yl ,

Z can be

transferred from Pl to in a similar manner.

We find that the force (Xlt Y1} Z^ may be transferred to 0,

provided we introduce couples about the axes Ox
y Oy, Oz whose

moments are

L, = y^-z,\\, M^z.X.-x.Z,, N, = x.Y.-y.X,, ...(I)

respectively. It is to be noticed that these are equal to the

moments about the coordinate axes of the original force at Pl .

Dealing in this way with the several forces of the given system
we obtain a single force S at 0, whose components are

P = 2(Z), Q = S(F), J2-2(A (2)

and a couple G whose components are

L = ^(yZ-zY), M=^(zX-xZ\ N=^(xY-yX). ...(3)

Since P, Q, R are the rectangular projections of S, we have

S2 = P* + ()
2
-f R2

(4)

Similarly, G* = D + M* +^2
, (5)

by Art. 17.

For equilibrium we must have 8 = 0, 6r = 0, which involve the

six conditions

P =
) Q = 0,R = Q,L = 0,M = 0,N=0 (6)

In words :

The sum of the components of the forces in each of three

mutually perpendicular directions must vanish; and

The sum of the moments of the forces about each of three

mutually perpendicular axes must vanish.

If in the above process the origin be transferred to a point 0'

whose coordinates relative to are (a/, y', z'\ the results will only
differ in the substitution of the relative coordinates

fa-af, yi-y', z^-z)

of Pj in place of (xl) y1} ^), and so on for the other points of appli-

cation. The components P, Q, R of the force S will be unaltered,

but the new components of couple will be

L' = Z{(y-y')Z-(z-z')Y}
= 2(yZ-zY)- y"S,(Z)+z"S,(Y), etc., etc.
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Thus

(7)

By a suitable choice of the position of 0' we can make the

plane of the couple perpendicular to the direction of S. The

conditions for this are

L'IP = M'IQ = N'IR, ........................(8)

L-y'R + z'Q M-z'P + x'R N-x'Q + y'P
P IT R

These are the equations of the central axis of the system.

Since the direction-cosines of 8 are P/S, Q/S, R/S, the moment
of the couple about the central axis is (L'P + M'Q + N'R)/S, and

the pitch (Art. 15) of the equivalent wrench is therefore

LP + MQ + NR
...............

It appears, exactly as in Art. 9, that

P'+Q'+jR8 and LP + MQ + NR
are absolute invariants.

The formal resemblance between the above results and those of

Art. 9 are an illustration of the remarks made at the beginning of

Art. 6.

\

Ex. 1. The application to the case of parallel forces may be noticed,

although the result is a mere verification of a known theorem [S. 22, 65].

If the forces be Fj ,
F2 ,

. . . acting in the direction (I, m, n\ we have

X^IF^ Y^mFlt Z^nF,, .....................(11)
and so on. We find ^

nS(F), .................. (12)

], N=(mx-ly}'2(F), ...(13)

where *

These results are the same as if we had a single force 2 (F) acting at the

point (#, y, z), whose position is independent of the direction (lt m, n) of the

parallel forces.

An exceptional case occurs when 2(/
7

)=0. The system then either reduces

to a couple, or is in equilibrium.
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Ex. 2. To find the couple about the mass-centre of a body, due to the

gravitational attraction of a distant particle MQ .

Taking the mass-centre as origin, let (, 77, ) be the coordinates of any
particle m of the body. We have, then [S. 73],

2(m) = 0, 2(m>7) = 0, 2(m0 = (15)

If the coordinates of M be (#, y, 0), the attraction of J/ on m is a force

yJ/" w/p
2
,
where 7 is the constant of gravitation [D. 74]*, and

p
2= (-*-)

2
+(y->?)

2+ (2-<:)
2

(16)

The direction-cosines of the line of action are (x
-

)//>, (y
-

?/)/p, (2
-

)/p, and

the moment of the force about Ox is therefore

If r denotes the distance ofM from the origin, so that

r2=x2+y2 +z2
, (18)

we have from (16)

We assume that
, 77,

are so small compared with r that the remaining
terms in the development may be neglected.

It will be shewn in Chap. IV that there is one set of rectangular axes

through the origin which is such that

SfaiyfHO, 2(w&)= 0, 2(m^) = ................... (20)

These are called the '

principal axes of inertia
'

at 0. Adopting them as axes

of reference, substituting from (19) in (17), and prefixing the sign of summation
with respect to m, we find, for the total couple about Ox,

(21)

In the notation of Chap. IV we write

^SmfoH-f), B= Sm(?+ ?) t <7=2m( 2+ r7

2
), ............ (22)

these being the 'moment:? of inertia' of the body with respect to the principal

axes at 0. The required components of couple are therefore

.. ..(23)-,
These cannot all vanish unless the attracting particle lies in one of the principal

axes at 0.

If, as in the case of the earth, the body is symmetrical about an axis, then,

taking this as axis of z we have A=B, and therefore N= 0. The plane of the

couple is accordingly that containing M and the axis of symmetry, as is

* The reference is to the author's Dynamics.
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nthrnvisrol.vious. I >rn< .t ing by 6 the angle which the axis of .symmetry

with o.l/,,, ami putting #=0, z**rco80, x=r&\\\6, we find, for tin 'moment of

the couple tending to increase 6, the expression

(24)

This result is required in the theory of Precession (Art. 61).

Ex. 3. If (I, m, n, p, q, r) be the coordinates of a straight line (Art. 10),

the components of the wrench due to a force F in this line will be

IF, mF, nF, pF, qF, rF,

respectively. Hence in order that forces /\, F*, ..., F acting in six given

str.-ii-ht lines should be in equilibrium we must have six equations of the

forms

(25)

These cannot be satisfied by other than zero values of Fit F2 , ..., FQ unless

=0. (26)

By comparison with Art. 10 (5) we see that the six lines of action must

belong to the same linear complex. This is, for instance, the condition that it

should be possible for six links connecting a rigid structure to the earth to

be self- stressed. If it is fulfilled, the stresses evoked in the links by any given
forces acting on the structure are indeterminate.

The theory of the composition of wrenches about different

screws is exactly analogous to the geometrical theory of composition
of twists. For example, the result of two wrenches of given types,

but arbitrary amounts, is a wrench about some screw belonging to

a certain cylindroid. It is unnecessary to repeat the investigations.

2O. Forces in Equilibrium.

It has been seen (Art. 19) that it is in general impossible for a

system of forces acting in six arbitrarily assigned lines to be in

equilibrium ;
and the conclusion holds a fortiori for any lesser

number. There are however certain configurations of the lines

which are exceptional.

In the case of three lines it is necessary that they should be in the same

plane and concurrent (or, as an extreme case, parallel) [S. 48].
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If we have four lines, any three of them determine a hyperboloid, of which

they are generators. Every generator of the opposite system must meet the

fourth line, for otherwise the sum of the moments of the four forces about it

would not vanish. The four given lines must therefore be generators (of the

same system) of a hyperboloid.

Conversely, we see that four forces acting in four given skew lines which are

generators (of the same system) of a hyperboloid will be in equilibrium

provided their geometric sum is zero. For the system cannot reduce to a

couple, since the generators of the opposite system are null-lines and are not

parallel to one plane.

Again, Jive forces in skew lines cannot be in equilibrium unless these lines

all meet two transversals, viz. the two (real or imaginary) straight lines which

can be drawn to meet any four of them. See Art. 11 (footnote)*.

21. The work done by a Wrench in an Infinitesimal

Displacement.

The work done by a force in any infinitesimal displacement of

a rigid body is defined as the product of the force into the ortho-

gonal projection of the displacement of any point on its line of

action on the direction of the force. It is immaterial, to the first

order of small quantities, what point on the line of action is

chosen [S. 51]. An alternative definition is that the work is the

product of the displacement of any point on the line of action into

the orthogonal projection of the force on the direction of the dis-

placement. On either definition, the work is equal to F . Bs cos 6,

where F and Ss are the magnitudes of the force and the displace-

ment respectively, and 6 is the angle between their directions.

The total work of two or more concurrent forces, in a small

displacement of a rigid body, is equal to the work of the single

force which is their geometric sum, acting at the point of con-

currence. For if P, Q denote the two forces, R their resultant, and

&s the displacement, the sum of the orthogonal projections of P
and Q on the direction of $s is equal to the projection ofK The

proof is the same as in two dimensions [S. 47], but it is understood

now that Bs is not necessarily in the plane of P and Q.-

It follows that the total work of any system of forces, in any
infinitesimal displacement of a rigid body, is equal to that of any
other system which is statically equivalent to it. In particular it

will be equal to the work done by the force and couple of the

equivalent wrench.

* The above propositions are due to Mobius.
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Suppose, for example, that the forces acting on the body have

IMM-II ivduc.-d as in Art. 1!) to ;i wrench (P, Q, R, L, M, N), and

th.it tin- lx.<|y ivn-ives a twist (I, m, n, p, q, r), the notation being
th.it of Art. !). The work done during this displacement is

Lp + Mq + Nr + Pl + Qm + Rn ................(1)

For the work done by the force P at the. origin in virtue of the

t ranslution (7, in, n) is PI', that done by the couple L in consequence
of the rotation (p, q, r) is Lp ;

and so on.

The formula (1) may be verified as follows. The work done by
the force (Xr ,

Yr ,
Zr) acting at (xr , yr ,

zr) is

= Xr (l + qzr
-

ryr) + Yr (m + rxr
-
pzr)

+ Zr (n+pyr -qxr)

=Xr l + Yrm + Zrn + (yrZr
- zr Yr)p

+ (zrXr
- xrZr) q + (xrYT

-
yrXr) r

=*Xrl+Yrm + Zrn + Lrp + Mrq + Nrr.............(2)

Summing up for all the forces we obtain the expression (1).

Hence if the forces be in equilibrium the total work will be zero

in -my infinitesimal displacement. For then we have

P,Q, R,L>M,N=0.

Conversely, if the work vanishes for all infinitesimal displace-

ments, these quantities must severally vanish, i.e. the system must

be in equilibrium. This is the principle of ' Virtual Velocities/ as

extended to the case of forces in three dimensions [cf. S. 52].

It is indeed sufficient for equilibrium if the total work is zero

for each of six independent displacements, say

(/n mly nlt plt qlf ?\), (1.2 , m^ n2) p2 , 9.,,
ra), ...,(/, m^ //, p6 , q6) r6).

For we have then six equations of the type

Q, .........(3)

which are in general incompatible unless L, M, N, P, Q, R all

vanish.

A less analytical expression for the work done by a given
wrench when the body receives a given twist can be found as

follows. Let AB be the shortest distance between the axes of the

L. H. M. 4
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wrench and screw, and let AA', BB' be the positive directions of

the respective axes. Let the wrench consist of a force <S along
AA

',
and a couple G about AA', whilst the twist consists of a

rotation co about BB', and a translation r along BB'. Let AB = h,

and suppose that a right-handed rotation about AB through an

angle 6 would bring AA' into parallelism with BB. These two

quantities h, define the relative position of the two axes.

The couple has the component G cos 6 about an axis parallel

to BB'. The displacement of a point at A, resolved along AA', is

r cos 6 a)h sin 0.

The total work is therefore

Gco cos 6 + 8 (r cos 6 (ah sin 0).

If tn- be the pitch of the wrench, OT' that of the screw, we have

G = -&S, r TZ'O), and the expression becomes

So) {<> + <) cos -hsm0] (4)

The factor of $o> in this expression is called by Ball the '

virtual

coefficient
'

of the two screws.

22. Reciprocal Screws.

It follows from the expression (]) of Art. 21 that if the co-

ordinates of two screws (I, in, n, p, q, r), (I', m, n', p', q, r') are

connected by the relation

lp
f + mq + nr + I'p + m'q + rir = Q, (1)

a wrench of the type of either screw does no work on a body
which is twisted about the other. Two screws so related are said
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t l 'reciprocal.' In i. THIS of the relative configuration, the

condition is

(cM- CT')COS#- /tsin0 = (2)

The null-lines of Art. 16 will be recognized as a particular

oaae. They are screws of zero pitch reciprocal to the screw which

defines the type of the wrench. Putting r' = in (2), we find

that the null-lines of a wrench of pitch r which are at a distance

h from its axis are inclined to this axis at an angle tan" 1

(-cr/A).

The null-lines which are at a given perpendicular distance h from

a point on the central axis will therefore form one system of gene-
rators of a hyperboloid of revolution

;
and by varying h we get a series

of such hyperboloids with a common centre and axis. By displacing

along the central axis we obtain the whole complex of null-lines.

If two screws intersect, h = 0, and the formula (2) shews that

they cannot be reciprocal unless they are at right angles, or unless

the pitches are equal and opposite. This may be taken to include

the statement that parallel screws cannot be reciprocal unless the

sum of the pitches is zero. Two screws which are at right angles,

but do not intersect, will be reciprocal if the sum of the pitches is

infinite.

The notion of reciprocal screws is of interest for two reasons. In the first

place a body which has n degrees (only) of freedom, where n < 6, can twist

about n independent screws. If the constraints are '

frictionless,' i.e. the

constraining forces do no work in any displacement, the body will remain at

rest when subjected to a wrench of the type of any screw which is reciprocal
to each of the n given screws. This is an immediate consequence of the

principle of Virtual Velocities.

Again, we can give greater completeness to the analysis (Art. 10) of the

various displacements which the constraints of a body admit of. The re-

ciprocal screws form, in the above case, a system of order 6 ?i, for we have

n equations of the type (1), to be satisfied by the coordinates (l
f

, m', ri,p', q', r'\

say, of any reciprocal screw.

Thus if n=l, the system of reciprocal screws will be of the fifth order.

Any straight line in space is then a possible axis, the corresponding pitch

being determined by (2).

Ifn = 2, the axes of the reciprocal screws which pass through a given point P
will generate a cone. For any line through P will meet the cylindroid which

represents the freedom of the body (Art. 11) in three points, since the surface

is of the third degree. If this line is the axis of a reciprocal screw of pitch or,

the pitch of any screw of the original system which it meets must be -
^r, or

else the intersection must be at right angles. Since not more than two screws

42
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on the cylindroid can have the pitch
-

sr, one intersection must be at right

angles. The cone in question is therefore the

locus of the perpendiculars drawn from P to

the various generators of the cylindroid. We
can now shew that the feet N of these per-

pendiculars lie on an ellipse, and thence that

the cone is of the second degree. Let Q be

the foot of that perpendicular which is parallel

to the axis of the cylindroid. We denote the

cylindrical coordinates of Q by (pi , a, %), and

those of any other position of JV by (p, 6, z\

the axes of reference being the same as in

Art. 11. The Cartesian coordinates ofN are
,. ,

accordingly
Fig. 22.

(3)

and those of Q
x\
=

Pi cos a
> yi

If Q', N' be the orthogonal projections of Q and N on the plane xy, it is easily

seen that ON' is normal to the plane PQJV, and therefore to tyN'. Hence

a), ................................. (5)

(4)

which is the equation of a circular cylinder whose axis is parallel to Oz and

bisects OQ
1

. Again, eliminating p and 0, we find

(6)

which is the equation of a plane. The locus of N is therefore the ellipse in

which this plane meets the cylinder (5).

When ft= 3, the system of reciprocal screws is also of the third order, and

the geometrical relation between the two systems is remarkable. We have

seen (Art. 12) that the axes of the screws of any given pitch w in the original

system form one set of generators of a hyperboloid. The generators of the

opposite set are the axes of reciprocal screws of pitch
-

tzr, since the relation

(2) is fulfilled. It is not difficult to see that the hyperboloid contains all the

reciprocal screws of pitch or.

When n= 4, the reciprocal screws form a system of the second order, and

the mutual relations of the two systems are now the same as when n= 2.

The body can twist about any screw which is reciprocal to a certain cylindroid.

When w= 5, there is only one reciprocal screw. The body can now twist

about a screw whose axis may be any line whatever, provided the pitch be

properly adjusted.

23. Vector Formulae.

Several of the relations with which we have been concerned in

this Chapter and the preceding have a concise expression in the

language of Vector Analysis.
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The 'scalar product' of two vectors P, Q is defined [S. 47]
as the product of the absolute value of either into the orthogonal

projection of the other on its direction. Thus if P, Q be the absolute-

values, and 6 the angle between the directions,

PQ = PQcos0 = QP......................(1)

In particular, the scalar square of a vector is the square of its

absolute value, whilst the scalar product of two perpendicular
vectors is zero.

Hence if i, j, k denote unit vectors parallel to three mutually

perpendicular lines we have

i=l, j-'=l, k'=l, )

jk = kj=0, ki = ik = 0, ij=ji = O.J
'

The formula (1) shews that the commutative law of multiplica-
tion is satisfied. The distributive law

(3)

also holds, since the sum of the orthogonal projections of Q and R
on the direction of P is equal to the projection of the sum Q -I- R.

If r denote the position vector, relative to the origin 0, of a point A whose

coordinates are x, y, z, we have

r=oi+#H-sk, ................................. (4)

and, for an infinitesimal displacement,

Sr= &*i + 8#J+tek............................... (5)

The work done by a force P acting at A is by definition PSr. If A', F, Z
be the components of P parallel to the coordinate axes, we have

P= JTi+FJ+Zk, .................................(6)
;u ul therefore

P5r=
(
AI + 7j + k) (8.vi + fy/J + fck).

Developing the product in accordance with the commutative and distributive

laws, and having regard to (2), we verify that

(7)

There is another type of product which is recognized in Vector

Analysis. If as in Fig. 23 we draw OA, AC in succession to repre-
sent any two given vectors P, Q, respectively, the '

vector product
'

of P into Q is defined as a vector normal to the plane OAC, whose

magnitude and sense are determined by the parallelogram OACB
constructed on OA, AC as adjacent sides. The absolute magnitude
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of the vector is given by the area of the parallelogram, and its

sense is such that the circuit OACBO is right-handed with respect

Fig. 24.

to it. The vector thus obtained is denoted by [PQ]. If n be a

unit vector drawn normal to the plane OAC in the sense above

explained we have

[PQ] = PQ sin 6 . n,. (8)

if 6 be the angle (< TT) which the direction of Q makes with that

of P.

In particular

[P] = [PP] = 0, .'(9)

since now = 0.

Hence if i, j, k denote, as before, unit vectors in the directions

of the coordinate axes Ox, Oy, Oz, respectively, we have

_=,
provided the axes form a right-handed system.

To construct the vector [QP], where the order is inverted, we
should begin by drawing OB, BC to represent Q and P, respec-

tively, as indicated in Fig. 24. The direction of the circuit, viz.

OBCAO, is now reversed, and the sense of the resulting vector is

therefore the opposite to what it was before. Hence

[QP]=-[PQ] (11)

The commutative law therefore does not apply to vector pro-

ducts.

The distributive law, viz.

[P(Q + R)] = [PQ] + [PR], (12)
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is however valid. To prove this draw OA to represent P, and

AB, AC, AD to represent. Q, R, and Q + R, respectively. Let us

first suppose that AB,AC, and therefore also AD, are perpendicular
to OA. The lines drawn from A to represent the vectors [PQJ,

[PR], and [P(Q + R)] will then lie in the plane ABC, normal t<>

OA, and will be perpendicular and proportional to AB, AC, AD,

respectively. Hence in this particular case the relation (12)

evidently holds. To prove it for the general case, let B', C', H be

the orthogonal projections of B, C, D on the plane through A
perpendicular to OA. If we put

AB' = Q', AC' = R', and therefore AD' = Q' + R', ...(13)

we have

[P(Q' + R')] = [PQ'] + [PR']................(14)

by the former case. But from the definition of a vector product it

appears that

[PQ'] = [PQ], [PR'] = [PR], [P(Q' + R')]
= P(Q + R).

The relation (12) follows.

We easily infer, having regard to (11), that

R)P]-[QR1 + [QP]................(15)

The notion of a vector product may be illustrated from the theory of small

rotations. If a rigid body receives a small rotation, represented by a vector

a, about an axis through the origin 0, the displacement of a point ^1 whose

position vector is r is evidently given both as to magnitude and direction by
the vector product [o>r]. And if

'
denote a small rotation about any other

axis through 0, the combined effect is

[P]+['r], or[(a> + a>')r], ........................(16)

by (12). This verifies the law of composition of small rotations about inter-

secting axes (Art. 6).

If we write

r=si+#|+sk, = pi+<?j+rk, .....................(17)
we rind

[P] - [(pi + tf + rk) (A +>j + *k)]

(18)

in virtue of the relations (9), (12), and (15) ;
cf. Art. 9. The result may also be

written

i, J, k
P) </> r

x, y, z

.(19)
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A statical illustration is furnished by the moment of a couple. If r be

the position vector of a point A with respect to the origin 0, the vector

[rP] evidently represents, on the convention of Art. 17, the couple formed by
forces P at A and - P at 0. If we write

Fj +Zk, .............................. (20)

the rest of the notation being as before, we have

X}}SL. ...(21)

The coefficients of i, j, k are the moments of the couple about the coordinate

axes; cf. Art. 19.

The scalar product of a vector R and a vector product [PQ]
has a simple geometrical meaning. If we draw OA, OB, OC to

represent P, Q, R, respectively, and denote by e the angle (acute

or obtuse) which OC makes with the normal to the plane AOB
drawn in the sense of [PQ], we have

[PQ] R = PQR sin cose, ...............(22)

where P, Q, R denote the absolute values of the respective vectors.

Apart from the sign, this is equal to the volume of the parallele-

piped having OA, OB, OC as edges. The sign is positive or

negative according as the cyclic order of the letters A, B, C is

right- or left-handed as regards the normal drawn from to the

plane ABC.

For instance, if P be a force acting at a point whose position vector

relative to the origin of coordinates is r, the moment of this force about an

axis through the origin is [rP] a, where a is a unit vector in the direction of

this axis. Cf. Art. 14 (1). Thus if we take the scalar product of i into the

last member of (21), we obtain yZzY, the moment about the axis of x.

24. Flexible Chains.

A few notes on the three-dimensional Statics of Flexible Chains

may find a place here. The geometrical relations involved are

similar to those met with later in the Dynamics of a Particle

(Art. 35).

Consider an element PP (= &). The tensions T and T+ ST

acting in the tangent lines at P and P may be reduced to a single

force, and a couple whose moment is the product of T+ST into

the shortest distance between these lines. Since this distance is

of the third order of small quantities the couple may ultimately

be neglected. To find the force, we may draw vectors KO, OK' to
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IVJMVM m (he tensions at P and P' respectively. Th<- n-Miltant is

represented by KK'. If we draw K'N perpendicular to OK, this

resultant may be resolved into KN and NK', whose magnitudes
are ultimately &T and TBe, where Be is the angle KOK '. The plane

KOK', being parallel to two consecutive tangent lines, is ultimately

parallel to the osculating plane of the chain at P. The tensions

on the element 8s are therefore equivalent ultimately to a force ST
in the tangent line at P, and a force T&e along the principal normal.

If p be the radius of curvature at P, we have Se = Bs/p, so that

the normal component may also be denoted by T&s/p.

Fig. 25.

Hence if F, G, H are the components of the external force per
unit length in the directions of the tangent line, the principal

normal, and the binormal, respectively, we have

fJT T
or ^ = ~F> -=-G, #=0.................(1)as p

The third equation expresses that the osculating plane contains

always the direction of the resultant external force.

Hence in the case of a string stretched over a smooth surface,

and subject to no external force except the no'rmal reaction, the oscu-

lating plane at each point contains the normal to the surface. This

is the condition for a '

geodesic,' or
'

straightest
'

line, i.e. a line

which is the shortest path between any two points of it which are

not too far apart. For instance, a string wrapped round a circular

cylinder takes the form of a helix. Again, since F=Q, the tension

T is the same at all points.

If the surface be of revolution, the directions of the reactions

at the various points all meet the axis of symmetry. Hence,
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considering any finite length of the string, the moments about this

axis of the tensions on the two ends must be equal and opposite.
If r denote distance from the axis, and < the angle which the

direction of the string makes with the circle of latitude, this gives

T cos $.r = const.,

or, since T is constant,
r cos

<f)
= a cos a, ........................ (2)

where a, a are any two corresponding values of r and
<f>.

There is

therefore, for a given geodesic, a lower limit to the value of r. For

instance, in the case of an ellipsoid of revolution, a geodesic which

cuts the equatorial circle (r a) at an angle a. is confined between

two circles which it alternately touches, viz. the circles of radius

a cos a.

In the case of a chain subject to gravity, whether hanging

freely or in contact with a smooth surface, we have

F = -ws'm^, ........................ (3)

where w is the weight per unit length, and ^r the inclination to

the horizontal. If the axis of z be drawn vertically upwards, we

have sin ^ =
dzjds, and therefore, from (1),

dT dz
-J-

= W-T- ............................ (4)ds ds

Hence in the case of a uniform chain

T=wz + C, ........................... (5)
as in two dimensions.

More generally, if the chain be subject to a field of force such

that the potential energy per unit mass at any point is V, we have,

if
fjb
be the line-density,

dT dV
Ts

=
^s' ..........................(6)

and therefore, if
/JL
be constant,

......................... (7)

Ex. A uniform chain hangs in contact with a smooth cylinder (of any form

of section) whose generating lines are vertical.

Resolving vertically the forces on an arc s beginning at the lowest point
we have

ws..................................... (8)
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Also, from (ft),

T=wz
y .......................................(9)

if the origin of z be suitably adjusted. Tlic-f n-l.itions are exactly the same
as for a chain hanging in a vertical plane. It follow* that in tin- present case

the form assumed, when developed into a piano, would be the ordinary

catmary.

The usual formuho are easily deduced. Thus from (8) and (9)

dz
*=

2sin^=2^, .............................. (10)

\\ln-nce, integrating,

Again

or j&=<7seci/f.....................................(12)
( -ombim-d with (10), this gives

s a tan
\|/>

..................................... (13)

If lifts be the pressure on an element ds, we have, resolving along the normal
to the cylinder,

ffljkm

cos x= R8s, ................................. (14)

where x is the angle between the principal normal of the curve and the normal
to the surface. By Meunier's theorem, p = p'cos^, where p is the radius of

curvature of the normal section of the surface through the tangent line of the

curve. And by Euler's theorem, l/p
/=cos2

-^/p l ,
where p l is the radius of

curvature of the cross-section of the surface. Hence

It follows that if the cylinder be of revolution the pressure per unit length
varies inversely as the tension.

EXAMPLES. IV.

(Problems.)

1. A frame of six bars forming the edges of a regular tetrahedron rests on

a smooth horizontal plane. Find the stresses in the several bars due to a

weight W suspended from the highest point.

2. A uniform triangular plate hangs from a fixed point by three strings
attached to the corners. Prove that the tensions of the strings are proportional
to their lengths.

3. A smooth sphere rests on three pegs in a horizontal plane. Find the

pressure on each peg.
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4. A smooth sphere rests on a frame of three rods forming a horizontal

triangle ABC. Find the pressure on each rod.

5. Three smooth spheres of equal radius a rest inside a smooth spherical

bowl of radius b. A fourth equal sphere is placed symmetrically upon them.

Prove that the lower spheres will not remain in contact unless 6/a<7'63.

6. A uniform triangular plate whose sides are a, 6, c rests in a smooth

spherical bowl of radius r. Prove that the inclination (6} of its plane to the

horizontal is given by

(V
2 - R2

) tan
2 6= R'2 - i

(a
2+ b2+ c2

),

where R is the radius of the circumcircle of the triangle.

7. A sphere rests on three rough horizontal rods forming a triangle.

Having given the coefficient of friction between the sphere and the rods, find

the couple required to twist the sphere about its vertical diameter.

8. Three equal spheres are placed in contact on a rough horizontal plane,

and a fourth equal sphere is placed upon them. Find the least coefficient of

friction between the upper and lower spheres which will allow of equilibrium.

9. A uniform solid sphere resting on a table is divided into thin wedges

by planes meeting in a vertical diameter, and is held together by a string

lying in a shallow groove along the horizontal great circle. Prove that the

tension of the string must not be less than ^ of the total weight.

10. A horizontal bar of weight W hangs by two vertical strings, each of

length I, attached to it at equal distances a from the centre of gravity.

Prove that the couple required to turn it through an angle < about the

vertical is

11. The line of hinges of a door makes an angle a with the vertical.

Prove that the couple necessary to turn the door through an angle B from its

equilibrium position is Wa sin a sin $, where W is the weight, and a the

distance of the centre of gravity from the line of hinges.

12. A solid whose lower surface is a paraboloid of revolution rests in

equilibrium on a horizontal plane, the point of contact being the vertex. If

the centre of gravity coincides with the centre of curvature at this point, prove
that the equilibrium is stable.

13. Prove that a homogeneous ellipsoid can rest in equilibrium on three

smooth pegs in a horizontal plane if the pegs are at the extremities of

conjugate diameters.

Prove that the pressures on the pegs are proportional to the areas of the

conjugate diametral sections of the ellipsoid.



61

14. Obtain the following r.pi.it i..ns f..r tin- equilibrium of a chain, where

.V, )', /.in- tin- components of external foive per unit, length, parallel to the

coordinate

9***
15. Deduce from these equations that the osculating plane contains the

of the resultant, external force.

Also that in the case of a chain resting on a smooth surface of revolution

whose axis is vertical

Tr cos <= const,
in the notation of Art. 24.

16. Prove that a chain subject to no external forces can rotate in the form

of a helix, about the axis; and that the tension is /u&>
2 a2

/sin
2
a, where

ji is the

line-density, a> the angular velocity, a the radius of the helix, and a its slope.

17. A uniform chain rests on a smooth circular cone whose axis is vertical.

Prove that the tangential polar equation of the curve, when developed into a

plane, has the form

18. A chain hangs in contact with a smooth sphere. If p is the arc drawn

from the highest point of the sphere perpendicular to the great circle tangential

to the chain at any point P, and z the altitude of P above a certain horizontal

plane, prove that
z sin jt>= const.

EXAMPLES. V.

(Mainly Geometrical.)

1. Forces Plt P2l ..., Pn act at a point ; prove that the square of their

resultant is

where (Pr P8)
denotes the angle between the directions of Pr and P8 .

2. A particle is subject to a field of
%
force whose components JT, Y, Z are

given functions of #, y, z. If it be constrained to lie on a smooth surface

<(#,#, 2)
= 0, prove that its positions of equilibrium are to be found from the

equations

where X is an undetermined multiplier. What is the meaning of X ?

Under what conditions is it possible for the particle to be in equilibrium
at all points of the surface?

3. If a particle be constrained to lie on a smooth curve defined by

<(#, y, 2)
=

0, x (*'# z}
~

0> prove that the positions of equilibrium are given

where X, /*
are undetermined multipliers.
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4. Prove that four forces acting at the circumcentres of the four faces of

a tetrahedron, in the directions of the inward (or outward) normals to these

faces, will be in equilibrium if their magnitudes are proportional to the areas

of the respective faces.

5. Forces act normally to the faces of a pyramid at the mean centres of

the faces, and are proportional to the areas of those faces. Prove that if they
all act inwards they are in equilibrium.

6. Prove that a three-dimensional frame consisting of 5 joints A, B, (7, D, E
and the 10 bars joining them can be self-stressed.

Also that if A' be the centre of the sphere circumscribing the tetrahedron

BCDE, and so on, the stress in AB will be proportional to the area of the

triangle C'D' E', and so on. (Rankine.)

7. Find the conditions that forces acting along four generators of a para-

boloid, of the same system, may be in equilibrium.

8. If forces P, Q, R act along the edges A
, OB, OC of a tetrahedron OA EC,

and P', Q', R along BC, CA, AB, respectively, the system will reduce to a

single force if

PP'
. W &R

OA.BC^ OB.CA^ OC.AB~

9. Forces act along the sides of a skew quadrilateral A BCD, taken in order,

and are proportional to those sides. Prove that they are equivalent to a cquple
whose plane is parallel to that of the parallelogram formed by joining the

middle points of these sides^ and whose moment is represented by four times

the area of the parallelogram.

10. A system of forces is represented completely by the sides of a skew

polygon taken in order. Prove that the moment of the equivalent couple
about any axis is proportional to the area of the orthogonal projection of the

polygon on a plane perpendicular to that axis.

11. Couples act in the faces of any polyhedron. Their moments are pro-

portional to the areas of the respective faces
;
and their axes are directed all

inwards, or all outwards. Prove that they are in equilibrium. (Mobius.)

12. Prove from first principles that a three-dimensional system of forces

can be reduced, in an infinite number of ways, to two forces in perpendicular
skew lines. (Monge.)

13. Prove that a wrench can be reduced to two forces, one of which acts

through a given point, whilst the other lies in a given plane.

14. If Q be the mean centre of n points Pl5 P2 , ..., Pn ,
and ffthe mean

centre of n points $l5 $2, ..., Qn , prove that the central axis of the n forces

represented completely by PiQi, P2Q2> > PnQn is parallel to OH.
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15. Prove from statical considerations that if three straight lines are

parallel to th<> same plane, any st r.-iL'ht. lin- which meets them is parallel to

a li\e<l plane.

16. Prove that ;t system of forces is in e<iuilihrium if the sum of their

moments about each of the six edges of a tetrahedron is zero.

17. If'/',, /'._,, ..., /' be a system of forces inequilibrium, and J/j,J/2 , I/,,

the moments of any other force (or system of forces) about the reMjjective lines

of action, prove that

EXAMPLES. VI.

(Analytical.)

1. Verify by means of the analytical formula of Art. 19 that a uniform

hydrostatic pressure over any closed surface constitutes a system of forces in

equilibrium.

2. Prove that a uniform hydrostatic pressure over an octant of an

ellipsoidal surface is equivalent to a single force
;
and find where the line of

action meets the principal planes.

3. Prove that the analytical conditions of equilibrium (Art. 19) retain the

same form if the axes of coordinates are oblique.

4. A rigid body is free to turn about a fixed point under the attraction

of a distant particle at P. Prove that if the principal moments of inertia at

are unequal, the only stable positions of equilibrium are those in which the

principal axis of least moment is along OP.

5. Assuming that in the case of the earth C- .4 = '00109 Ea?, where E is

the earth's mass and a its mean radius, prove that the line of the moon's

attraction can never deviate from the earth's centre of mass by more than

0000225 of the radius, or about 475 feet. (Assume that the moon's distance

is 60 times the earth's radius, and that its greatest declination is 28.)

6. Forces Jf, F, Z act along alternate edges of a rectangular parallelepiped,
the lengths of these edges being a, &, c, respectively. Prove that they have a

single resultant if

7. If couples Z, M, N act in the (oblique) coordinate planes the plane of

the resultant couple is parallel to

sin a sin /3 sin y

where a, /3, y are the angles between the coordinate axes.
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8. If the axis of a wrench of pitch c*r be taken as axis of z, the null-plane
of the point (xi , y\ , s^ is

xy\-yxl
= w(z-z^ ;

and the null-point of the plane z=mx + ny + c is
( TMZT, -mar, c).

Hence shew that the orthogonal projections on the plane 2= of the

intersection of any two planes, and of the line joining their null-points, are

parallel.

9. The moment of a wrench (P, $, R, L, M, N} about an axis whose line-

coordinates are (I, m, n, p, q, r] is

Lp+Mq+tfr+Pl+Qm+Rn.

10. Prove that the null-plane of the point fa, y1} 2
X )

with respect to the

wrench (P, Q, R, L, M, N] is

11. Also that the null-point of the plane Ax+By+ Cz=l has the

coordinates

P+BN-CM, Q+CL-AN, R+AM-BL
AP+BQ+CR

12. If
, m, n, p, q, r be the six coordinates of a line, find the coordinates

of its conjugate with respect to the wrench (P, $, R, L, J/, N} ;
and prove

that when the wrench is replaced by two forces acting in the given line and
its conjugate the force in the given line will be

LP+MQ+NH
Lp + Mq+ Nr+ PI+ Qm +Rn

'

13. Prove that the condition that the axes of two wrenches should

intersect is

where or, w' are the two pitches.

14. From a given polyhedron another is constructed whose edges are

respectively conjugate to the edges of the former with respect to the paraboloid

Prove that the projections of these figures on the plane = are reciprocal,

except that corresponding lines are perpendicular to one another, instead of

parallel. (Maxwell. )

15. Prove that the lines which pass through a given point and are

perpendicular to their conjugates lie on a cone of the second degree.

16. Verify by transformation of rectangular coordinates that the expression

lp' + mq'+nr + I'p+ m'q+ n'r

for the virtual coefficient of two screws is an absolute invariant.

17. Prove that two screws on the same cylindroid are reciprocal if they
are parallel to conjugate diameters of the pitch conic.
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18. When a body h;us three degrees of freedom, the axes of any three

screws which an- mutually reciprocal are parallel to conjugate diameter* of

the pitch quadric.

19. If the axis of the wrench equivalent to wrenches of arbitrary amounts

about five given screws passes through a fixed point, it lies in a fixed plain- ;

and conversely.

20. Prove that a wrench whose force-component is S, and pitch or, can in

^iierul be resolved into six wrenches about six given screws.

If these screws are mutually reciprocal the components are given by
formula) of the type

r

where wr is the pitch of the rth given screw, and tzr^ its virtual coefficient with

respect to the given wrench.

Hence shew that

L. H. M.



CHAPTER IV

MOMENTS OF INERTIA

25. The Momental Ellipsoid.

If ml) m2 , ...,mn be the masses of the various particles of a

system, and p lf p.2 , ...,pn their respective distances from any given

axis, the sum 2) (mp*) is called the '

quadratic moment,' or the
' moment of inertia

'

of the system with respect to that axis. If

we put

the linear magnitude k is called the ' mean square of the distances
'

of the particles from the axis, or the
' radius of gyration

'

about

the axis.

The calculation of moments of inertia of bodies of given shape
and distribution of density is a matter of integration [S. 71, 72]-

It is found, for instance, that the radius of gyration of a homo-

geneous circular cylinder, or a uniform circular disk, of radius a,

about its axis is given by k
2 = |a

2
. The corresponding results for

a thin spherical shell and for a solid sphere are k2 = fa
2
,
and &2 = fa

2
,

respectively. For a homogeneous ellipsoid of semiaxes a, b, c; the

radius of gyration about the axis a is given by k2 =
-|(6

2 + c
2

).

To find the relation between the moments of inertia with

respect to different axes through the same point 0, we take this

point as origin of rectangular coordinates. Let (X, //,, v) be the

direction-cosines of any axis OH, and let (#, y, z) be the coordinates

of the position P of any particle of the

system. If ON be the orthogonal pro-

jection of OP on OH
f
we have

=
(a? + f + z*) (X

2 + yu
2 + v2

)

(\x + fj,y + vzj
= (f + *2

) X
2

-}- (z"- + #2

) /j? + O2 + 1/
2
) i/

2

,....... (2) Fig 26
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The moment of inertia about OH is therefore

,
.........(3)

where

\

\"

The quantities A, B, C are the moments of inertia about

Ox, Oy, Oz, respectively, and F, G, H are called the '

products
'

of

inertia with respect to this system of axes.

A geometrical representation of the formula (3) is obtained as

follows. We construct the quadric whose equation is

Ax* + By* + Cap - 2Fyz
- ZGzx - 2Hxy = MS, ...... (5)

where t* is any linear magnitude, and M is the total mass 5 (//*).

If p be the radius of this quadric in the direction OH, we have,

putting x, y, z =
\p, fip, vp, respectively,

The moment of inertia about any radius therefore varies inversely

as the square of its length. Since / is necessarily positive, every
radius meets the surface in real points, and the quadric is therefore

an ellipsoid. It is called the
' momental ellipsoid

'

of 0*.

If this surface be referred to its principal axes, its equation
takes the form

Ax* + By
2 + Cz* = Afc................... (7)

These special axes are called the 'principal axes of inertia' at 0,and
the moments A, B, (7 about them are called the '

principal moments
of inertia' at 0. The products of inertia, 2 (rnyz), 2 (mzx), S (mxy),
with respect to the principal axes all vanish.

It is to be noticed that there is a limitation to the possible

forms which can be assumed by the momental ellipsoid. It appears
from (4) that we must have in general

B + C>A, C + A>B, A + B>C. ............(8)

The greatest principal moment must therefore be less than the

sum of the other two. An exception occurs in the case of a

*
It appears to have been first employed tiy Cauchy (1827).

52
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distribution of matter concentrated in a plane. If this be the

plane z = we have A + B = C.

If A B C, the momental ellipsoid is a sphere. All axes

through are then principal axes, and the moment of inertia is

the same with respect to each. The system is accordingly said to

be '

kinetically symmetrical
'

about 0.

If two of the principal moments are equal, say A = B, the

ellipsoid is of revolution about Oz, and the system is said to have

kinetic symmetry with respect to this axis. All perpendicular
diameters are then principal axes*.

Special importance attaches to the momental ellipsoid at the

mass-centre G of the system; for when the moment of inertia

about an axis through G is known, that about any parailel axis

is obtained by adding me quantity Mf'
2
,
where / is the distance

between the two axes [S. 73]. The dynamical importance of this

'central ellipsoid,' as it was called by Poinsot, will appear later

(Arts. 44, 46).

If a, /3, 7 be the radii of gyration about the principal axes at

any point 0, so that

A = Mtf, B=Mp; C=if72
,
............... (9)

the moment of inertia about an axis through in the direction

(X, JJL, v) is

(10)

or I = Mp\ ........................... (11)

where p is the perpendicular drawn from in the direction (\, JJL, v)

to a tangent plane of the ellipsoid

This is called the '

ellipsoid of gyration.' It is the reciprocal polar
of the momental ellipsoid with respect to a concentric spheref .

26. Plane Quadratic Moments ;.

Further theorems relating to the quadratic moments of. a

material system are of mainly geometrical interest
;
but one or two

of the simpler results may be noticed.

* The term ' uniaxal
'

is used by Eouth to designate bodies of this special type.

f It was introduced by J. MacCullagh (1844).

J The theory is due to J. Binet (1811).
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If the mass m of each particle be multiplied by the square
>f its disi.-inc.- // tn.in ;i ^m-n j>lain; tin- sum 2 (wA2

)
is ralN-d tin-

(|ii;i(]r;il,ic
moment with respect to the plane [8. 70].

If we take the principal axes of inertia at any point as axes

of coordinates, the quadratic moment with respect to the plane

X#+/*t/ + lAZ = 0, ........................(1)

where X, //,,
v are direction-cosines, is

2m (\x + /iy 4- vzf.

This reduces to the form

.AV +Uy + CV, ......

'

................. (2)

where A'=^(mx*\ 5' =2 (ray
2
), C'=2(mz*).......... (3)

These quantities A', B'
t
C' are the quadratic moments with respect

to the coordinate planes. They are connected with the principal

moments about the axes by the relations

Bf + C f = A
t

C' + A' = B, 'A' +R^C..........(4)

If, further, we write

A' = Ma*
t B'=Mb\ C' = Mc\ ...............(5)

so that a 2
,
62

,
c
2 are the mean squares of the distances of the

particles from the coordinate planes, the quadratic moment with

respect to the plane (1) is

M(a?W + &>2 +cV) = ir<cr
2
,
.................. (6)

where OT is the perpendicular drawn from the origin in the

direction (X, p, v) to a tangent plane' of the ellipsoid

The mean square of the distances from any diametral plane is

therefore equal to the square of the distance of a parallel tangent

plane from the centre.

27. The Configuration ofthe Principal Axes at various
Points.

Let us now suppose that the origin is taken at the mass-centre

6r, and that the quantities a2
,
62

,
c* denote the mean squares of the

distances of the particles from the principal planes at that point.

The ellipsoid (7) of Art. 26 may then, for the sake of a name, be
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called
'

Binet's central ellipsoid.' Since the mean square of the

distances from any plane exceeds the mean square of the distances

from a parallel plane through G by the square of the distance

between the two planes [S. 73], the quadratic moment with respect

to a plane
\x + py + vz p = .....................(1)

will be M (tn-
2 + jt)

2

),
where -cr

2
is given by Art. 26 (6). Hence

denoting this quadratic moment by Mf*, we have

/'
= p

2 + a2X2 + 6>2 + cV................... (2)

This may be written

P
2 = (/

2 -a2)X
2 + (/

2 -62

)/.
2 + (/

2 -c2)^ ......(3)

shewing that the planes of given quadratic moment Mf* are the

tangent planes of the quadric

The quadrics corresponding to different values of/
2 are con-

focal. Moreover, writing

0=/2 -a2 -62 -c2
,

..................... (5)
the equation becomes

where a, ft 7 are the radii of gyration about the principal axes at G.

The various quadrics are therefore confocal with MacCullagh's

ellipsoid of gyration at the mass-centre (Art. 25).

It is known from Solid Geometry that three real confocals of

the system pass through any point P, and that their tangent

planes at P are mutually perpendicular. These planes are, in fact,

the principal planes of inertia at P. For, consider the tangent

plane at P to any one of the three quadrics. Any plane through P
which makes an infinitely small angle with this plane will be a

tangent plane to a consecutive quadric whose dimensions differ

by small quantities of the second order. The tangent plane at

P is therefore one of
'

stationary
'

quadratic moment, as regards
different planes through P. This property is characteristic of a

principal plane.

The principal axes of inertia at P are therefore the normals

to the three quadrics confocal with the ellipsoid of gyration which
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pass through P*. If (,r, y, z) be the cnonlmat.-s of l\ the corre-

sponding values of tf an- L;i\<-n by (6), which, when cleared of

ii ad ions, is ;i cubic. 1 h-imting the roots by #,, 0*, 3 ,
we have

0, + 0, + 6, = a* + tf + *a -
(a

2
-I- fr -f

^-(a' + ^ + y), (7)

ifr=P. Hence, by (5),

/, +/3
2 =

2 + 3 + 2 (a* + 62 4- c-
2

)
= r2 - ^ (8)

The squares of the radii of gyration about the principal axes at P
are therefore

r2 -0a ,
r2 -02 ,

r2 -03 ...(9)

EXAMPLES. VII.

1. Prove that the momenta! ellipsoid of a uniform thin hemispherical
shell at its pole is a sphere.

2. Find the shape of a uniform solid right circular cone in order that the

momental ellipsoid at the vertex may be a sphere.

[The radius of the base must be double the altitude.]

3. Find the shape of the momental ellipsoid at the centre of a uniform

ivi-t;angular plate.

Also at the centre of an elliptic plate.

4. Find the shape of the momental ellipsoid at a corner of a uniform cube.

Also at a vertex of a uniform regular tetrahedron.

5. The thickness of a thin ellipsoidal shell having the form

*VV2

-io ~* i" o ~~~ *

a2 c2

varies as the perpendicular from the centre on the tangent plane ; prove that

the square of its radius of gyration about the axis of x is J(6
2 + c2

).

6. A uniform solid rectangular parallelepiped has edges 2a, 2fe, 2c
; prove

that the square of its radius of gyration about a diagonal is

2

3

7. The radius of the edge of a plano-convex lens is a, and the thickness

at the centre is t
;
if k be the radius of gyration about the axis, and k' that about

a diameter of the plane face, prove that

_
'

* This result was given independently by W. Thomson and R. Townsend in

1846.
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8. If the density of a globe of radius a at a distance r from the centre be

prove that the radius of gyration about a diameter is given by

14-100
"35-21/3

If the mean density be twice the surface density, prove that

< 2= ?-
4

2
.

9. The density of a sphere of radius a at a distance r from the centre is

given by the.formula
sin /3r

^

prove that the square of the radius of gyration about a diameter is

5.8
2 a2

-12)sin

3/3
2
(sin $a - pa cos /3a)

Evaluate this when /3 is infinitesimal.

10. A plane area having a line of symmetry revolves about a parallel axis

at a distance a from it in the same plane. Prove that the square of the radius

of gyration, about this axis, of the annular solid generated is

a2+ 3*2,

where *2 is the mean square of the distances of points of the area from the

line of symmetry.

11. A hollow ring of small uniform thickness is generated by the revolution

of a circle of radius b about an axis at a distance a from its centre. Prove that

the square of its radius of gyration about this axis is

Also that the square of the radius of gyration about a diameter of the

circle through the centres of the cross-sections is

12. If the axes of coordinates be the principal axes at the mass-centre of a

body M, the equation of the momenta! ellipsoid at the point (f, g, fi) is

- ZMghyz - ZMhfzx - ZMfg.vy= const.

13. Find at what points, and under what condition, the momenta! ellipsoid

of a given body is a sphere.

14. If Ox, Oy, Oz are the principal axes at the origin, and (lit m^, n^,

(72 ,
wi2 ,

n2), (?3 ,
wi3 , %) are the direction-cosines, with respect to these, of

another set of rectangular axes Ox', Oy', Oz', prove that the products of inertia

with respect to the latter are

\ etc., etc.
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15. Th<> principal moments of a body at the origin .m- .1, Z?, C. If a small

be aililetl tu it \\lh.se coetlicieiits of inertia WJtll re>pect to tin- principal

axes at n are .1', /?', 6", /", O", //', prove tint the new principal moments are

J+J', /^+ /?', <?+", approximately.
Also that the dircctioii-rosi ncs of that principal axis which is nearly coin-

cident with OX are

1

H> '

A-B' A '

approximately.

16. The principal moments of a uniaxal body are A, A, C, and the direc-

tion-cosines of its axis with respect to rectangular axes through its mass-centre

are I, m, n
; prove that its moments and products of inertia with respect to

these axes are

and (A
-
C) mn, (A-C)nl, (A-C) Im,

respectively.

17. Prove that the axes of given moment of inertia which pass through a

given point lie on a cone of the second degree.

18. Prove that the principal axes at the various points of a rigid body
form a complex of the second order, whose equation in line-coordinates

(Art. 9) is

Alp+Bmq+ Cnr= 0,

the axes of Cartesian coordinates being the principal axes at the mass-centre.

19. If Ox\ Oy' y
Oz' be conjugate diameters of the ellipsoid of Art. 26,

prove that

"

where a', b', c' are the lengths of the conjugate serni-diameters.



CHAPTER V

INSTANTANEOUS MOTION OF A BODY (KINEMATICS)

28. Rotation about a Fixed Point. The Instantaneous
Axis.

*

This Chapter is devoted mainly to the investigation of various

formulae relating to the instantaneous state of motion of a rigid

body, without any reference to the changes which may be taking

place in this state, whether (as it were) spontaneously, or in con-

sequence of the action of external forces.

Suppose, first, that one point of the body is fixed. The

change of position which takes place in any interval St of time is

equivalent (Art. 2) to a rotation about some axis OJ. If P, P' be

the initial and final positions of any point of the body, and 6 the

angle of rotation, we have

PP' = 2PJV.smiS<9, ................ ..... (1)

where PN is the perpendicular drawn from P to OJ. The mean

velocity of the point in question is therefore at right angles to the

plane through OJ bisecting PP', and is equal to

(2)

The limiting position of the axis of rotation when the interval

St is infinitely small is called the 'instantaneous axis,' and the

limiting value of the ratio 80/St is called the ' instantaneous

angular velocity.' Denoting this by o>, we see that the velocity of

any point P of the body is at right angles to the plane containing

P and the instantaneous axis, and equal to CD . PN, where PN is

the perpendicular distance from that axis. Points in the instan-

taneous axis itself are momentarily at rest.

If we take rectangular axes through 0, the rotation co&t which

takes place in the infinitesimal interval Bt may be resolved as in

Art. 9 into three components about these axes. If with a change
of notation we now denote these components by p$t, q$t, rBt, the

quantities p, q, r are called the
'

components of angular velocity.'
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If /, m, n !>< tin- direotion-ooeinefl of the insi.mtan. <

liavr

p = o)l, 7
= r,>w, ?=&>//, ..................

and p
2 + 9

2 + /"' = or......................... (4)

Allowing for the change in the notation, tin- fonnul.'

of Art. 9 give the following expressions for the component
velocities of that point of the body whose instantancmi- position

is (x, y, z):

x = qz-ry, y = rx-pz, z=py-qx.......... (5)

29. Polhode and Herpolhode. Precessional Motion.

The instantaneous state of motion of the body may be com-

pletely specified by a vector OJ along the instantaneous axis, of

length proportional to the angular velocity, the sense being such

that the rotation shall be right-handed in relation to the direction

from to /.

As t varies, the point J will describe a certain curve in the

body, and a certain curve in space. These curves are called the
'

polhode
'

(i.e. path of the pole) and '

herpolhode/ respectively.

The corresponding cones traced out by the instantaneous axis in

the body and in space are accordingly termed the cones of the pol-

hode and herpolhode.

In any continuous motion of the body about 0, the former of

these cones rolls (without sliding) on the latter. To see this, we

may imagine two spherical surfaces of the same radius to be de-

scribed about as centre, and regard one of these as fixed in the

body and therefore moveable with it, whilst the other is fixed in

space. The intersection of OJ with these surfaces will trace out

two spherical curves. The argument by which the corresponding
theorem in Plane Kinematics [S. 16] is inferred can be applied
without change to shew that in the continuous motion of the body
the former of these curves rolls in contact with the latter.

The case where both cones are of revolution, and the angular

velocity is constant, presents itself in several important questions.
This type of motion is called

*

precessional,' the astronomical

phenomenon of the precession of the equinoxes being the most

important instance.
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In the annexed figures; OC is the axis of the rolling cone, OZ
that of the fixed cone, and OJ is the line of contact. We denote

by /3 the semi-angle of the rolling cone, and by a the angle which

its axis OC makes with the fixed axis OZ. If ty be the angle
which the plane ZOC makes with some fixed plane through OZ,
the angular velocity with which this plane revolves about OZ is

d\js/dt, or
\jr.

This measures the
'

rate of precession.' To find the

Zi

Cx

Fig. 27. Fig. 28.

relation between this rate and the angular velocity. < about OJ,
we consider the velocity of a point of OG at unit distance from 0.

This velocity is expressed by ^r sin a, or by co sin /3, according as it

is considered as due to a rotation
ijr

about OZ, or a rotation &>

about OJ. Hence if ^ be reckoned positive or negative according
as the rotation to which it refers is right-handed or left-handed

about OZ, we have

sin a
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in the cases of Figs. 27 and L'.S, and

(2)

in the case of Fig. 20. The formula ( 1 ) may be held to include all

it \\e reckon ft to be negative when the rolling cone is inside

the other.

We shall require, later, a formula for the rate at which the

instantaneous axis describes its cone in the body. Let % denote

the angle which the plane JOG makes with some plane through
00 which is fixed in the body. Expressing the equality of elemen-

tary arcs of the two pole-curves (now circles) we have, in Figs. 27

and 28,

if, as we assume, the sense in which ^ increases is right-handed
with respect to 00. Hence

sin (a
-

ft) ;
sin (a

-
ft)

y = --& = co (4)
sm ft sin a

This formula will apply also in Fig. 29 if we reverse the sign of ft.

Fig. 29 corresponds, except as to the proportions, to the astronomical case.

OZ then represents the axis of the ecliptic, and OC that of the earth. The

obliquity (a) is 23 28', and the annual precession is about 50". We have,
from (1), in seconds of arc,

60 sin 23 28'^
2. x 366-25=

8a

The earth's radius being 6'37 x 10s
cm., the polhode cone intersects the earth's

surface in a circle of about 27 cm. radius.

Ex. A wheel of radius a rolls on a horizontal plane at a constant inclination

a, its centre describing a circle of radius c with the angular velocity ^.

In the annexed iigure, C is the centre of the wheel, CO is its axis, A the

point of contact, N the centre of the circle described by C. Since is a fixed

Fig. 30.
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point relative to the wheel, OA is the instantaneous axis. The polhode cone

is that traced by OA about OC, and its semi-angle /3 is therefore given by

tan/3=- sin a............................... (5)

The herpolhode cone is that traced by OA about ON. If o> be the angular

velocity of the wheel we have, considering the motion of (7, as due to rotation

about OA,
&>sin/3= >/rsina, ................................. (6)

as in (2). This gives the component angular velocity about the diameter

through the point of contact. The velocity of C may also be regarded as due
to a rotation o> cos /3 about an axis through A normal to the plane of the wheel.

Hence

a>cos/3= \jr,
................................. (7)

as may also be derived from (5) and (6). This gives the angular velocity of

the wheel about its axis.

The rate % at which the point of contact travels round the wheel is given by

............................... (8)

This is easily seen to agree with (4), if allowance be made for the altered

sign of /3.

3O. Momentum.
The momenta of the various particles of any assemblage form

a system of localized vectors, which may be replaced in various

ways by other systems having the same geometric sum, and the

same moment about any arbitrary axis.

For example, we may reduce the system to a '

linear momen-
tum '

represented by a localized vector (f, rj, ) through any given

point 0, and a ' momentum couple,' or
'

angular momentum/
represented by a free vector (X, p, v) normal to its plane. The

linear momentum is given, as to magnitude and direction, by
the geometric sum of the momenta of the several particles, and is

therefore independent of the position of 0. The angular momen-

tum, on the other hand, varies in general with this position.

The analytical process of reduction is exactly the same as in

the case of a system of forces (Art. 19). If we adopt rectangular
axes through 0, the components of linear momentum are

f = 2(wa), 17
= (2 my), f=2(m*), ......... (1)

where (x, y, z) are the coordinates of any particle m, and the

summations include all the particles.
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The components of angular momentum, referred to 0, are

simply the total moments of momenta of tin particles about the

coordinate axes, viz.

X = 2 {m (yz
-

zy)}, p = 2 {m (zx
-

xi)}, i> = 2 [m (xy
-

yx)}.

.........(2)

This process of reduction is convenient in the case of a rigid

body moveable about a fixed point. We are then concerned chi-Hy
with the angular momentum. Taking this point as origin, and

substituting the values of x, y, z from Art. 28 (5), we ha\

example,

2 [m (yz
-

zy)}
= S [my (py

-
qx)

- mz (rx
-
pz)\

= 2 \m (f + z*)} p - 2 (mxy) q
- 2 (mxz) r.

The moments of momentum about the coordinate axes are accord-

\ = Ap-Hq-Gr, fi
= -Hp+Bq-Fr, v = -Gp-Fq + Cr,

......... (3)

where A, B, C, F, G, H are the moments and products of inertia

with respect to the axes (Art. 25).

When the axes coincide with the principal axes of inertia at

0, the expressions reduce to

\ = Ap, >-% v = Cr................... (4)

The normal to the plane of the momentum couple may be

called the axis of angular momentum (referred to 0). There is an

important geometrical relation between the direction of thi$ axis

and that of the instantaneous axis of rotation. For simplicity, let

the coordinate axes be the principal axes at 0. Since the direction-

cosines of the instantaneous axis are, p/a>, q/w, r/o>, the vector (Ap,

Bq, Cr) is normal to that diametral plane of the momental ellipsoid

Ax*+ By*+Cz* = Me* .....................(5)

which is conjugate to the instantaneous axis. In other words, the

plane of the momentum couple is conjugate to the axis of rota-

tion. It is only in the case of complete kinetic symmetry about 0,

when A = B = (7, that the axis of the couple always coincides with

that of the rotation.

In any case whatever the linear momentum is the same, as to

magnitude and direction, as if the whole mass were concentrated

at the mass-centre G, and endowed with the velocity of that point.
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For, writing
..................... (6)

where (#, #, 2) are the coordinates of G, we have

2 (ma?)
=^ 2

(m#) = ^ 2 (7/1 ( + a)}

=2(m)., .............................. (7)

since 2 (ma) = 0. And similarly for the other components*.

Hence if a rigid body rotates about the mass-centre as a fixed

point, the linear momentum vanishes.

31. Angular Momentum referred to Mass-Centre.

In the more general type of motion it is convenient to adopt

the instantaneous position of the mass-centre as the point of

reference.

If P be the position of any particle m of a system, its momentum

(rav) may be resolved into two components
in lines through P by the vector formula

rav = rav + rav, . : ..........(1)

where v is the velocity of the mass-centre (G),

and "v is the velocity of ra relative to G. The

components mv form a series of parallel

vectors proportional to the respective masses

ra, and are therefore equivalent to a single localized vector S (ra) . v

through G. Since 2 (rav)
= 0, the aggregate of the remaining com-

ponents has the formal properties of a '

couple
'

in Statics.

It follows that in calculating the moment of momentum of a

system about any axis through the mass-centre, we may ignore the

motion of G itself, and take account only of the motion relative

to G.

In symbols, taking any fixed axes, we have with our previous notation

............... (2)

* A vector proof of this theorem is given in the author's Dynamics, Art. 45.
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since 2(?n) = 0, 2(wiy)=0, and therefore also 2(mfl)=0, 2(wy)-0. If the

origin bo at the in.Mant ;i: ;ti.n of <!, we have y= 0, 2= 0,and therefore

2{w(y*-^)}=2{mOy-y/3)} (3)

Similarly tr the other COIIIIM.H.

Hence in the case of ;i rigid body, the components of angular
momentum with respect to axes through the mass-centre will be

given by expressions identical in form with those of Art. 30, vix.

Ap-Hq-Gr, -Hp + Bq-Fr, - Gp - Fq + Cr. . . .(4)

If the axes be the principal axes of inertia at 0, we have, simply

Ap, Bq }
Cr (5)

Again, it appears from the general argument given above, or

from equation (2), that the angular momentum of a system about

any axis is equal to the angular momentum, about that axis, of

the whole mass supposed concentrated at G and moving with this

point, together with the angular momentum, with respect to a

parallel axis through G, of the motion relative to G.

Hence in the case of a rigid body, if (x, y, z) be the coordinates

of the mass-centre with respect to any fixed coordinate axes, and

(n, v, iv) the velocity of this point, the moments in question are

M (yw zv) +Ap Hq Gr,\

M(zu -xw)-Hp+Bq-Fr\ (6)

M(xv -yu)-Gp -Fq-}- Cr]

where A, B, (7, F, G, H relate of course to the parallel axes

through the mass-centre.

32. Kinetic Energy.

The kinetic energy (T, say) of a rigid body rotating about a

fixed point is given by
r = i/*>

2
(1)

where m is the angular velocity, and / the moment of inertia with

respect to the instantaneous axis. For if PN be the perpendicular
drawn to this axis from the position P of any particle m, this

particle has a velocity &> . PN. The energy is therefore

r=iS(m.PJV2
.ft)

2
)=i/a>

2

(2)

If (I, m, n) be the direction-cosines of the instantaneous axis

with respect to coordinate axes through the fixed point, we have

/= Al* + Bm* 4- CV - 2Fmn - 2Gnl - 2Hlm,
L. H. M. 6
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by Art. 25 (3). Hence

2T = Ap* + E(f + Cr* - 2Fqr - 2Grp - 2Hpq, ...... (3)

a homogeneous quadratic function (as always) of the symbols which

express the velocities of the system. When the axes of coordinates

are principal axes, the formula becomes

2T =^2 +%2 + CV2
...................... (4)

We note, on reference to Art. 30 (3), that the components of

angular momentum are the partial derivatives of T with respect
to p, q, r, viz.

dT dT dT
X =

jfr' ^Zg'
" = W ...................(5)

To obtain formulae for the kinetic energy in the more general

case, we have the theorem that the kinetic energy of any system
is equal to the kinetic energy of the whole mass supposed concen-

trated at the mass-centre and moving with this point, together
with the kinetic energy of the motion relative to the mass-

centre.

The analytical proof is as follows. In our previous notation

(6)

since 2 (ma)= 0, 2 (mj8)
=

0, 2(wy)= 0*.

In the case of a rigid body the latter of the two constituents

referred to is given by (3), if the inertia coefficients now refer to

axes through the mass-centre. Hence, if (u, v, w) be the velocity
of the mass-centre, the complete expression is

+ Ap* + Bq* + Or2 - 2Fqr - 2Grp - 2Hpq. ...(7)

33. Euler's Angular Coordinates.

In order to refer the position of a body which is free to turn

about a fixed point to some standard position, we require

(Art. 2) three coordinates, which may be chosen in various ways.
The system most frequently used in practical questions was intro-

duced by Euler (1758), and is as follows :

* Other proofs are given in the author's Dynamics, Art. 46.
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The position of some axis or fix. d in the body is l.-fim-d by
ih- .-ingle 6 which it makes with an axis D/, ti \.-.l in spar.-,

and the angli- ^r which tin- plain-

ZOG makes with some fixed plane

ihmiiirh nZ. The angle </>
which

Bome plane through 06', fixed in

ihr body, makes with tin- plan.-

ZOO completes the determination

of the position. The annexed figure,

which represents the intersections

of the various lines and planes
with a unit sphere having as

centre, indicates the usual con-

vention as to the senses in which

the three angles 6, -v|r,
< are Fig . 32.

measured.

The above system of coordinates is exemplified in ' Cardan's suspension
as applied to the marine compass, and in the ordinary gyroscope. In the

latter apparatus we have a heavy flywheel free to rotate about a diameter of

a circular frame, which is itself free to turn about a horizontal axis at right

angles to the former, being pivoted to a vertical ring which again is free to turn

about its vertical diameter*.

The coordinate 6 here represents the inclination of the axis of the fly-

wheel to the vertical, whilst ty determines the azimuth of the vertical ring. The

remaining angle < fixes the position of the wheel relatively to its circular frame.

The same system of coordinates is applied, in Astronomy, to the earth.

If, in Fig. 32, OZ be the normal to the plane of the ecliptic and OC the earth's

polar axis, & will be the 'obliquity,' and ty will fix the position of the inter-

section of the equator (AB] with the ecliptic. The slow secular change in ^
(negative on our convention) constitutes the phenomenon of precession. Small

periodic fluctuations in the values of 6 and
>//

are called '

nutations.'

Now let OA' be drawn at right angles to 00 in the plane ZOO,
and OB' normal to this plane, in such a way that OA' , OR, OC
shall form a right-handed system of axes. We proceed to calculate

the component angular velocities p', q
r

,
r about these axes in terms

of the rates of variation, 0, ^, <, of Euler's coordinates.

If 6 were constant, the points C and A' would describe circles

of radii sin 6 and cos B, respectively, on the unit sphere, in each

* See the frontispiece. The outer vertical ring there shewn is fixed, and serves

merely as a support for the pivots of the moveable vertical ring.

6 S
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case with the angular velocity ^r. Hence, considering the velocity

of C, which moves with the body, in the direction at right angles
to the arc ZC, we have

p = sin 6ty......................... (1)

Since the velocity of C tangential to the same arc is 0, we have

q=6............................... (2)

The calculation of the third component r is not quite so simple,
since A' (unlike (7) is not fixed in the body. The point of the body
which is momentarily at A' is moving relatively to A' with a

velocity whose component perpendicular to the circle ZGA' is <,

whilst A' has itself a component velocity cos dty in the same

direction. Hence
r ==</> + cos 6^.................... .....(3)

It is sometimes more convenient to employ axes OA
y
OB which

are fixed in the body. In that case the angle <f> may be taken to

be the angle which the plane COA makes with ZOC. If we

resolve the velocity of C in the directions of the tangents to the

arcs BC,'CA, we find

p = 6 sin < sin O^r cos <, q = cos
</>

-I- sin dty sin
(f>.

. . .(4)

The value of r is given by (3), as before.

From (4), or by direct calculation of the velocity of C along and

at right angles to the arc ZC, we have

=p sin
</>
+ q cos

c/>,
sin 6^r

= -p cos
</>
+ q sin <. . . .(5)

The preceding formulas are specially useful when the body has

kinetic symmetry about an axis. If OC be this axis, the principal

moments of inertia about perpendicular axes through are all

equal. We have then

ar2................... (6)

Again, the angular momentum about the fixed line OZ is

Ap cos ZA'+Aq cos Zff + Cr cos ZG
= A sin2 0^ + Cr cos ....... (7)

The angular momentum about an axis at right angles to OZ
in the plane ZOC is

4p'cos 6 + Cr sin = - A sin d cos 0^ + Or sin 6. ...(8)
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If in (ti ) .UK! (7) we put = we get the case of tin- spherical

|ii-ii.lulum [D. 102, 103]*.

/J.r. I. Iii tin- iii..vciii<'!iis ,,f theeye (Art. 4), if (>/f !>< tin- pi-imary jK>Hition

of the visual axis, and 0(7 any secondary ]Miri.ui, Listing's law makes <f>=* -^,
if r.| l.r th.it meridian of the eye which in the primary position coincides

with the circle from which ty is measured. Hence in any small displacement
of the visual axis from the position OC, the eyeball has a component rotation

about OC of amount

-(l-costf)ty, (9)

by (3). If the displacement of C be 5, in a direction making an angle x w itn

ZC produced, we have sin 05\^ = Sssinx, and the rotation in question is

-tan J0 sin^d* (10)

Ex. 2. To find the relation between the angular velocities in a Hooke's

joint.

This is "a contrivance for transmitting rotation from one shaft to another

whose axis is in the same plane with that of the first, but makes an angle (6)

with it. It is sufficiently explained by the accompanying sketch. The second

Fig. 33.

figure represents intersections of the various lines with a unit sphere whose

centre (0) is at the intersection of the axes of the two shafts. Thus 0Ar

,
OY

Fig. 34.

References in this form are to the author's Dynamic*.
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are the axes of the two shafts, and OA, OS those of the two arms of the cross.

The great circles which are traced out by A and B intersect in C. Since

AB= ^TT, we have in the spherical triangle ABC
sin a sin b cos a cos b cos 6= 0,

or tan a tan b= cos B............................... (11)

Since 6 is constant, the ratio of the angular velocity of the second shaft to

that of the first is

, .

b sin 2 b 1 cos'2 b sin 2 6

This varies, in the course of a revolution of the first shaft about OX, between

the values cos 6 and sec 6. If 6 be small the ratio never differs from unity by
more than a small quantity of the second order.

A true 'universal flexure-joint' would be one which transmits rotation

accurately from one shaft to another independently ofthe inclination of the axes.

It was pointed out by Thomson and Tait* that this condition is satisfied with

great exactness by a short length of wire whose ends are fitted axially into the

two shafts.

Ex. 3. Let us suppose that we have a pendulum hanging from a vertical

spindle by an accurate universal flexure-joint ;
and let it be required to find

the several expressions for the component angular velocities. We refer to

Fig. 32 where OZ is now assumed to represent the downward vertical.

If the inclination 6 of the axis of the pendulum is alone varied, the com-

ponent rotations about A
', OB', OC are evidently

0, M
t 0,

respectively. If the spindle and the pendulum move in azimuth as one body

through an angle 5^, we have 50= 0, and the component rotations are

sin 6 ty, 0, cos B ty.

Finally, the axis of the pendulum being unchanged in direction, let the spindle
be turned back to its former position. This involves rotations

0, 0, -fo/r.

Hence if the spindle be fixed, the component angular velocities are

p'=-sin0^, q'=0, r=-(l-cos0)^............. (13)

If, on the other hand, the spindle be rotating with angular velocity a>, we

have

j0'=-sin#^, q'
=

&, r=o>- (l-cos^)v^............. (14)

* Natural Philosophy, Art. 109.
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EXAMPLES. VIII.

1. Pr.\r that if the mutant MM -..us axis is fixed in space it is fixed in the

and

2. Deduce the formula

27*= Ar
- + lif + Cr* - 2/fyr

-
2GV/>

-
Zffpq

I.. r the kinetic energy of a body rotating al>out a fixed point from the formulae

(f>) of Art. 28.

^ 3. A sphere is pressed between parallel boards which are made to rotate

with constant angular velocities o>, to' about fixed axes normal to their planes.
Prove that the centre of the sphere describes a circle about an axis which is

in the same plane with the former axes, and whose distances from them are as

<u' : to.

4. Two concentric spherical surfaces rotate with constant angular vel

&>!, o)2 , respectively, about fixed diameters inclined to one another at an angle
o. A sphere placed between them rolls in contact with both. Prove that the

centre of the sphere describes a circle with the angular velocity

i v^(i
2+ 2o>! o>2 cos a 4- co^

2
).

5. A cone of semi-angle a rolls on a horizontal plane with the angular

velocity to. Prove that its axis revolves about the vertical through the apex
with the angular velocity to tan a.

6. If (li, mi, ni\ (1%, mi> wa) (^3, ma, %) be the direction-cosines of a

moving system of rectangular axes Ox', Oy', Ozf relative to fixed axes Ox, Oy,

Oz, prove that the component angular velocities of the moving system about

Or, Oy, Oz are

dn>2 ,

dn3 ( dnii dm<2 e?m-A
ctc- etc-1

dt

Also that the angular velocities about Ox', Oi/', Oz' are

^= _A^3 + n*w' etc- etc-

7. The plane Ax+By+C*\ is fixed in space, but the rectangular axes

to which it is referred are rotating with the angular velocity (p, q, r) ; prove
that

- = Br Cq, etc., etc.

8. A rigid body is rotating about the origin with the angular velocity

(p, q, r}. If .4, B, C, F, G, H denote the instantaneous values of the moments
and products of inertia with respect to the (fixed) coordinate axes, prove that

d~ = 2 (Hr - Gq), etc., etc.

, etc., etc.



88 HIGHER MECHANICS [V

9. A quadric surface whose equation relative to fixed axes is at any
instant

ax2+ by
2
-f cz

2+ Vfyz+ Zg&v+ 2hxy= 1

is of invariable form, but is rotating about the origin with the angular velocity

(p, q, r). Prove that

-hr\ etc., etc.,

jfc=(b-e)p+gr-hQ,
etc., etc.

Deduce the conditions that the surface should be of revolution.

[If/, g, h are none of them zero, the conditions are

a^h b_h^ c
fy

t

f 9 h

If one of the coefficients /, g, h vanishes, another must vanish. If # = 0,

A= 0, the condition is

(-*)<-*)/,]
10. A solid is rolling in contact with a fixed plane. If the angular velocities

about the tangents to the lines of curvature and about the normal, at the

point of contact, be p, q, r, respectively, and if p^ , p2 be the principal radii of

curvature, the component accelerations of that point of the solid which is in

contact with the plane are

11. A wheel, whose mass is M, radius a, and radius of gyration about its

axis *, rolls along the ground at a constant inclination a, so that its centre

describes a circle of radius c with velocity v
; prove that its kinetic energy is

12. Two equal wheels of radius a can rotate independently about an axle

of length I at right angles to both. The mass of each wheel is J/; its moments

of inertia are C about its axis, and A about a diameter. The combination

rolls on a horizontal plane. If o^, w2 be the angular velocities of the wheels,

the kinetic energy is

(The inertia of the axle is neglected.)

13. Prove that in Fig. 32, p. 83, the angular velocities of the body about

axes OX, OY, OZ, of which OX is drawn perpendicular to OZ in the plane

\//>
=

0, and OJT in the plane ^ = ^TT, are

,^

6 cos ^ -f (> sin 6 sin
>//,

V

fy + cos 00.

Explain the relation of these formulas to (3) and (4) of Art. 33.



CHAPTER VI

DYNAMICAL EQUATIONS

34. Kinetics of a Particle.

A few notes on the Kinematics and Kinetics of a particle will

be of service later.

The component velocities, referred to rectangular axes, of a

particle moving in three dimensions are x
t y, z\ and the component

accelerations are x, y, z.

In '

cylindrical
'

coordinates the position of a point P is speci-

fied by its distance p from a fixed axis OZ, the angle ^ which the

plane ZOP makes with some fixed plane through OZ, and the

distance z of P from a fixed plane through 0, perpendicular to

OZ. These are connected with a certain system of rectangular
coordinates by the relations

d? = /3COSi|r, l/
=

psin\/r, Z = Z (1)

As in two dimensions, the two velocities x, y are equivalent to

velocities p and
p^jr,

in the direction of p, and at right angles to the

Fig. 35.

plane ZOP, respectively. Again, the accelerations x, y are equi-

valent to Id-

in the same two directions. The third component is of course z.
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In '

spherical polar
'

coordinates the position is specified by the

distance r from a fixed origin 0, the angle 6 which OP makes

with a fixed line OZ, and the angle -v/r
which the plane ZOP

makes with a fixed plane through OZ. These are connected

with the corresponding cylindrical coordinates by the relations

p = rsin0, z = rcos6 (3)

The velocities z and p are equivalent to r and r0 in the

direction of r, and at right angles to r in the plane of 6, in the

direction of 6 increasing. We have thus the three components

f, r0, rsintf^ (4)

along OP, perpendicular to OP in the plane ZOP, and normal to

this plane, respectively.

Again, referring to (2), we note that an acceleration p in the

direction of p, combined with z, is equivalent to

r-rfr and *jgC^ (5)

along OP, and at right angles to OP in the plane of 0, respectively.

Hence, resolving the component pijr* along and at right angles
to OP, we obtain the formulae

.(6)
T (r-Q) r sin 6 cos

rdt

1 d
^ ~ r sin 6 dt

where a is the radial acceleration, ft the transverse acceleration in

the plane of 0, and y the acceleration normal to the latter plane.

35 . Intrinsic Formulae .

To obtain expressions having a more intrinsic relation to the

path, we take two adjacent positions P, P, and draw the corre-

sponding tangents PT, PT' in the direction of motion. Let Bs be

the arc PP', Bt the corresponding element of time, and Be the angle
between the directions of PT, PT'. If from a fixed point we

draw vectors OV, OV to represent the velocities at P and P',

respectively, the vectorW will represent the change of velocity

in the interval Bt, and W/Bt will accordingly be the mean

acceleration in this interval. The limiting value of this latter



.'I I :J5] DVNA.MH AL l.nl ATI* 91

vector when P' is tak. n infinitely near to P is (by definition) the

acceleration >f tin- moving point when at /'.

The osculating plane of the path at P is the limiting position

of the plane through PT parallel to FT. Since OV, OV are

parallel to PT, FT, respectively, the vector VV'/St will in the limit

Fig. 36.

be parallel to the osculating plane. It may be resolved into two

rectangular components, in the direction of the tangent PT, and of

the principal normal, i.e. the normal to the path in the osculating

plane, respectively. If we draw V'N perpendicular to V, the tan-

gen tial component will be the limit of VN/&. If v denote the

magnitude of the velocity, we have VN=Sv, ultimately, and the

tangential acceleration is accordingly dv/dt. An alternative form is

dv ds dv
j- .-j-.

or v-j- (1)
ds dt ds

The component along the principal normal will be the limit of

NV/&, and its magnitude will be the limit of OVSe/St, or vdcfdt.

The limit of defds is, by definition, the curvature of the path at P,

usually denoted by I/p. We have, then,

de de ds _ vz

v
dt

= v
Tsdt

=
~p'

since ds/dt
= v. The two components are accordingly dv/dt (or

vdv/ds) and

These results may be obtained also as follows. Using accents to indicate

differentiations with respect to the arc s of the path, we have

', etc................... (3)
--

?- ,
CIS Ctt

The component velocities are accordingly

afi, /*, A
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shewing that the resultant velocity is *, along the tangent to the path, whose

direction-cosines are of, y\ z'. The component accelerations may be written

J2 o2 o2

tfs + ptf'-, /*+//'-, z's + pz"- (5)

By a formula of Solid Geometry, the direction-cosines of the principal normal

are px", py" , pz". The acceleration may therefore be resolved into a tangential

component ,
or dv/dt, and a normal component

2
/p.

If F be the force resolved always in the direction of motion we

have dv ^
mVj-s

= F, (6)

and therefore ^ mv* fFds + const (7)

If the particle is subject only to a constant field of force, and

if F be its potential energy in relation to this field, we have

F= 97/95, whence

^ wy
2
-f V= const., (8)

the equation of energy.

36. Motion on a Surface.

One immediate consequence of the preceding investigation is

that if a particle be restricted to lie in a given smooth surface, and

be subject to no force except the normal reaction (R') of this sur-

face, it will describe a geodesic or
'

straightest
'

liqe on the surface

with constant velocity. For, since the acceleration must be wholly

normal, the osculating plane at any point P of the path must con-

tain the normal to the surface This is the known condition for a

geodesic. Also, since the tangential acceleration vanishes, we have

dv/dt
= 0, or v = const. The reaction is given by

R'=*, (1)
P

where m is the mass, and therefore varies as the (principal) curva-

ture of the path.

In the general case of a particle moving on a given surface it

is convenient to take as directions of reference (i) the tangent PT
to the path at P, (ii) a perpendicular to PT in the tangent plane
of the surface, and (iii) the normal to the surface. For definiteness

we will suppose that the positive directions of these lines, taken

in the above order, form a right-handed system. Let the tangent
P'T' at an adjacent point P' of the path be projected orthogonally

on the normal plane to the surface through PT, and on the
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tangent plain-: and let the angles which these pn.j,
-, -ti.,ii8 make

with PTbe Se' and fy, ivsp.-d ivl\ . Th<- increment in .

th- mmpiiiHjnt velocities in our pn-M-nt standard diivrt i-.ns are 8v,

vfy, vSe, respecti vely. The component accelerations are accordingly

dv dy de

di- ,* "a ......................(2)

If
p', a be the radii of curvature at P of the projections of the path

on the normal plane and the tangent plane*, respectively, we have

p'~ ds' <r~ ds'

The expressions (2) may accordingly be written

dt* a' p"

respectively. There is also the alternative form vdv/ds for the first

component.

These results may also be derived from those of Art. 35. If be the angle
which the osculating plane of the path makes with the normal to the surface

at /', the component accelerations will be

dv v2
. v2

Since

p=p'cos0, o-=p/sin<, ........................... (6)

by known formulae of Solid Geometry, this agrees with (4).

To obtain the equations of motion of a particle m, we must

suppose the forces acting on it (other than the normal reaction R')
to be resolved into components P, Q, R acting in the tangential,

lateral, and normal directions, respectively. Thus

dv mv* ~
mv-r =P) =Q, ~,=R + R .............(7)

ds a p

From the first of these we deduce, as in two dimensions,

$mv*=JPds + const., .....................(8)

which is the equation of energy, since P is the only component of

force which does work. When v has been found from this equation,
the second of equations (7) gives <r, and the third R'.

*
<r is the so-called 'geodesic' radius of curvature. Its reciprocal l/<r actually

measures the rate at which the path is deviatingfrom a geodesic. From the present

point of view it might be called the 'lateral curvature' of the path.



94 HIGHER MECHANICS [VI

37. The Principles of Linear and Angular Momentum.
There are two general principles which are held to apply to any

material system, whatever the nature of its internal forces and

connections, viz. the principles of linear and angular momentum.

The first of these asserts that if the system be free from exter-

nal force, its total momentum, resolved in any fixed direction, is

constant. It follows from Art. 30 that the mass-centre describes

a straight line with constant velocity. When external forces act,

the rate of increase of the total momentum, resolved in any
direction, is equal to the total external force resolved in that

direction. The motion of the mass-centre is therefore the same as

if the whole mass were concentrated at that point and subject to

all the external forces acting parallel to their original directions.

The second principle is to the effect that if the system is free

from external force, the total moment of momentum of its particles

about any fixed axis is constant. Further, when external forces act,

the rate of increase of this moment of momentum is equal to the

total moment of the external forces about this axis.

If x, y, z be the coordinates of any particle m of the system
relative to fixed rectangular axes, the analytical expression of

these principles is

-^mx = X -2m-' = F -2mz = Z 1)
dt dt dt

-T- 2m (yz zy)
= L, -7- ^.m (zx xz) M, 2m (xy

-
yx) = N.

(2)

The sign 2 denotes summation with respect to all the particles of

the system. The symbols X, Y, Z represent the total components
of the external forces resolved parallel to the axes of coordinates,

whilst L, M, N are the moments of these forces about the same

axes.

The above principles are established without difficulty in the

case of a system of discrete particles subject to mutual forces which

act in the lines joining them, and obey the law of equality of action

and reaction. If we wish to avoid making any hypothesis as to the

structure of an apparently continuous body such as a solid or a

fluid, we may either formulate the principles as physical postulates,

which is perhaps the best plan, or we may fall back on '

d'Alembert's
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principle.' which historically funm-d tin- basis ..t tin- firM sv-t.-mat !

iivatinciit <.fi.hr Dynamics of extended l><<lir>
1

1>.
:>:i\.

It' we consider any part idc //*, tin- resultant fi.ivc U|M>II it, due \>\\\ l

internal and external influences, must have as component- This

is called lv d'Aleml>ert the 'effective force' on m
; and his aSMimpt ion in

that the whole assemUa^e of effective, forces on tlie various particles of the

system must l>e statically equivalent to the actual external forces
; i.e. they

must have the same total ( omponent in any direction, and the same moment
about any axis. This gives

277ii?*^', -S,my=Y, 1mz = Z, ..................... (3)

Vm(yz-zy} = L, 2m (zx
-
xz] = J/, 2m (xy

-
.yi

:

)
=

.V, ......(4)

which are seen to be equivalent to (1) and (2).

It has already been pointed out (Art. 31) that in calculating
the angular momentum about any axis which passes through the

instantaneous position of the mass-centre (G) we may ignore the

motion of G itself, and take account only of the motion relative to G.

A further very important remark is that in calculating the rate

of change of the angular momentum about a fixed axis drawn

through the instantaneous position of G we may have regard only
to the relative motion.

It was shewn in the Art. referred to that the momentum of the

system at time t may be completely summed up, for all purposes of

resolution and taking moments, in a linear momentum S(m).v
resident in the tangent line to the path of G, and an angular
momentum H (say), the latter being of the nature of a free

vector. At time t + Bt these are replaced by a linear momentum
2 (m) . (v -f Sv) in the tangent line at G', the new position of G,

and a free vector H + SH. Since the distance of G from the tan-

gent line at G' is a small quantity of the second order, the terms

corresponding to the linear momentum at time t + Bt will disappear
when we take moments about G. Hence in calculating the changes
in the interval Bt we are only concerned with SH. And we have

seen that H depends only on the relative motion.

Analytically, the angular momentum about Ox is

.................. (5)

by Art. 31 (2). Differentiating with respect to t, we obtain

This reduces, when ^=0, =0, to the second term.
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The equations (4) above may therefore be replaced by

1 2 {m (ft - /37)}
-A ^ 2 (m (7d - a7)J

= M, |s {m (a/3 -6,9)1 -N,

......(7)

provided L, M, N be now understood to denote the moments of the

external forces about axes through G parallel to the coordinate

axes.

Ex. 1. A uniform bar rotates like a conical pendulum about the vertical

through its upper end, making a constant angle 6 with the vertical
;
to find

the requisite angular velocity (o>).

This comes most easily from d'Alembert's principle. If
/A be the line-

density, the effective force on an element at a distance x from the upper
end (0} is pSx . oPx sin 6 towards the vertical through ;

and the moment of

this about is p.bx . o>
2
.r sin & . x cos 6. If I be the length, the moment of gravity

is pig . %l sin 6. Hence

I

Jo

or
2

Ex. 2. A body of any form rotates about a fixed axis through its mass-

centre 6r, with a constant angular velocity <o whose components about the

principal axes at G are p, <?,
r

;
to find the pressures on the axis.

If PN (Fig. 26, p. 66) be the perpendicular from a particle m at (#, y, z)

to the axis of rotation, the effective force on m is mo? . PN. Since

ON=(px+ qy+ rz)l<, .............................. (9)

the components of this effective force are

m{p(px+ qy+ rz)- A}, m {q (px+ qy+ rz]
- a>%

m{r(px + gy+rz)-a>
2
z}.......(10)

Since 2(?>u;)=0, 2(m#)=0, 2(wiz)= 0,

the whole system of effective forces reduces to a couple. The moment of this

couple about Ox, for example, is

2{m(ry-qz)(px+ qy+rz)}
=2{m(y*-z2

)}qr
= (C-B)qr, ...... (11)

in the usual notation, since

2 (myz) =0, 2 (mzx]= 0, 2 (may)= 0,

by the property of principal axes. Hence, the body exerts on its bearings a

'centrifugal couple' whose components are

(B-C)qr, (C-A)rp, (A-B}pq................... (12)

This does not vanish unless the axis of rotation be a principal axis.

The plane of the couple is that of the instantaneous axis and the axis of

angular momentum (Art. 30). This plane is fixed in the body, and revolves

with it, so that there is a periodic stress on the bearings. The effect, some-

times dangerous, is felt in machinery which is not properly
'

balanced.'
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38. Equations of Motion of a Rigid Body.

We proceed to apply the foregoing general principles to the

case of a rigid body. The motion of the body may be expressed
in terms of the velocity (u, v, w) of its mass-centre G, and the

angular velocity (pt q t r). If M be the total mass*, the components
of linear momentum are MQu, Af v, M w. whilst those of angular
momentum are given by the formulae (4) of Art. :{|. Hence, in

virtue of the principles explained in Art. 37 we have

,, du v ,, dv v ., dwM
dt=

x
'
M

dt
=Y- M

dt

and

(Ap-Hq -Or)-L,\

(2)

where Z, M, N now denote the moments of the external forces

about lines through G parallel to the coordinate axes.

It appears that the motion of G and the motion relative to G
are independent of one another.

The quantities A, B, C, F, G, H are the moments and products
of inertia with respect to lines through G which are fixed in

direction. They are therefore not in general constants, but are

continually changing in consequence of the rotation. For this

reason the equations (2) are not often convenient for direct

application.

39. Motion of a Sphere on a Plane.

There is one case, however, which is specially simple, viz. that

of a homogeneous sphere, or (more generally) of any body which is

kinetically symmetrical with respect to the mass-centre. We then

have
A=B = C=I, F=G = H=0,

where / is the moment of inertia about any diameter.

* The zero suffix is introduced for the sake of distinction from the 37 of equa-

tions (2). It is omitted afterwards whenever there is no risk of confusion.

L. H. M. 7
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As an example, take the case of a sphere rolling on a plane,

and suppose that the external forces, other than the reactions of

the plane, reduce to a force (X, Y, Z) at the centre. The axes of

x and y being taken parallel to the plane, let the components of

Fig. 37.

the reaction at the point of contact be Flt F2 ,
R. If the coordinates

x
} y refer to the centre of the sphere, we have

Mx = X + Flt Mi/=Y+F2>
= Z + R (1)

Again, if a be the radius,

Ip=F2 a, Iq^-F.a, Ir = (2)

The angular velocity r about the normal to the plane is there-

fore constant. Since the velocity of the point of the sphere which

is in contact with the plane is zero, we have in addition the

kinematical relations

x = qa, y = -pa, (3)

as is seen by considering the effect of the rotations about lines

through the point of contact parallel to x and y respectively.

Eliminating p and q between these equations, we find

(M+ I/a*)x
= X, (M+I/a*)y=Y. (4)

The acceleration of the centre is therefore the same as if the plane
were perfectly smooth, and the inertia of the sphere were increased

by the amount 7/a
2
,
or M/c^/a", if K be the radius of gyration about

a diameter.

Thus a sphere rolling, under gravity, on a plane whose inclina-

tion is a will have a constant acceleration

-fa2 (5)
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parallel to a line of greatest slope. The path ..t th- < -inn; is

therefore in general a parabola. In the case of a homogeneous

sphere tf'
J = fa

2
,
and the acceleration is ty sin a.

If the sphere slides, as well as rotates, the equations (1) and (2) will *till

hold, but the geometrical relations (3) are replaced 1 y

x aq= Tcostf, y+ap= V&\\\6, ......... ...(6)

where V is the velocity of sliding, i.e. the velocity of that point of the sphere
\\ liirh is in contact with the plane, and 6 the angle which the direction of V
makes with the axis of x.

Suppose, for simplicity, that the plane is horizontal, and that there are

no forces except those of gravity and friction. We have, then, X= F=0,
Z= -

J/gr, and therefore R*sMg. The dynamical equations thus reduce to

M =Flt My= F<i, and Ip=Fz a, Iq= - F^a, ......... (7)

whence _ a<7=

If we denote the resultant of the frictional forces by. ,
and assume that this

acts in a direction opposite to the sliding, we have

F^-Sco&e, Fz
= -Ssm6.........................(9)

Hence, from (6) and (8),

^), y+j&=
(l
+ )* ................ (8)

.(10)

Hence ^= 0, i.e. the direction of sliding is constant, and

The motion of the centre is given by
a &

(12)

Hence if S is constant the acceleration of the centre is constant in magnitude
and direction, and the path is therefore a parabola. On the usual law of

friction we have S=p.Mg, and therefore

(13)

Sliding will only take place so long as V is positive. If F be the initial value,
V will vanish after a time

With such values of the constants, and of T
,
as occur in the game of

billiards, the time of sliding is very short.

72
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4O. Sphere rolling on a Fixed Sphere.

As a further example, bringing in some interesting points, we

take the case of a sphere rolling on a

fixed spherical surface, under no forces

except the reaction at the point of

contact.

Let a be the radius of the rolling sphere,

and #, y, z the coordinates of its centre G
relative to axes through 0, the centre of the

fixed surface. Let c be the radius of the

spherical surface which is the locus of G.

We take as the standard case that of a sphere

rolling on the outside of another
;
the opposite j^g 38

case is included in the results if we change
the sign of a. If X, J

7

,
Z be the components of the reaction we have

Y, ffi=Z, (1)

Ip=-?(yZ-zY)', Iq=--(zX-xZ), l*=-
c G

since the coordinates of the point of contact, relative to the centre of the

rolling sphere, are ax\c, ay/c,
-

az/c. We have also the kinematical re-

lations

x=-
c
(qz-ry\ y=~

c
(rx-pz\ z=~

c (py-qx]
............. (3)

Thus we have, in all, nine equations involving the nine quantities a?, y, z,

p, q, r, X, Y, Z. Eliminating X, Y, Z between (1) and (2), we have

Hence
Ma

= - -(y*-*yX etc

Ma

.(5)

where a, /3, y are arbitrary constants. Substituting these values of p, <?,
r in

(3), we find after reduction

f] ^!V=-(fl- d ^?\ ---C -^1
V

"

7 / -rj^-^ 7
_ (6)

Hence ax+$y+ yz
=

Q, .................................... (7)

and therefore ax -\-fty+yz
= const............................... (8)

The path of G is accordingly the circle in which the plane (8) meets the

spherical surface of radius c.
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If we take the axis of z normal to the plane of the path we have a-0,

/3=0, and

These may be treated by the ordinary methods applicable to simultaneous

linear equations ;
but it is neater to take advantage of the special form, and

to unite them in the equation

where t= \/(-l), and

f=*+ y.....................................(11)
The solution is

{= ffei(
"+

'\ ................................. (12)

where ffeie is the (complex) arbitrary constant, and

Separating the real and 'imaginary' parts, we have

#=tfcos(X*+ 0, ytf8in(X*+ c)................... (14)

The circular path of O is therefore described with the constant angular velocity

X, which depends on the initial circumstances.

4 1 . Sphere Spinning on a Fixed Sphere, under Gravity.

If in the preceding question gravity be taken into account, the

difficulties become even greater than in the problem of the spherical

pendulum [D. 103]. An approximate solution may however be

given of the case where the moveable sphere is supposed to have

been slightly disturbed from an equilibrium position at the highest

point of a convex (or the lowest point of a concave) spherical

surface, where it was spinning about a vertical axis with a given

angular velocity n.

We take the axis of z vertically upwards. In the earlier phases, at all

events, of the disturbed motion, the quantities x, y, p, q, X, T will be small,

whilst

2= c, r=n, Z=Mg...........................(1)

approximately. Hence, neglecting small quantities of the second order, the

equations (1) and/2) of Art. 40, with the addition of terms representing the

effect of gravity, give

Mx=X, m= Y, ................................. (2)

.(3)

The kinematidal relations reduce to

x.........................(4)
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Eliminating JT, F, p, <?,
we find

ny-
9 x= Q, }c c

z
I ..................... (5)

-^nx-^y^.]
These combine into the equation

(6)
C

where =x-\-iy, as before.

Assuming that. varies as e^, we have

(
K 2+ a2) X2_^%X+^= ......................... (7)

c c

For periodic solutions, the values of X must be real. This requires

rf>to!jt22 ............................... (8)

If the angular velocity of a sphere spinning about a vertical axis on the top
of a fixed sphere exceed the limit thus indicated, the position is in a sense

stable. In the case of a sphere spinning in a spherical bowl, at the lowest

point, the sign of c must be reversed, and the condition of stability is there-

fore always fulfilled.

If the roots of (7), supposed real, are \i, X2 ,
the complete solution of (6)

has the form
X = //! COS (\! t+ ej) + #2 COS (X2 1+ f8), \ ,g.

y= ffl sin (Xj t+ ci) + #2 sin (A 2 + f2 ), J

'

where the constants HI, H^ e1? f2 are arbitrary. The disturbed path of (7,

approximately plane, is therefore an epicyclic curve. If c be positive in (7),

\i and X2 have the same sign, and the epicyclic is
'
direct.' In the opposite

case \i and X2 have contrary signs, and the epicyclic is
*

retrograde
'

[D. 23].

When the roots of (7) are imaginary they will be of the forms p + iv. The

values of x and y will accordingly be made up of terms of the types e vt cos pf,

e
vf

sin/utf. The terms with the upper sign in the exponentials will increase

continually in importance until the approximations on which the investigation
is based cease to be valid. Imaginary values of X thus indicate instability.

It is to be remarked, however, that the stability which has been attributed,

under the condition (8), to a sphere spinning on the top of a spherical surface

is of a qualified kind. Unlike statical stability, it is impaired by the operation
of dissipative forces, however slight. The influence of friction in gradually

diminishing the spin until it falls below the limit indicated by (8) is obvious

enough, but there is a practical instability independent of this cause.

Suppose, for instance, that there are frictional forces, proportional to 'the

velocity, acting in lines through the centre of the sphere, and therefore not

directly affecting the rotation. The equations corresponding to (5) will be of

the type
-

,

}
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iiiiiii,' int.. tin- .MM^I ..... (nation

ifi'-m*C = u........ ....... (11)

Assuming that varies as e
lM we have

A2
-i*A-/3A + ro*=0, ...........................(12)

or, as we may write it,

(A-A,)(A-A2)i^A, ........... 13)

where A! ,
A2 are the roots of

A2 -A+m2 =
0, ................................. 14)

assumed to be real.

It will be sufficient to consider the case where the frictional coefficient / is

small compared with A, or A 2 . The approximate roots of (13) are then

(I 5 ), > x-

!
- A2 A2 -Ai

In the question in view, A
t
and A 2 have the same sign, so that the imaginary

part of one of the roots is negative. Hence when the values of x and y are

expressed in real form one term in each will involve an exponential factor

increasing indefinitely with t. Hence, one of the two superposed circular

vibrations represented by (9) gradually 4ies out, whilst the other continually
increases in amplitude. The sphere therefore tends to fall further and further

away from its equilibrium position in an ever widening spiral path.

In the other problem, of a sphere spinning near the bottom of a spherical

bowl, it will be found on examination that both circular vibrations gradually
dwindle.

The distinction here illustrated between 'temporary' and 'practical'

stability of motion will present itself in various problems to be considered later

(Art. 98).

42. Equation of Energy.
If we were to assume that a rigid body may be regarded as a

system of discrete particles whose mutual distances are invariable,

the theorem that the increase of the kinetic energy in any interval

of time is equal to the total work done by the external forces would

follow at once, since the internal forces do no work [S. 50]. If on

the other hand we adopt d'Alembert's principle as our basis, or

merely postulate the principles of linear and angular momentum

(Art. 37 ), a formal proof is logically necessary.

The expression for the kinetic energy may be written

where (u, v, iv) is the velocity of the mass-centre, and a, /3, 7 are

coordinates relative to this point. The first part represents the
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energy of the whole mass M supposed concentrated at the mass-

centre, and moving with this point, whilst the second part represents
the energy of the relative motion (Art. 32). The equations of

motion may be written

M v = Y, M w = Z,
I

{m(7a-a7)}=Jf, 2 [m(a/3- fr*)}
= N.\

......(2)

If we multiply these by u, v, w,p, q, r, respectively, (p, q, r) denoting
the angular velocity, we get

M (uu + vi) + ivw) + 2 [m {(qy
-

r/3) a + (ra
-
py) /3 + (p/3

-
qa)} 7]

= Xu+Yv + Zw + Lp + Mq + Nr....... (3)
Since

qy-rft = d, (ra
- py)=&, p/3-qct = y..........(4)

by Art. 28, this is equivalent to

dT
-^

= Xu+Yv + Zw + Lp + Mq + Nr.......... (5)

The right-hand member, when multiplied by &t, gives the work

done by the external forces in the time St. Hence, integrating
over any finite interval, we obtain the proposed theorem.

If there are no external forces, dT/dt = Q
)
and the kinetic

energy is constant.

We notice further that the two parts of the kinetic energy are

affected independently. Thus

......... (6)

i.e. the energy of translation (as we may term it) is affected only

by the external forces imagined transferred to the mass-centre.

Again

~. j*)}=Lp + Mq + Nr, ......... (7)

i.e. the energy of rotation is affected only by such external forces

as have moment about the mass-centre. If there are no such

forces, the energy of rotation is constant.

43. Time-Integrals.

The following statements follow immediately from'the principles

of momentum as enunciated in Art. 37.
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1. In any interval <t time the total momentum of a 8j8t -m.

resolved in anv fixi-d din-i-i inn, is increased l\ an ;uu<unt equal to

the time-integral of all the external forces similarly resolved;

2. The total angular momentum of the system about any
fixed axis is increased by an amount equal to the time-integral of

the moment of the external forces about that a

More formally, if we integrate each member of the equations

(1) and (2) of Art. 37, with respect to t
t
between limits t and *,,

we obtain

= Ydt, 2 (
= Zdt,

*
.....'(1)

[

2 [m (yz
-

zy)]\

''

= f
'

Ldt, Tx [m (zx
-

a*)}T'
= f

'

Mdt,
L _k Jto i Jf, .//o

Ndt.
(2)

Again, the angular momentum of the motion relative to the

mass-centre (G), about any axis through G which is fixed in

direction, is increased by an amount equal to the time-integral of

the moment of the external forces about this (moving) axis.

This follows, analytically, by integration of the equations (7)

of Art. 37
;
thus

' fl ' '

Mdt,
t. /ox

In particular, if the system is free from external force, the

vector which represents the angular momentum of the relative

motion is constant in direction and magnitude.

44. Motion due to an Instantaneous Impulse.

We may apply the preceding results to the case of instantaneous

impulses acting on a rigid body. The external forces are here sup-

posed, by a mathematical idealization, to be infinitely great, and

their time of action to be infinitely short, in such a way that their

time-integrals are finite.
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We write, then, for brevity,

%=f
fl

Xdt, 77= I**' Ydt, f= (^ Zdt\
^0 A) ^ tb /i \

rt n ftl \
(!)

X = Zcft, /*
= / J/^, ^= ZiTcttJ

J< Jt Jto

where the interval ^ 1 is supposed in the limit to be infinitely

small. Consequently, we neglect the change of position of the body

during the impulse, since the velocities remain finite. The six

quantities f, 77, f, X.
/JL,

v may be called the components of the
1

impulse
'

on the body.

Referring to Art. 31 for the components of momentum we have

["Vi "Vi

Ap-Hq-Gr\ =X, \-Hp+Bq-Fr\ = n,

r

J ' ^ ^-.(3)

=v.

If we adopt the principal axes of inertia at the mass-centre as

axes of reference, the latter equations reduce to

qQ}= f
i

> C^-r^^v. ...(4)

For example, considering any given state of motion of a rigid

body, as defined by the six quantities u, v, w,p, q, r, the components
of the impulsive wrench by which this state would be generated

instantaneously from rest are

............(5)

\ = Ap, p = Bq, v = Cr................... (6)

The equations (6) shew that when a body is started by an

impulsive couple (X, JJL, v), the initial axis of rotation is that

diameter of the momenial ellipsoid which is conjugate to the plane
of the couple (Art. 30). If H be the magnitude of the couple, and

therefore of the resulting angular momentum, the component of

angular momentum about the instantaneous axis will be tyjp . H,
where p is the radius of the momental ellipsoid in the direction of

the instantaneous axis, and -cr the perpendicular from the centre

on the tangent plane at its extremity. This component must be
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equal to Iw, where o> is tin- initial angular velocity, and 7 the

moment of inertia about tin- instantain -.,1^ azi& Hence

* H

or, since / = 3fe4

/p
2 in the notation of Art. 25,

-iff
The kinetic energy generated by the impulse is

-iff ............................ <8>

For a given value of H this is least when the axis of the couple is

the shortest axis of the momental ellipsoid, i.e. the axis of greatest

principal moment.

Ex. A body which is free only to rotate about a fixed axis through the

mass-centre, whose direction-cosines relative to the principal axes at this point
are (I, m, ),

is struck by a given impulsive couple (A, /n, i/).

Taking moments about the axis in question, we have

Ia>= \l+ fjLm + vn, ..............................(10)

where /=AP+ Bm? + Cn*............................ (11)

T ,

The kinetic energy generated is given by

The constraining forces exerted by the fixed axis form an impulsive couple
whose components are

If the body had been perfectly free, the component angular velocities would

have been determined by (6). In terms of these, the kinetic energy would have

been given by

Hence

This vanishes, as it ought, when I : m : n p : q : r ;
but is in all other

positive. The constraint has therefore the effect of diminishing the energy due

to a given impulse. This example is due to Euler. It is a particular case of a

very general theorem, to be noticed later (Arts. 75, 77).
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45. Energy due to an Impulse.
In the general case the kinetic energy generated by an im-

pulse is

T, - T = \M {(V -
uf) +W -

v<?) + (w? -Oj
+ %{A (p*

-
pf) + B (q*

-
q*) + C (rf

- r
')}

= f . i (MJ + O + 77 4 (v, +O + ? . J (M! + w )

+ X . i (# + Po) + A1 - i (ft + ft) + * . 4 (n + r
),

. . .(1 )

by Art. 44 (5), (6). As in the case of two dimensions [D. 73], we
can give to this result a simple interpretation. If F be any one of

the forces constituting the impulse, and u
,
vl the initial and final

velocities of any point on its line of action, resolved in the direction

of this line, the expression in the last member of (1) is equi-
valent to

SJ'.JO'o + fi), ........................ (2)

where the summation embraces all the impulsive forces. For a

system of finite forces proportional to F would be equivalent to

a wrench whose components are proportional (on the same scale)

^ f> *)> ?i \ fa v - And an infinitesimal twist whose components
are proportional to

i (PI +#>), 4 (ft + ft), i (n -H n>)

would involve a displacement of the point of application of F,

the resolved part of which in the direction ofF would be J (f + fi),

since the relations between the velocities of different points of the

body are linear. The equivalence of (2) to the last member of (1)

then follows from Art. 21.

EXAMPLES. IX.

1. Prove that if a particle move under gravity on a "smooth cylindrical

surface (of any form of section) whose generators are vertical, the path when

developed into a plane is a parabola. (Euler.)

2. The bob of a simple pendulum of length I is projected horizontally

with velocity v at right angles to the string, which makes an angle a with the

vertical. Prove that the bob will rise or fall according as

v2 < gl sin a cos a.

3. A particle is constrained to move on a smooth surface having the form

of the anchor ring

where p
= a+ b cos 6.
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IVovr that the component accelerations in the tangent plane, tangential and

|HT|H>lnliriilar to the crOH.s-srrt ion, an-

<& , a T v

i.sin#\P, and
p at

p

respectively, and that the acceleration in the direction of the inward normal u*

4. Prove that, if there are no forces except the reaction <.f the surface,

motion along the outer equatorial circle is stable, and that if this motion is

slightly disturlxxi the path will intersect this circle at intervals

W{6 (a+ b)}.

Prove also that motion along the inner equatorial circle is unstable, and
that if this motion is slightly disturbed the path will intersect the outer

equatorial circle at an angle

5. Prove that if a uniform string of line-density p. be pulled with constant

velocity v through a smooth twisted tube under a tension fiv
2 the pressure on

the tube will vanish
;
and thence that a wave of any form can be propagated

along an otherwise straight string with the velocity ^/( ^7/*) where T is the

tension.

6. A circular plate is spun by means of a stick supporting it at an eccentric

point which is made to describe a horizontal circle. Prove that when a state

of steady motion has been attained the inclination 6 of the plate to the hori-

zontal is given by

where a is the distance of the point of support from the centre, o> is the

angular velocity about the vertical, and A is the moment of inertia about a

diameter. (It is assumed that the centre of the disk is at rest.)

How is the problem modified if the centre of the disk describes a horizontal

circle of given radius ?

7. A sphere is set rolling on a horizontal plane which is made to rotate

about a fixed vertical axis with the constant angular velocity o>. Prove that

the path of the centre of the sphere is a circle described with the angular

velocity

where a is the radius, and K the radius of gyration about a diameter.

8. A sphere rolls on an inclined plane which rotates about an axis normal to

it with constant angular velocity to. Prove that the centreof the sphere describes

a trochoid, the average velocity being ga* sin a/
2
a> in a horizontal direction,

where a is the radius of the sphere, K its radius of gyration about a

diameter, and a the inclination of the plane to the horizontal.
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9. A rigid body is free to rotate about a fixed point ;
the coordinates of

its mass-centre relative to the principal axes at are a, 6, c and the direction-

cosines of the vertical are
I, m, n. Prove that it can rotate in steady motion

about the vertical provided

Find the requisite angular velocity. (Staude.)

10. A solid of mass M is held so as to be in contact at one point with a

smooth horizontal plane, and is then released. Prove that the initial pressure

(R) on the plane is given by

Mg~

where (#, ?/, z] are the coordinates of the points of contact, and (I, m, ri) is the

direction of gravity, relative to the principal axes at the mass-centre.

11. Under what condition can the motion of a free rigid body be arrested

by a single impulsive/orce ?

[The velocity of the mass-centre G must be at right angles to the axis of

angular momentum at G.]

12. If two bodies rotating independently about the same fixed axis with

angular velocities a)j , o>2 be suddenly connected rigidly together, the loss of

kinetic energy is

1 I\ TZ f ...

aT^t <">#
where /! ,

72 are the respective moments of inertia about the axis.

13. A chain of equal uniform links is laid out in a straight line, and is set

in motion by given impulses in one plane, at right angles to the length. If un
be the initial velocity of the nth joint, prove that in a part of the chain not

subject to the external impulses

14. A uniform rectangular plate receives a blow normal to its plane at

a, comer. Prove that it will begin to rotate about the line whose equation,
relative to axes through the centre parallel to the edges (2a, 26), is

the blow being given at the point (a, 6).

15. A uniform triangular plate ABCis free to turn about C as a fixed point.

A blow is struck at B normal to the plane of the triangle. Prove that the

initial axis of rotation is that trisector of the side AB which is furthest

from B.
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16. A rectangular I.lock ai r->t receives a blow along an edge (2a). i

that the initial motion is a rotation about, an axis who><- ."| nations, referred to

axes through the centre parallel to the edges (2a, 26, 2c), are

-o, ^,, +:'>! =0,

the line of the l.l.\v l>cingy
=

6, z= c.

17. Two wheels of radii a ly atj and moments of inertia /,, /._,, are routing

freely about parallel axe.s with angular velocities o>i, a>2 - If they be suddenly

put in gear with one another, find the subsequent angular velocities.

/!(! g|+0l0l) "I

L-- -w+/,, -J

18. A uniform solid cube is spinning freely about a diagonal, when one of

the edges which does not meet that diagonal suddenly becomes fixed. Prove

that the energy is diminished in the ratio 1 : 12.

19. An impulse of unit amount is given to a free rigid body at the point

(#, y, z) in the direction (Z, m, ri) ; prove that the velocity generated at the point

(a/, y', z'} in the direction
(I', m', ri) is

IV +mm'+ nri 1
* 5"? *t*

the axes of coordinates being the principal axes at the centre of mass.



CHAPTER VII

FREE ROTATION OF A RIGID BODY

46. Poinsot's Construction.

We have seen that in any dynamical system which is free from

external force the vector which represents the angular momentum
with respect to the mass-centre (G) is fixed in direction and magni-
tude. A line drawn through G in this direction is called the
'

invariable line
'

of the system, and a plane through G at right

angles to it is called the *

invariable plane.'

Thus, the configuration and motion of all the members of the

solar system, if given at any instant, determine a fixed plane which

will stand in the same dynamical relation to the system for all

time, or at all events so long as the attractions of the distant stars

can be neglected. This invariable plane has been proposed by

Laplace and others as a fixed plane of reference for 'secular'

purposes, in preference to fche plane of the ecliptic (i.e. of the

earth's orbit), which is subject to continual slight perturbations.

The same conclusion as to the invariability in all respects of

the angular momentum relative to the mass-centre will hold even

if there are external forces, provided these have zero moment

about G. It would apply, for instance, to the case of a swarm

of particles subject to gravity, if the resistance of the air could be

neglected.

We proceed to consider the motion of a rigid body relative to

the mass-centre, under the condition just stated. The same in-

vestigation would apply also to the case of a body rotating about a

fixed point other than the mass-centre, if the external forces

(including the constraining forces) had zero moment about 0. This

case is however hardly a practical one, since gravity would have to

be ignored.

It has been pointed out in Art. 42 that on the present assump-
tion the energy of rotation is constant. Denoting it by T, we have

z , (1)



46-47] I Kill lioTATloN <>| \ IM<;il> BODY 1 TI

win -re ft) 18 the angular velocity,
/ tin- mm-Mt <f in.-rtia ;il.iit th.-

instantaneous axis, p the corresponding nulin.s c >,l ),,t th<- mi>m<-nt:i]

ellipsoid

K%3 + G'*
2 = .1/6*.................

Hence &> varies as
/>.

Again, the tangent plane to the momental ellipsoid at ./ is

perpendicular to the invariable line, by Art. 30, and is therefore

fixed in direction. Also, if & be its distance from the centre, and

H the resultant angular momentum, we have, taking moments

of momentum about OJ,

* = -/ =*? ......................(3)

OT =^> ............................
'

Since H is constant, whilst o> varies as
/a,

r is constant. The

tangent plane at / is therefore fixed.

Hence we obtain a complete mental representation of the

successive phases of the motion if we imagine the momental

ellipsoid, carrying the body with it, to roll (with its centre fixed)

in contact with a fixed plane, with an angular velocity proportional

at each instant to the radius OJ drawn to the point of contact.

This remarkable theorem is due to Poinsot*.

Since the vector J represents on a certain scale the angular

velocity of the body, the curve traced out by J on the ellipsoid is

the
'

polhode
'

curve of Art. 29, and that traced out by J on the

fixed plane is the '

herpolhode 'f. T^he cones described by OJ in

the solid and in space have similar designations.

47. Case of Kinetic Symmetry.
Before proceeding further with the general problem, we consider

the very important case where two of the principal moments of

inertia at are equal, say A = B, and the momental ellipsoid is

accordingly of revolution. The cones of the polhode and herpolhode
are therefore circular, and the angular velocity &> is constant.

The motion is therefore of the type called
'

precessional
'

(Art. 29).
* Theorie nouvelle <le la rotation des corps, Paris, 1834.

f Since OJ has evidently one maximum and one minimum value, the herpolhode
curve touches alternately two fixed circles between which it lies. It has been shown

by de Sparre, Darboux, and others that it has no points of inflexion, contrary to an

impression of Poinsot. The proof depends on the fact that the sum of any two of

the principal moments of inertia is greater than the third (Art. 25).

L. H. M. 8
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We denote by ft the semi-angle of the polhode cone, and by a

the angle which the axis of kinetic symmetry (0(7) makes with the

invariable line (OZ). Taking components of angular momentum
about OC, and about an axis at right angles to it in the plane

ZOC, we have

(7o> cos ft
=H cos a, A &> sin ft

= H sin a, (1)

whence
A

tan a = -~ tan ft. (2)

Hence a. ^ ft according as A ^ G. The two cases are represented

in the annexed figures. The relations between the two cones are

of the types shewn in Figs. 27 and 28, respectively (p. 76).

Z J

Fig. 39. Fig. 40.

If
-fy

be the rate at which the plane ZOC revolves about OZ,
and % the rate at which J describes the polhode circle in the body,
we have, by Art. 29,

sin ft̂ sin (a
-

/3)
(3)sin a sin a

If we denote by n the constant angular velocity of the body about

the axis of kinetic symmetry, viz.

n = w cos ft, (4)
we have from (1)

- H Cn
...(5)

and

A A cos a
'

'

tan ft tan a C A
.(6)

tan a A
The point J completes the circuit of the polhode in the period
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If the instantan r..iis axis <l.-\ iates only slightly from th<-

of symmetry the angles a, ft are small, so that a/(3
= A/C, and

: C . C-A
* = -<*> X = - (( '

approximately.

In the case of the earth, it is inferred from the independent

phenomenon of the Precession of the Equinoxes that

(C-A)/A ='00327,

about. Hence if the axis of rotation of the earth (supposed abso-

lutely rigid) were not quite coincident with the axis of figure, it

would describe a cone round the latter in about 306 sidereal days*.
Since C > A, the circumstances are those of Figs. 28 and 40, except
that the angle/S aof the herpolhode cone is now verysmall compared
with that of the polhode cone (ft). The annexed Fig. 41 is intended

j.41.

to shew the intersections of the polhode cone with the celestial

sphere, in two opposite positions, but it is of course impossible to

reproduce the true proportions. The point $ is supposed to repre-

sent a fixed circumpolar star, and Vly F2 are the two positions of

the zenith of an observer, when at its least and greatest distances

from S. The mean of the two zenith distances V1 S, V2S is usually
taken as the colatitude of the place, but we see that in strictness

it gives the distance of the zenith from the invariable line (OZ).
Since this line describes in the body a cone about the axis of

figure in the aforementioned period, the result of the want of

coincidence between the axis of rotation and the axis of symmetry
would be a periodic variation in the observational latitudes of all

places on the earth's surface.

There is in fact some evidence of a periodic variation of latitude

of very minute amount (one or two-tenths of a second), but the

period which fits best with the observations appears to be about

* This is known as the 'Eulerian nutation.' The determination of its actual

amount in the case of the earth, by observation of the effect on latitude, was suggested

by Maxwell (1857).

8-2
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427 days*. The discrepancy is attributed to a defect of rigidity in

the earth (see Art. 71).

48. The Invariable and Polhode Cones.

We return to the general case where the principal moments at

are unequal. We will suppose that A > B > C.

The invariable line describes relatively to the body a certain

cone. To find its equation, referred to the principal axes at 0,

we note that

Ap* + Bq
2 + O2 = 2T, ..................... (1)

V^H*......................(2)

Hence A*p*+B*q*+ CV= (Ap+Bq* + Or2

).......... (3)

At a point on the '

invariable cone,' as it is called, we have

x : y : z = Ap : Bq : Cr, .................. (4)

and therefore

which is the required equation.

From (1) and (2) we have

2AT- H*=B(A-B)* + C(A-C) r

(6)

2CT - H* = A (C -A)p*+B (C
- B) q\

Hence, of the three coefficients in (5), the first is always positive,

and the third is always negative, whilst the remaining coefficient

may have either sign. If ft* = 2BT, this coefficient vanishes, and

the cone degenerates into a pair of planes through the mean axis,

viz. that of B.

The configuration of the various possible forms of the invariable

cone may be understood from their intersections with a unit

sphere having as centre. When viewed from a distant point on

the axis of x these curves present the appearance of a system
of similar ellipses. The appearance from a distant point on Oz

has the same character. But when viewed from a distant point

on the mean axis Oy the appearance is that of two conjugate

systems of similar hyperbolas, the asymptotes representing the

two planes into which the cone breaks up in the special case

*
S. C. Chandler (1891).
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ivf'rrred to. This latter aspect is illustrated in the figure, which is

drawn for the case of

4: 5:6' = 45: 40: 32.

The lines correspond to equidistant values of the ratio 2BT/H*.

c

The figure enables us to judge the effect of a slight disturbance

from a state of steady rotation about a principal axis. If the axis

in question is that of x the invariable cone, in the disturbed

motion, will closely surround it, and the axis accordingly never

deviates far from the invariable line, which is fixed in space. A
rotation about the axis of x is therefore reckoned as stable. The

same conclusion holds with regard to rotation about Oz. But if

the body be slightly disturbed from rotation about the mean a\i>

Oy, the invariable line will in general begin by deviating further

and further from this axis. A rotation about the mean axis

is therefore unstable.

At a point of the polhode cone we have

x\y:z =p:q\r (7)
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Substituting in (3) we have the equation

The signs of the coefficients are the same as for the invariable cone,

and the configuration of the possible forms is therefore analogous.

There is another conical surface which is of some interest, viz.

that described in the body by the perpendicular OK drawn to the

invariable line OZ in the plane containing this line and the instan-

taneous axis. Since

Ia> = HvT/p } ........................... (9)

by Art. 46 (3), the component angular velocity of the body about

the invariable line is

a>vr/p
= Itf/H=

(

2T/H, .................. (10)

and is therefore constant. The points of the body which lie in

OK are therefore moving at right angles to OZ with the above

constant angular velocity. This is to be distinguished of course

from the variable rate at which the geometrical plane ZOJ revolves

about OZ. Since OZ is perpendicular to the consecutive position
of OK in the body, the locus of OK in the body is the reciprocal

of the invariable cone; and its equation is therefore obtained by
inverting the coefficients in (5), thus

A B C

Since this cone touches the invariable plane through 0, whilst

the line of contact, considered as a line of the body, is revolving
about 0, it was called by Poinsot the '

rolling and sliding cone.'

If we imagine a massless disk, free to turn about in the in-

variable plane, to remain always in contact with the cone without

slipping, the revolution of the disk will give a measure of the

time.

49. Euler's Equations.

Many investigations on the rotation of a body about a fixed

point, whether under the influence of external forces or not, are

based on a remarkable system of equations due to Euler (1758),
and known by his name. It has been remarked (Art. 38) that

equations relative to fixed axes have the inconvenience that the

coefficients of inertia are as a rule continually changing. For this

reason Euler conceived the plan of using axes fixed in the body
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and moving with it. For greater simplicity they are taken to be

the principal axes .|'in-rtia UA, OB, OC at th<- li\-l point 0.

Let Ox, Oy, Oz be a system of axes which are fixed in space,

but are chosen so as to coincide with OA, OB, OC, respectiv

at the instant t under consideration. The position of the latter

axes after an interval Bt is obtained by rotations pBt, qBt, rBt about

Ox, Oy, Oz, respectively ;
and if we neglect squares and products

of small quantities, it is immaterial in what order we suppose
these rotations to be effected. The rotation about Oy does not

affect the position of OB, but that about Oz moves OB away from

Ox through an angle rBt. The rotation about Ox does not affect

the inclination to Ox. Hence the cosine of the angle between Ox
and OB is now rBt. Again, the rotation about Oz does not affect

OC, whilst the rotation about Oy moves OC towards Ox through
an angle q St. The cosine of the angle between Ox and OC is now

qBt. Further, the angle between OA and Ox is infinitely small.

Hence the cosines of the angles which OA, OB, OC respectively

make with Ox are

1, -r&, qBt,

to the first order of small quantities. Since the components of

angular momentum about the new positions of OA, OB, OC at the

instant t + Bt are

A(p+Bp), B(q+tq), C(r + Br),

the component about Ox is now

A (p + Bp) + B (q + Bq) (- rBt) + C(r + Br) qBt.

If L, M, N be the moments of external force about Ox, Oy, Oz,

this expression must be equal to Ap + LBt. Hence, neglecting

small quantities of the second order, and passing to the limit, we

obtain the first of the following system of equations :

(1)

These are Euler's equations, above referred to*.

* A slightly different derivation of the equations is given in Art. 62.
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If we multiply the equations by p, q, r, in order, and add, we get

Bq'+ C'r'^lp+Mq + Nr, ......... (2)

which is the equation of energy.

An interpretation of the equations (
1
)
has been given by Poinsot. Regarding

Adp/dt, Bdq/dt, Cdr/dt as the apparent rates of change of angular momentum
about the principal axes, and transferring the terms

(B-C)qr, (C-A}rp, (A-B)pq ..................... (3)

to the right-hand sides of the equations, these terms appear as thecomponents of

a fictitious
'

centrifugal couple
'

acting on the body. They are really the compo-
nents of the couple which the body would exert on its bearings if constrained

to rotate with the angular velocity (jt?, <?, r} about a fixed axis (cf. Art. 37, Ex. 2).

5O. Application to Free Rotation.

When the moments of the external forces vanish, we have

(1)

If we multiply these by p, q, r, respectively, and add, we obtain

Again, multiplying by Ap, Bq, Or, respectively, and adding, we
find

^ dt
'

*dt
'

dt

Since ^p2
4- B<f + Cr* = 2T, (4)

in our previous notation, we verify that the kinetic energy T, and

the resultant angular momentum H, are constant. It is on these

facts, and on the invariability of the direction of H, that Poinsot's

representation of the motion was based (Art. 46).

The equations (4) and (5) may be regarded as two integrals of

the equations, with T and H2 as arbitrary constants. To connect

p, q, r with the time t, a third relation is necessary. In the

general case this involves the use of elliptic functions (Art. 52).
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In the case of symmetry about an axis, however, the process
is simple. If we put A = B, the third of equations (1) shews that

the angular velocity r about the axis of symmetry is constant.

Denoting it by n, the remaining equations become

cfc~ w -j"i> (6)

These combine into

d
A

dTt

Hence, writing

we have p + iq
= Kel^t+e

\ (9)

where Ke{*
is the arbitrary constant of integration. In real form

p K cos (\t + e), q K sin (X2 + e) (10)

The polhode cone is therefore right circular, and is described in the

period

as already found in Art. 47.

5 1 . Sylvester's Theorem.

The theory of free rotation has engaged the attention of many
distinguished mathematicians, from the time of Euler onwards.

Their efforts have been directed for the most part to the analytical
solution of the problem, rather than to the development of geo-
metrical or dynamical conceptions which should facilitate a mental

grasp of the phenomena. In this respect Poinsot's work stands

alone, if we except some remarkable extensions of his results by

Sylvester*.

The simplest and perhaps the most interesting of the theorems

here referred to is to the effect that a homogeneous material

ellipsoid, identical in size and shape with the momental ellipsoid

of a given body, set rolling (with its centre fixed) on a rigid

material plane in the position of Poinsot's fixed plane, would if

properly started of itself keep step with the given body. That is,

the directions of the principal axes, and the angular velocities

about them, would continue to be identical in the two cases.

*
Phil. Trans , 1866; Collected Papers, vol. ii, p. 577.
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To prove this, we inquire in the first place what forces (other
than the reaction at the centre) must act on the material ellipsoid

in order that it may keep step with the given body, and then

proceed to shew that these forces are such as can be supplied by
the reaction at the point of contact.

If A', B', C' be the principal moments of the material ellipsoid,

the required forces are given by

.(i)

where the values of p, q, r are supposed to be the same as for the

given body. Substituting from Art. 50 (1), we have

(2)

The moment of the constraining forces about the diameter through
the point of contact will vanish, provided

lp + Mq + Nr = 0, (3)

or .(4)

Now the squares of the principal semi-axes of the momental

ellipsoid are proportional to I/A, l/B, 1/0, respectively, so that

= A(B + C):B(C+A):C(A + B) (5).

The condition (4) is therefore satisfied.

The components X, F, Z of the reaction at the point of contact

(#, y, z) must satisfy the relations

yZ zY=L, zX ocZ = M
> xYyX = N. (6)
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Hence, p*X = zM-yN+x (xX + yY + zZ\

?Y= xN-zL+y(xX + yY + zZ),

p*Z = yL -xM + z(xX + yY+zZ),
where p

a = #2 + y- + s", and th<- values of L
t M, N are supposed

given by (2).

It appears that X, Y, Z are indeterminate to the extent of

additive functions of the types Rx, Ry, Rz, respectively. The
indeterminateness is of the kind often met with in statical problems

[S. 25], and was to be expected. It is evident that a force at the

point of contact in the direction of the centre is without influence

on the motion.

52. Solution of Euler's Equations.

The solution of the equations (1) of Art. 50 in the general
case is as follows*.

In the usual notation of elliptic functions, if

-(4)

where A^ = V(l - A^sin2

^), .....................(2)

we write ^ = am u............................(3)

The three functions cos %, sin ^, A^, or cos am u, sin am u,

A am u, are denoted for shortness by en u, sn u, dn u. Their dif-

ferential coefficients are

-y- cn u = sn u dn u
t

du

d
j- sn u cn u dn u,
du

-y- dn u = k? sn u cn u.
du

The resemblance to Euler's equations suggests that a solution of

the latter is to be obtained by equating p, q, r to constant multiples
of cn \t, sn \t, dn \t.

A reference to Fig. 42, p. 117, which indicates the i^-m-ml ar-

rangement of the polhode cones, shews that the only om- !' the

principal planes which is certainly crossed by the instantaneous

*
It appears to be due substantially to Bueb (1834).
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axis in all cases is that which is perpendicular to the axis (OB) of

mean moment. Also, if the polhode cone surround the axis (OC)
of least moment, r cannot vanish. We assume, therefore, for this

case

p = p cn\t, q
= bsn\t, r=r dn\t..........(5)

The time is here reckoned from the instant when the instan-

taneous axis crosses the plane y = 0. The constants p<>, rQ are

the values of p, r at this instant, and may be considered as

arbitrary. The coefficient 6, together with X and &2
,

is to be

determined.

If we substitute from (5) in Euler's equations, we find that

these are satisfied provided

B-C, A-C A-B
x#> = --j br

,
\b = - -=-- r p ,

- k*\r = ?r
- p b.

J\. Jj O

.........(6)

The first two of these equations give, by division,

A(A-G)
pf-B(B-C)"

and so determine 62
. Again, from the first and third,

Finally, by multiplication of the first two equations,

(A-C)(B-C)
AB

Since it is assumed that A > B > C, these expressions are all

positive. We may adopt either sign for X, provided that of b be

made to correspond to it in agreement with any one of equations

(6). A reversal of both these signs in (6) clearly alters nothing.

It is further necessary, however, that the value of kz

given by

(8) should be less than unity. This requires

A*p9
* + &rf<B(Apf + Cr *), ...............(10)

or H*<2BT, ...........................(11) .

which is in fact the condition that the polhode cone should sur-

round the axis of least moment.

The solution we have obtained involves three arbitrary con-

stants, viz. pQ ,
r

,
and a third constant which we may suppose
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added to t. The solution is therefore complete, subject to the

condition (11).

If H*>2BT, ........................(12)

so that the polhode cone surrounds the axis of greatest moment,
the proper assumption is

p = p dn\t, q bm\t, r = ?' cnX .........(13)

Obviously this merely requires us to interchange p and r
, and

A and C, respectively, in the formulae (7), (8), (9).

In the critical case of

H* = 2BT, ...........................(14)

where the polhode cone breaks up into two planes, we have &*= 1,

and the elliptic functions assume a simpler form. Thus (1) makes

u = logtan(i7r + JX ), ..................(15)

and the formulae (5) become

p=p SQch\t, q
= btanh\t, r=r sech\ .......(16)

It will be found that

....................................(17)

(A-B)(B-G) 2T
~~AC~

' B '

The instantaneous axis tends asymptotically to coincide with the

principal axis of mean moment, and therefore with the invariable

line. If the body be originally in rotation about the mean axis,

and receive a slight impulse subject to the condition (14), the

instantaneous axis will travel along a polhode plane, the asymptotic
state being that in which the body again rotates about its mean

axis, but with this axis reversed in space, end for end.

When in any problem of free rotation the angular velocities

p, q, r about the principal axes have been determined as functions

of t, it still remains to ascertain the relation of the body to lines

or planes of reference which are fixed in space. For this purpose
Euler's coordinates (Art. 33) may be used. We have

= p sin
(/>

4- q cos <, .....................(19)

sinO^fr
= -

pcos(j> + qsin<f>, ...............(20)

< + cos<9^ = r, ........................(21)

from which 0, -/r, </>
are to be determined.
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The question is simplified if we adopt the invariable line as

the axis from which 6 is measured. Referring to Fig. 32, p. 83,

we have

cosAZ sin cos 0, cos BZ = sin sin <, cos CZ = cos 0.

.........(22)
Hence

Ap = H sin 6 cos
</>, Bq = H sin 6 sin <, Or = H cos 6.

.........(23)

Thus tan< = -^,, ...(24)
Ap

which determines
</>.

From (19) and (23) we deduce

8 **' ...............(25)

from which 6 is to be found. Finally, from (20) and (23),

sin2

</)
+ JBcos2

</>)
...............(26)

When A = B, 6 is constant, by (25). We found in this case (Art. 60)

.................. (27)

where \= - n.....................................(28)A

Hence, from (24), 0= ~(A*+ e), ................................. (29)

and from (26) j,
= H/A .....................................(30)

These agree with previous results.

EXAMPLES. X.

1. The section of the momenta! ellipsoid by the invariable plane through
the centre has a constant area.

2. The length of the normal drawn from any point of the polhode to meet

a principal plane is constant.

3. When the polhode cone breaks up into two planes, these are the planes

of contact oi the two circular cylinders which envelope the momental ellipsoid.

4. The sum of the squares of the distances of the ends of the principal axes

of the momental ellipsoid from the invariable line is constant. (Poinsot.)

5. The ellipsoid of gyration passes always through a fixed point on the

invariable line
;
the instantaneous axis is the perpendicular from the centre

to the tangent plane at this point ;
and the angular velocity varies inversely

as the length of this perpendicular. (MacCullagh.)
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6. If (til be the axis of angular momentum, OJ the instantaneous axin,

and 01' a line fixed in tin- body and moving with it, the rate at which the

angular momentum about o/' U .-hanging is

- Hv . sin HP sin HJ sin .////'. (Hayward.)

7. A uniform thin circular disk is set spinning about an axis through the

centre making an angle with the normal. Prove that the semi-angle a of the

cone described by the axis of the disk is given by

tana = tan/3.

If o> be the angular velocity, prove that the above cone is described in

the period
2r

o>V(l+3cos
2
/3)'

8. Prove that in the case of a body symmetrical about its axis of greatest
moment the semi-angle of the herpolhode cone cannot exceed 19 28'.

9. Prove that a solid having kinetic symmetry about an axis can be made
to execute a steady processional motion, in which the angles a and /3 of Art 29

have prescribed values, by the continual application of a couple

(Csin a cos 8 - A sin 8 cos a) a>
2 -r -
sin a

in the plane of the axes of the two cones.

10. If a body having kinetic symmetry about the axis of greatest moment
be subject to a retarding couple about the instantaneous axis, whose moment
varies as the angular velocity, the-instantaneous axis will approach asymp-
totically the axis of symmetry.

11. Obtain the equation of the rolling and sliding cone (Art. 48) as the

envelope of the invariable plane.

12. A wheel is carried by a rotating shaft
;

its centre of gravity is in the

axis of the shaft; but the axis of the wheel is inclined at an angle a. Prove

that if o> be the angular velocity of the shaft, the centrifugal couple on the

bearings is

(C A] co
2 sin a cos a,

in the usual notation.

^Vork this out in ft.-lbs., for the case of a circular disk of iron (sp. gr.
=

8),

whose diameter is 1 ft., and thickness 1 in., ,assuminga= 1, and that the speed
is 100 revolutions per second. 17 '3.]

13. Apply Euler's equations to examine the stability of rotation about a

principal axis, when the principal moments are unequal. Also find the period
of oscillation in the case of stability.

14. If a body moveable about a fixed point is subject to forces whose

moment about the instantaneous axis is always zero, the angular velocity varies

as the length of the radius of the momental ellipsoid in the direction of the

instantaneous axis.
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15. A uniform rectangular plate is set spinning about a diagonal with the

angular velocity to. Prove that it will be spinning about the other diagonal

after a time
o

r, . FI (sin a),

if 2a be the angle between the diagonals.

16. Prove that

~ =V {(*>l
2-

0)2) (e02
2 - to

2
) (0,3*

- a)
2
)},

,

where 0)^= ^' ,
etc.

If A>B>C, prove that the maximum value of co is o)2 ,
and that the

minimum is o>i or 0)3 according as the polhode surrounds the axis of least or

greatest moment of inertia.

17. Prove that when 2BT=ff2 t}ie polar equation of the herpolhode curve

is of the form

- = cosh m&. [See Dynamics, Fig. 88.]

18. If the invariable line meet the unit sphere whose centre is in Q, the

moment about the principal axis OA of the velocity of Q relative to the body is

If T be the time which the invariable line takes to perform a complete
circuit in the body, prove that

19. If the instantaneous axis meet the unit sphere in P, the moment of

the velocity of P relative to the body about the .axis OA is

2AT-H*
BCv 2 P '

20. Prove that

21. If 6 be the inclination of the instantaneous axis to the invariable line,

and >^ the rate at which the plane of these two lines revolves in space, prove
that

7 - 2 -2~ 2
)

22. If a be the angle which the principal axis A makes with the invariable

line OZ, the rate () at which the plane ZOA is turning about OZ is given by

9 /
27T H

Sin *at=^f - cos 2
a.



CHAPTER VIII

GYROSTATIC PROBLEMS

53. Introduction.

We have seen that the problem of the free rotation of a rigid

body is greatly simplified in the case of kinetic symmetry about an

axis. It is not that the solution (Art. 47) is more complete than in

the general case, but that it contains all that is usually of interest.

In studying a dynamical problem we are not really concerned, as

a rule, to know the position of every part of the system at any

given instant. We wish rather to fix our attention on the salient

features of the phenomena, and to follow their successive phases,

ignoring as far as possible subordinate details. Thus in the case of

a solid of revolution, such as a gyroscope, or a projectile, or a planet,

we are interested chiefly in the changes of direction of the axis.

The dynamical peculiarity which enables us to concentrate on this

feature is that the momentary orientation of the body about its axis

is without influence. Analytically, the corresponding coordinate of

the body, viz. the
</>

of Euler's scheme, does not itself enter into the

expressions for the energy and momentum (Art. -S3 (6), (7), (8)).

It will be anticipated that the hypothesis of kinetic symmetry
about an axis will tend also to simplify the more difficult question
of rotation under the action of force. It has the further advantage
that it covers almost all the cases which are of interest from a

practical point of view. It is exemplified in machinery, in the

gyroscope with its various applications, in the spinning top, and in

the planets. We shall assume then, throughout this Chapter, that

the body of which we treat has two of its principal moments at

the mass-centre (or at a fixed point) equal to one another.

A further assumption which we shall make is that the external

forces are such as to have (on the whole) zero moment about the

axis of symmetry. It follows that the component angular velocity
about this axis is constant; for it is constant in free motion (Art. 47),

L. H. M. 9
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and it is not affected by an impulsive couple about a per-

pendicular axis, since this leaves the angular momentum about

the former axis unaltered. And the effect of continuous forces can

be imitated as closely as we please by a succession of small dis-

connected impulses.

The same conclusion follows, more artificially, on putting A=B
in the third of Euler's equations (Art. 50).

In the spinning top, and in the ordinary use of a gyroscope,
frictional forces are of course operative which tend to destroy the

rotation, but their effect is often only gradual. In practical appli-

cations, as e.g. in the gyrostatic compass, the necessary angular

velocity is maintained against friction by a motor.

Whenever in the course of this Chapter we speak of a 'flywheel'
or a 'gyrostat' it will be assumed that both the above conditions

are fulfilled. The moments of inertia about the axis of symmetry,
and about any perpendicular axis through the 'fixed point,' will be

denoted by C and A, respectively. The constant angular velocity
about the former axis will be denoted by n.

54. Condition for Steady Precession.

We begin with a very simple case, which serves however to

illustrate the chief characteristic of gyrostatic phenomena. We

Fig. 43.

inquire what constraining forces are necessary in order ^that the

axis of a rotating flywheel may be made to revolve in one plane

with the constant angular velocity -vjr.
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Let the plane in question be thai f the paper. In th<- in

the vector OH, which represents the angular mmm-nt.mu (On) of

the flywheel about its axis, is turned through an angle S\/r,
into

the position OH'. The angular momentum A^r about the normal

to the plane of the paper is unaltered. II-nce the vector HH',

whose magnitude is Cnty, represents the total change of angular
momentum due to the constraining forces, and therefore the

'impulse' of these forces. Dividing by Bt we see that the required
forces reduce to a couple Cn^jr about an axis in the plane of the

paper, at right angles to that of the flywheel. In the case of the

figure this couple is supplied by the equal and opposite reactions

of the supporting frame on the two pivots, normal to the paper.

In the absence of such a constraining couple, any attempt to

turn the axis of the flywheel in the manner described (as for

instance by rotating the vertical ring of a gyroscope, the other ring

being free) will cause the positive end of this axis to approach
the positive end of the axis about which rotation is imposed. This

forms one of the simplest and most striking experiments which can

be made with an ordinary gyroscope.

For a similar reason, the nose of a tractor aeroplane will tend

to dip downwards in a turn to the right, and to tilt upwards in a

turn to the left, if the rotation of the propeller is right-handed as

viewed by the pilot.

The more general case of constrained precessional motion is almost equally

simple. Let us suppose that the axis of the flywheel is made to describe a

cone of semiangle 6 about the line OZ of Fig. 32 (p. 83). We have seen in

Art. 33 that the angular momentum has a component

A sin2 0^ + CncmB .............................. (1)

about OZ, and a component

-Asm0cos0ijs + Cnsm0 ........................... (2)

about an axis at right angles to OZ in the plane ZOC. Since 6 is supposed

constant, the remaining component (about OB'} is zero. The preceding argu-
ment will therefore apply if we suppose OH in Fig. 43 to represent the compo-
nent (2), which is alone variable. The requisite constraining couple is therefore

j, .....................(3)

about OB'. When this is positive, the tendency of the couple is to re-sist an

approach of OC towards OZ.

A particular case is where the couple is supplied by gravity and an equal

and opposite reaction, as in the case of the spinning top, or a weighted

9-2
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gyroscope. If the centre of gravity is in OC at a distance h from 0, the

couple in question has a moment

M=MQghs\ne, .................................(4)

where J/ is the mass of the flywheel, if OZ be now supposed to be the upward
vertical. Substituting in (3), and rejecting the trivial cases of =

0, #= TT, we
have as the condition for steady precession

A cos B^- Cmjs+M gh = Q......................... (5)

If 6 be given, this is a quadratic in
\^-,

whose roots will be real if

...............................

This condition is always fulfilled if 0>^7r, i.e. if the centre of gravity is

below the level of the fixed point, as in the gyroscopic pendulum (Art. 58).

When n is great, the two solutions tend to the values

Cn

Acosti' On

The corresponding types of motion are known as the 'rapid' and the 'slow'

precession, respectively. The former is practically identical with the free

Eulerian nutation of Arts. 47, 50, gravity having little influence, The slow

precession is the type often realized approximately in a spinning top. In the

case of a gyroscope weighted so that the centre of gravity is below 0, the slow

precession is retrograde, as is seen most simply by changing the sign of h.

Ex. To find the condition that a wheel may roll round in a circle, as in

Art. 29, Ex., under the influence of gravity and the reaction at the point of

contact with the ground.
In our previous notation the acceleration of the mass-centre is c^ 2 towards

the centre of the circle which it describes. The reaction will therefore consist

of a horizontal force M c^
2
inwards, and an upward force MQg. The moment

about the horizontal diameter of the wheel is therefore

M=M c^
2 a sin 6 MQga cos$...................... (8)

We have, further, the kinematical relation

c\^= na..................................... (9)

Substituting in (3), we find

5 5 . Intrinsic Equations of Motion of a Gyroscope.
We denote by C one of the two points in which the axis of the

flywheel meets a unit sphere having its centre at the fixed point 0,

and for definiteness we choose that point of the pair which is such

that the angular velocity (n) about OC shall be positive (i.e. right-

handed). This point C maybe called the 'pole' of the gyrostat;
it is with its path that we are chiefly concerned.
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We draw from r. mi the unit sphere, a quadrant CA tangential
to the path, in the direction of mot inn,

and a quadrant CB at right angles, so

that OA, OB, OC (in this order) shall

form a right -handed system. We dis-

tinguish the positions of the correspond-

ing lilies after an interval St by OA\OB',
0(7*. If v be the velocity of the pole
in its path, and 5% the angle between

the projections on the tangent plane to

the sphere of two consecutive tangent
lines to the path, we have

At the instant t the component rotations about OA, OB, OC
are 0, v, n respectively, and the components of angular momentum

are accordingly
0, Av, On............................ (2)

In the time 8t these are altered to

0, A(v + Sv), C(n + &n) ..................(3)

about OA', OB', OC' and therefore to

-Avfy + CnvSt, A(v + Sv), C(n + 8n) .........(4)

about OA, OB, OC, terms of the second order being neglected.

If, as we assume, the external forces have zero moment about the

axis of symmetry, they may be replaced by two forces P, Q acting

at C along the tangents to the arcs CA, CB respectively, i.e. along
and at right angles to the path of (7. P is in fact equal to the

moment of the external forces about OB, and Q to that about

OA. Hence, equating the increments of angular momentum to

Q&t, P&t, 0, respectively, we find

A d
P, ...............(5)

with n = const. These equations may be called 'intrinsic/ as re-

lated directly to the path, and not to arbitrary lines or planes
of reference.

* The figure is simplified by the assumption that C '

may be taken to lie in

CA. The error thus involved, and in the consequent positions of A', B', is of the

second order, and so does not affect the final results.
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The expressions dv/dt and vdx/dt are the accelerations of the

pole C along and at right angles to its path on the sphere (Art. 36).

If we put n = we have as a particular case the equations of

motion of a particle on a spherical surface, and we infer that the

motion of the pole C in the present case will be exactly the same

as that of such a particle, of mass A
,
under the same forces P, Q,

provided we introduce in addition a fictitious 'deviating force'

Cnv acting always towards the left of the path, as viewed from

without the sphere.

For example, in precessional motion the pole describes a circle

on the unit sphere with constant angular velocity (yjr).
If 6 be the

angular radius of this circle the acceleration of C is #2

/sin 9

towards its centre, and the component at right angles to the path,
in the tangent plane, is therefore v2 cot 0. Hence if there are no

external forces

Av2 cot0 = Cnv.........................(6)
or, since v = ^r sin 0,

which is the ordinary formula for the Eulerian nutation (Art. 47).

As already remarked, the same formula holds approximately for the
'

rapid
'

precession of a top whose rate of spin is very great.

In the case of the 'slow' precession of a top we may ignore
the acceleration of C, which varies as v2

,
and equate the deviating

force Cn^jrs'md to the effective component of gravity, viz.M ghsin&.

Thus

as in Art. 54.

The exact condition for steady motion of a top, including both cases, is

Av*cot0=-M gham6+ Cnv, ........................ (9)

or Aijs
2 sin0cos6= -MQgh sin 6+ Cn v^ sin 0, ............... (10)

in agreement with Art. 54 (5).

56. Further applications ofthe Intrinsic Equations.

The fiction of a deviating force Cnv enables us to understand

the general character of the motion in cases where exact calcula-

tion would be difficult.
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Take f.r instance Liu- n^-illat imis .f ;i rapidly >jinnin^
about ;i tftate of precessional motion. As a part icular case, suppose
that the pole C is initially at rest. It will at once begin i

under the influence of gravity, but the deviating force which is

quickly called into play will deflect it continually to the left, so

that it presently turns upwards again, descri Kin- a >ort of cyclcidal

curve. If the initial circumstances are of a less special character,

the resemblance is to a trochoid.

Fig. 45.

When the undulations are small the circumstances are closely

analogous to the case of a particle moving in a plane under two

forces, one of which is constant in magnitude and direction, whilst

the other is at right angles to the path, and varies as the velocity*.

The equations of motion under these conditions have the forms

# = -&/, y=f+&, .....................(1)

which combine into

H-# =
'/, ...........................(2)

if f = x + iy. Hence

re<</+o ..................(3)
P

where a, b, r, e are arbitrary. Thus

+ rcos

y = b + r sin (@t + e),

which are the equations of a trochoid. For comparison with the

case of the top we must put

f=-MQghsw0/A, j3=Cn/A.............(5)

The term proportional to t in the expression for x corresponds to

the steady precession, on which is superposed a circular vibration

of period

lTT_A 2*-

IT tf IT'
* This case occurs in several important physical problems.
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Cnv

Fig. 46.

This agrees with the more elaborate theory, to be given presently

(Art. 57).

Again, we may recall the familiar experiment where the pro-

jecting cylindrical stem of a top is ob-

served to follow the windings of a metal

arc or wire brought into contact with it.

The friction of the wire causes the stem

to roll along the arc, whilst the deviating
force called into play tends to maintain

the contact.

It is further evident that any force

which tends to accelerate or retard the

precessional motion of a top, and so to increase or diminish v,

will cause the axis to rise or fall, respectively. This is known as

Lord Kelvin's rule, and was applied by
him to explain the familiar phenomenon
of the '

sleeping' top, where the axis

gradually assumes the vertical position.

In the annexed figure the spin is sup-

posed to be right-handed with respect

to the axis GC, so that the point of the

peg which is in contact with the ground
at P is moving from the reader. There

is therefore at this point a force (F) of

sliding friction acting on the top to-

wards the reader. This may be sup-

posed transferred to G if we introduce

a couple of moment F . GP. In considering the angular motion we
need only attend to the couple, which has a component about an

axis at right angles to GC in the plane of the figure, tending to

accelerate the precession about the vertical through G, and so

causing the top to rise. The remaining (smaller) component about

GC tends to check the spin.

5 7 . Investigations in Polar Coordinates.

The deviating force Cnv, being proportional and at right angles
to the velocity, is easily resolved into suitable components in any

system of coordinates. Thus, to obtain the general equations of

motion of a gyrostat in terms of the spherical coordinates 0, ty of

P N

Fig. 47.
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it-
}X)le, we note that since the components of the velocity v in

and
|)ri-|).-ii(liculai- to tin- plane of 6 an- 6 ami >m

t)y> t respectively,

those of deviating f<>m- will be Cfosintf^ and Cn$. Hence,

recalling the expressions for the accelerations of a point in sph-

cal polars (Art. 34), we have at once

n 0+ P> \

where P, Q are the couples in the plane of 6, and in the perpen-
dicular plane through 00, due to the external i'..m-s. In the case

of the top we have

P = M9ghaiuBt Q = 0, ..............

provided the line OZ, from which 6 is measured, is supposed drawn

vertically upwards, arid h is reckoned pit m- <>r negative according
as the mass-centre G is above or below the fixed point when 6 = 0.

Analytical investigations relating to the top are often based on

the principles of energy and angular momentum. The former of

these gives

A (0
2 + sin2

6^) + iCVi + Mgh cos 6 = const., ......(3)

by Art. 33 (6). Again, if
/j,
denote the constant angular momentum

about the vertical through the point of support, we have

A sin2 6^ + On cos =
/*, .....................(4)

by Art. 33 (7). These equations may of course be deduced also

from (1)*.

Putting Cn = v, and eliminating ^, we have

A ...
I o )

- v cos o
^ =0,A

where <r and a are any two simultaneous values of 6 and 6. If we
write this equation for shortness in the form

0, ...........................(6)

the stationary values of 6 are given by

/(0) = ............................(7)

*
They were given by Lagraiige, Mfcaniqw Analytiqut, 1st ed. (1788).
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If we put sin2 6 = 1 cos2
6, and clear of fractions, we have a

cubic in cos 6. Now if 6 is small, f(6) is large and positive ;
when

O= OL it is negative; and when 6 is nearly equal to TT it is again

positive. Finally, when cos 6 = oo
, f (6) is negative. Hence

one root of (7) lies between and a, and a second between a and TT.

The third root of the cubic in cos lies between 1 and oo
,
and

so does not give a real value of 0. The path of the pole on the

unit sphere therefore lies between two horizontal circles. As ex-

treme cases, the upper or lower of these circles may contract to

a point. When the two circles coincide we have the steady pre-
cessional types of motion already investigated. If this motion be

slightly disturbed, the two circles will only slightly separate; this

shews that the precessional motion is stable.

The above statement as to the character of the path is how-

ever obvious without any analysis. There must in any case be

points of maximum and minimum altitude of the pole. Any such

point may be called an 'apse,' and the great-circle arc drawn to it

from the highest point Z of the unit sphere may be called an

'apse-line.' The familiar argument employed in the theory of

central forces [D. 88] and of the spherical pendulum [D. 103]
avails here also to shew that every apse-line divides the orbit sym-

metrically, and thence that there are two apsidal distances, and a

constant apsidal angle*. The limiting cases where the path passes

through the highest or lowest point present no difficulty. Cusps,

again, may be regarded as infinitely small loops.

The condition for steady precession is obtained by putting
= in (1). Denoting by a and o> the constant values of 6 and

1^, we find

Aa)*cosct-Cnc0 + Mgh = ..................(8)
as before.

To investigate a small disturbance from this state, we put

where f, ij are the component small deviations of the pole, along
and at right angles to the meridian, from the position in the

* The argument referred to makes use of the hypothesis of a reversal of the

motion. In the present application the reversal must include that of the spin. If

the motion of the axis of a top, but not the spin, were reversed, the pole would not

retrace its former path.
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steady motion. Making tin >< suKst it ut inns in the first of equations

(1), and omitting terms of tin *< .nd order, we find after reduction

by means of (8)

A$ + A<o* sin* ct + (v
- 2Au cos a) 17

= .......(10)

In like manner, from (4) we have

(2Aco co* a - v) I; + Arj = ...............(11)

Hence, eliminating TJ,

A*%+ {4Vsin
3 a + (v-*2A to cos a)'}f =0.......(12)

Since the coefficient of f is positive, we team, again, that the

steady precession is stable. If we put

_ A*co* sin3 a -f (v 2Aco cos a)*
P ~

|j
~~ .........

the period of a small oscillation about the steady motion is

In the case of the slow precession of a rapidly spinning top
A co is small compared with v, so that p v/A, approximately.
We have then

Cnt \ (Cut \
-pe, ......(14)

where F, e are arbitrary. An additive constant to the value of rj is

omitted as immaterial. A small circular vibration is thus super-

posed on the steady precession, producing the trochoidal type of

path already referred to in Art. 56.

In the ramd precession we have CD = v/A cos a, p = CD, approxi-

mately. We 'find

= F cos (a)t -I- e), 77
= - F cos a sin (cot + e).......(1 5)

If x, y be the coordinates of the orthogonal projection of the pole

C on a horizontal plane, we have

x = sin a cos cot + f cos a cos a>t rj sin wt

= sin a cos cot + F cos a cos e,

y = sin a sin cot + f cos a sm cot + rj cos at

= sin a sin cot F cos a sin e.

The projection of the path is therefore a circle. We have, practi-

cally, an Eulerian nutation about an invariable line slightly inclined

to the vertical (cf. Art. 47).
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The case of a bomb, dropped for instance from an aeroplane, is dynamically

very similar. The bomb is fitted with fins near the tail, set obliquely, so that

a spinning moment about the axis is generated by the reaction of the air.

When the axis makes a small angle 6 with the vertical the force-resultant (R)
of the air pressures meets the axis at a point P below the mass-centre G.

This has a moment R . GP sin 0, in the above notation, about a horizontal line

through G perpendicular to the axis of the bomb. When terminal velocities are

practically reached, the motion relative to G is determined by (1) with the proper

change in the meaning of A, and the substitution of R . GP for Mgh.

58. Oscillations of a nearly Vertical Top.

The equations (1) of the preceding Art. are not very appropriate
when the inclination* of the axis to the vertical is small throughout
ohe motion. The question is however easily dealt with on the basis

of Art. 55.

If x, y be the projections of the unit vector 0(7 on a horizontal

plane, the components of deviating force are Cny, Cna, whence

Ale = Cny -f Mghx, A y = Cnx + Mghy, ......... (1)

approximately. Putting f= as + iy we have

A%-iCnS-Mght;=0, .................. (2)

the solution of which is

(3)

Cn
where , =^ ,

r- -gj- ............ (4)

and the (complex) constants H, K are arbitrary. If

n*>4,AMgh/C*, ............ . ........... (5)

cr is real, and the path of the pole C consists of two superposed
circular vibrations of periods %Tr/(p + cr) and 27r/(/o cr). The path
is therefore an epicyclic, direct if

| p \

> cr, as in the case of the nearly

upright top.

The path may be otherwise described as an ellipse which

revolves about the origin with the angular velocity p, the period
in the ellipse being ^TT/CT. For if x'

t y' be coordinates relative to

axes revolving at the rate p, we have

x' -f iy'
=

(x + iy) e~
iftt = HeM + Ke~i<Tt.......... (6)

Expressed in real form, this gives an elliptic orbit relative to the

rotating axes.
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If we change the sign of h in the above formulae we get the

case of the 'gyroscopic pendulum,' which consists of a thin stem

free to turn about its upper end, and carrying at its lower end a

n 'I; 1 1 ing flywheel whose axis coincides with that of the stem. The

epicyclics are then retrograde.

The variety of forms which the epicyclic curves may assume is

of course endless*. The annexed figures shew two examples of

the direct and retrograde types, respectively.

Fig. 48. Fig. 49.

59. Foucault's Experiment. Gyrostatic Compass.

We next consider some experimental arrangements in which

the influence of the earth's rotation is made sensible.

In an experiment devised by Foucaultf the axis OC of a

gyroscope is restrained to move in a horizontal plane, but is other-

wise free. The earth's angular velocity (&>) may be resolved into

w sin \ about the vertical and &>cosX about the N. and S. line,

where X is the latitude. If
</>

be the angle which OC makes to.

the E. of N., the latter component gives to the pole G a velocity

co cos X sin
<f> downwards, and so calls into play a deviating force

Cn co cos X sin
</>

in the horizontal plane, tending to diminish
<f>.

Meantime the N. and S. line is rotating about the vertical with

the angular velocity co sin X. We have then

d?A -j- (<{>
cot sin X) = Cnco cos X sin

<f>, (1)

or J.$ + CW cos X sin < = 0, (2)
* A number of interesting diagrams are given by Greenhill, Report on Gyrotcopic

Theory, London, 1914.

f L. Foucault (1819 68) ; distinguished for his experimental researches in

Optics (direct measurement of the velocity of light, etc.). He gave great attention

to mechanical demonstrations of the earth's rotation.
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where, as is easily seen, A must be taken to include the moment
of inertia of the frame of the gyroscope about the vertical

through 0. In a small oscillation about the N. and S. direction

the period is therefore

In the modern '

gyrostatic compass
' the frame or case carrying the fly-

wheel floats on mercury, so that the axis OC has two degrees of freedom,
horizontal and vertical. The theory is therefore modified. If 6 be the inclina-

tion of OC below the horizontal plane, which, together with 0, we will suppose

small, the horizontal and vertical components of the velocity of G are

< o>sin X --co cosX#, and + o>cosX0

respectively*. We have, therefore,

A (0-< cos \0)= Cn(6 + <o cos X<),
1

B (6 + a) cos X <p)
= -ptBQ +Cn(<j>-u sin X - to cos X 6). }

The symbols A, B denote the moments of inertia of the whole suspended

apparatus about vertical and horizontal axes, and the term p'
2 BB represents

the restoring couple due to the combined action of gravity and buoyancy, so

that 27T/p would be the period of a vertical (angular) oscillation if there were

no rotation.

The equations shew that in the equilibrium position we have

,
Cna> sin X

The N. end of the axis is therefore (in northern latitudes) tilted upwards or

downwards according as n is positive or negative. This tilt may be corrected

by suitably weighting the frame, but the necessary adjustment varies with the

latitude. The second term in the denominator is usually negligible compared
with the first.

If we now use 6 and $ to denote deviations from the equilibrium posi-

tion we have, on the assumption of a time-factor e1
'

"*,

1 --
j O) COS X

) <f>l(T (
-- CO COS X)

= 0,
-A i \ A. J

Hence, eliminating the ratio 0/0,

(V + ^ucosx) ^cocosX^O. ...(7) .

/ \ jo / A

* The exact expressions for the component velocities of C in the vertical plane

through OC, and at right angles to this plane, are respectively

+ w cos X sin 0, and (0
- w sin X) cos - w cos X cos sin 6,



59] QTBOSTAT1C I-KMULKMS I4:{

In practice n is cin>rnioii^ compared with co or
/;,

win

pared with r// j*, so that the equation takes the simpler form

V .,
^ ''-

-j-g- o-
2
-|-o* o> cos X =-... . .(8)Alt A

The roots of this are
r-v-'

*,- 1/r
and ,'-

6
,n ,* (9)f

very approximately. The former root I>elorig8 to a very rapid vibration in

which

t his is <]iiickly extinguished by friction. The second and more- important root

gives a slow vibration in which V1
?
00"*

(ID
<p O"2

The period 27r/o-2 of this oscillation is in practice comparable with an hour, so

that the ratio #/</> is small.

Ill the actual instrument provision is made for damping. This introduces

some new features in the results J.

In Gilbert's 'barygyroscope' the axis of the flywheel can swing in a vertical

plane, being carried by a frame which is free to turn about a horizontal axis.

The frame is slightly weighted so that ifthe influence of the earth's rotation were

negligible the equilibrium position of the axis of the flywheel would be vertical.

Actually, there is a slight deviation, which we proceed to calculate.

We will suppose the plane in which the axis of the flywheel moves to be

that of the meridian. For definiteness we assume the spin to be right-handed
with regard to the upward vertical, and we denote by & the angle by which

the upper end of the axis is deflected towards the N. Owing to the earth's

rotation, the pole of the flywheel has a velocity relative to the centre, of

amount cocos (X + 0), towards the E. The 'deviating force
5 of Art. 55 is

therefore

towards the N. If h be the distance of the centre of gravity from the line of

pivots, this force must be equated, for equilibrium, to Mgh sin 6. The devia-

tion of the axis of the flywheel is therefore given by
Cna> cos X

.........................(12)

The second term in the denominator is usually small compared with the

first. The deviation is therefore greater the greater the spin H, and the smaller

the value of h.

* In the Anschiitx form C= 136000, /2ir= nytf t, p*B = 15 . 10, in c.o.s. units.

f With the preceding numerical data, we find (at the equator)

which gives a period of rather less than an hour.

% Reference may be made to H. Crabtree, Spinning Tops and Gyrottatic Motion,

2nd ed., London, 1914, and to Klein and Sommerfeld, Theorif dt* KreUflt.
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6O. Gyrostatic Control of the Rolling of a Ship.

The only other practical application of gyrostatic principles
which we shall notice is the contrivance for steadying the rolling
of a ship, invented by Schlick (1904). This can be readily under-

stood without going into technical details.

A flywheel maintained in rapid rotation is carried by a frame

which can swing about an axis at right angles to the medial plane
of the vessel. The axis of the flywheel itself moves in this plane,
and its standard position is upright, this being the position of

stable equilibrium when the ship is at rest, the frame being

weighted with this object. The swinging of the frame about the

transverse axis is resisted by frictional brakes. Briefly, the prin-

ciple of the contrivance is that the rolling of the ship produces a

deviation of the axis of the flywheel in the medial plane, and a

consequent absorption of energy by friction, which is so much lost

to the rolling vessel.

If the angular displacements are small, the equations of motion of the

frame are obtained by a slight modification of the equations (1) of Art. 58 re-

lating to the nearly vertical top. If x, y denote small rotations about trans-

verse and longitudinal axes, respectively, we have

x=-p*x-$y-lcx, y=/3.r+F, (1)

where fi(
= Cn/A) represents the gyrostatic effect, k is the coefficient of damp-

ing, and 2 Ip is the period of oscillation of the frame in the absence of friction

when the flywheel does not rotate. The symbol Y is written for N\A ,
where

N is the couple exerted on the frame as the ship rolls. If we were to write

down the equation of rotation of the vessel itself about its longitudinal axis,

Y could be eliminated, and we might proceed to the consideration of the free

and forced oscillations. The discussion of the question in this form is rather

complicated *, but the matter can be illustrated to a certain extent by examining
the effect of a,'prescribed oscillation of the ship, and the consequent absorption

of energy.

Assuming y=y$t (2)

we have *-a--=:

whence Y= ~<r*y+ -^ ^^ (4)

In real form

Y o-
2
yo cos 0"H cos ("^+ )) (5)

* Eeference may be made to Klein and Sommerfeld, p. 794.
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if pcof=l -jjP/ar-, psin=/r/flr..... ..(6)

This gives the fora- : to m.unt.im tin- pn-M-riln*l oscillation

y=y cos at..................................... (7)

The rate of dissipation of energy is therefore

Ny=A<r3
yo

2 *m<rtcos(Tt-
^ gy

sin <rt cos (<rt+ ) .........(8)

the mean value of which is

14Poy Bin 1 Ak&gAyJ
2 p "2(er-p)+AV

If / be the moment of inertia of the ship about the longitudinal axis

through its mass-centre, its energy of rolling is 7o-
2
y

2
. The ratio which the

energy dissipated by the brakes in a period 2n/a- bears to tin

In A k<r& _ 2irC*n* k<r

I >2-^)2+ *2tr2
~

Al '(*-?? + !.

The absorption is small if k be very small or very great, the reason in the

latter case being that the frame hardly swings at all. The value of k which

makes the absorption a maximum is given by

((T
2_ p^=k^ .................................(11)

and the value of the above expression is then

6 1 . Precession and Nutation of the Earth's Axis.

The attraction of the sun on the earth reduces to a force

through the centre of mass, together with a couple in a plane

containing the sun and the polar axis. An approximate expres-

sion for the couple has been found in

Art. 19.

In the annexed figure, Z is the

pole of the ecliptic, G that of the

equator, so that the arc ZC mea-

sures the obliquity of the ecliptic,

usually denoted by w. Let B be the

ascending node of the ecliptic, and

let the point A be chosen on the

equator so that OA, OB, OC shall be

a right-handed system of axes. Let

I be the longitude BS of the sun S,

*
Arts. 55, 56, 58, 59, 60 are taken, with some alterations, from Proc. R. S. Edin.,

vol. xxxv, p. 153 (1915).

L. H. M. 10
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reckoned as usual from the node B. We have

cos SA = cos &) sin I,

'

cos SB = cos I,

cos SC = sin &) sin I.

Hence if r be the sun's distance from the earth, its coordinates

relative to OA, OB, OC will be

x = r cos &) sin I, y = r cos I, z = r sin ft) sin I (2)

Hence if we write

_
~2 r3

where S is the sun's mass, the expressions (23) of Art. 19 for the

components of couple become, on putting B = A,

L = K sin a) sin 21, M = *; sin &> cos o> (1
- cos 21), JV = 0. ...(4)

Owing to the revolution of the sun in the ecliptic, the periodic

functions sin 21 and cos 21 go through their phases twice in a year,

during which time the change of direction of the earth's axis is very

slight. The average effect is therefore that due to a couple

M= K sin a) cos ft) (5)

about OB, tending to move G towards Z. Inserting this in the

formula (3) of Art. 54, and changing the sign to allow for the

altered tendency, we get a precession

.- M K
-dr = -= :

= - cos ft), (6)Cn sin &) Cn

the square of ^ being neglected. The negative sign indicates that

the motion of the earth's axis is retrograde. The average effect may
be illustrated by a gyroscope weighted so that its centre of gravity
is below the fixed point.

The neglected functions of 21 in (4) produce a semi-annual

oscillation of the earth's axis about its mean position, but the

amplitude is found oh computation to be so small as to be almost

insignificant.

If ri be the angular velocity of the earth in its orbit (assumed
for the present purpose to be circular), we have <yS/r

2 = n' 2
r, so that

(6) becomes
3n'*C-A .
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The total precession in a year (27r/n') due to solar action is

accordingly

< ...8

Putting

n

the result is 15'9".

There is a similar and much greater influence of the moon, but the effect

is complicated by the fact that the plane of the lunar orbit is inclined to the

ecliptic, and that its line of intersection with the latter is continually regressing

If the orbit were fixed the lunar precession would he about its pole, but owini;

to solar perturbation of the moon's motion the pole in question describes on the

celestial sphere a circle of about 5 9' radius about the pole of the ecliptic,

backwards, in the comparatively short period of 18'6 years. The result ia a

mean precession about the pole of the ecliptic, with a periodic inequality going

through its phases in the period mentioned. This inequality is known a-s the

'lunar nutation.'

It is not difficult to calculate, very approximately, the mean value of the

lunar precession. Let Z be the pole of the ecliptic,

C that of the earth, M that of the lunar orbit. The

mean velocity of (7, due to the moon, is

(10)

at right angles to MC, where

-pig. 51.

Here M denotes the moon's mass, E that of the

earth, r^ the moon's distance from the earth, n" the

angular velocity in her orbit.

Resolving (10) at right angles to ZC, and dividing

by sin
o>, we find the rate of precession about Z to be

KI sin MC cos MC cosZCM
(
~~\

~^ . ............. ^ I ij

Cn sin o>

Denoting the inclination ZM of the lunar orbit to the ecliptic by i, and putting

MZC =
x, we have

cos i= cos MC cos o> -f sin MC sin o> cos ZCM, ............ (13)

cos J/#= cos i' cos o>+ sin t' sin o> cos x, ................. -.(14)

whence sin J/(7cos ZCM=cos i sin o> - sin i cos o> cos x.............( 15 )

Thus (12) becomes

KI (cos i sin <a - sin i cos a> cos x) (cos i cos <o -f siu i sin a> cos x) ,^
Cn'~ sino>

102
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The angle x g es through its phases in about 19 years, whilst i and to are

approximately constant. Hence, omitting periodic terms, the mean value of the

above expression is

KI 3 cos2 i -I ,__,

-gs-
cosw............................(1()

Eeferring to (6), we find that the ratio of this to the solar precession is

Putting f=
8T4' $'

=13 '4
'

*= 5 9
'' ..................... (19)

the ratio is 2*18. With the numerical value already obtained for the solar

precession, this gives a total precession of 50"-5 per annum, which is very close

to the true amount.

The calculation rests on the assumed value of (C A}jC in (9), and may be

regarded as a verification of this. Actually, the value of this important constant

is determined by the inverse process, viz. by comparison of the theoretical

formula for the precession with the observed amount.

This Chapter has been restricted to an account of the simpler

and more important illustrations of gyroscopic theory. Some
additional examples will be found in Chap. X. For a more extensive

treatment, with analytical developments, we may refer to the

treatises cited below*.

EXAMPLES. XI.

1. The weight of the rotary part of an aeroplane engine is 300 Ibs., and its

radius of gyration is 1 ft. The weight of the propeller is 35 Ibs., and its radius

of gyration is 2*5 ft. The engine makes 20 revolutions per second. If the

aeroplane is describing a horizontal circle at the rate of a complete turn in

10 sees., find the pitching moment due to the turning. [1270 ft.-lbs.]

2. A circular disk is spinning, with angular velocity n about its axis, on a

smooth table. Prove that in steady motion the two rates of precession are

given by
K2 sin a cos a^2 - K2n sin a v^ +ga cos a= 0,

where a is the radius of the disk, K the radius of gyration about the axis, and

a the inclination of the axis to the vertical.

3. If the axis of the flywheel of a gyroscope is clamped at a given inclina-

tion to the vertical, the slightest force is sufficient to turn the vertical ring

about its axis
;
but if the axis is free a considerable force is at first necessary.

Explain this.

* Klein and Sommerfeld. and Greenhill, II. c. ante] A. Gray, Gyrostatics and

Rotational Motion, London, 1919.
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4. The rinu which carries the flywheel of a gyroscope IM clamped at a

given inclination n to tin- vertical. Th- whole being initially at rest, the ver-

tical ring is turned through four right angles. Find the angle through which

the flywheel would turn relative t> \\ - fram- , if there were no friction at the

pivots. [-2wcoa.]

5. A top spins on a smooth horizontal plane. Prove that the inclination

of the axis to tin- vertical oscillates l.ctwecn t.w<> fixed limits.

Prove that the condition for steady motion has the same form as in

Art. 54 (f>), provided A, A, C now denote the princip.il momenta of inert.

the masM-centre.

6. If the axis of a top passes through the vertical position, prove that

where o- is the value of when 6=0.

Verify that there is one and only one maximum value of 6.

7. In the preceding example, prove that if <r be small the solution valid

for small values of 6 has, in general, one or other of the forms

and interpret the two cases.

Prove that, under a special condition, the path of the pole approaches the

highest point asymptotically ;
and examine the nature of the path in this case.

8. A top is spinning very rapidly about* its axis, which is inclined at an

angle a to the vertical, and momentarily at rest. Prove that the axis will

descend through an angle

ZAMqh .

approximately, before again ascending.

Work out numerically, assuming

J/=1000, =.4 = 12500, h= 5, a = 30, w/27r
= 50 (c.G.S.). [34']

9. Prove that the axis of a top whose principal moments are J, A, C, and

spin />, will keep step with that of a top whose moments are each equal to J,

and whose spin is Cn\A^ provided the latter top he suitably started. Also that

the Eulerian angles $, <' in the two cases are connected by the relation

C A
0'
=<+

"

at. (Darboux.)
A.

10. A gyrostat is suspended from a point P on its axis by a string of

length L Prove that the condition for a steady motion in which the string

makes an angle a with the vertical, and the axis an angle /3, is
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where h is the distance of P from the mass-centre, and the other letters have

the usual meanings.

11. Prove that the result (13) of Art. 57 may be put in the forms

P ''

2 _(/i i>COSa)
2 2 (/i-j/COSa) (v \i COSa) COSa

(Ferrers ; Klein and Sommerfeld.)

12. Prove that the kinetic energy of a gyroscope, when the inertia of the

moveable rings (assumed symmetrical) is taken into account, is given by

where 4 1} Bit /are certain constants relating to the rings.

13. The direction-cosines of the axis of a flywheel relative to fixed co-

ordinate axes through its centre are
, m, n

; prove that the components of

angular momentum are

nl+A (mn mn\ etc.,

whore K is the angular momentum about the axis of symmetry.

14. A gyroscope is mounted so that its axis can swing in the plane of the

meridian. Prove that under the influence of the earth's rotation (o>) there

are two positions of relative equilibrium, one stable and the other unstable
;

and that the period of oscillation about the stable position is

27T

15. If in Gilbert's barygyroscope (Art. 59) the horizontal line of pivots
makes an angle 8 with the meridian, prove that the equilibrium deviation is

given by
Cna> cos X sin 8

tan 6=
--,j, ~ ; .

Mgk+Cntau\
16. Prove that if a ship is in motion with a speed whose northerly

component is #, the gyrostatic compass will (when in equilibrium) point to the

W. of true N. by an amount

a>a cos X
'

where a is the earth's radius.

Calculate the deviation for a northerly speed of 30 knots in latitude 60.

[3 50'.]



CHAPTER IX

MOVING AXES

62. Fundamental Equations.

The use of a moving system of coordinate axes has already
been illustrated in various cases, and in particular in the deduction

of Euler's equations (Art. 49). In order to secure the constancy
of the moments of inertia the axes were there taken to be fixed

in the moving body. We now proceed to ascertain the form which

various fundamental equations assume when the axes are moving
in a perfectly general manner.

Let us suppose in the first instance that the origin is fixed

in space. We denote the component angular velocities of the axes

about their instantaneous positions by p, q', r, the symbols p, q, r

being reserved to denote as before the angular velocities of a rigid

body. To calculate the changes which are taking place in the

projections a?, y, z of a vector OP which is, actually, fixed in space,

we remark that if the point P were moving with the axes its

component displacements in the time Bt would be

q'St.z-r'&t.y, S&t.x-p'St.z, p'Bt.y-q'Bt.x, ...(1)

by Art. 9 (3). Hence to restore P to its original position in space
we must give it the apparent displacements

&B = (r'y
-

q'z) Bt, By
=

(p z - r'x) Bt, Bz = (q'x
-

p'y) St. . . .(2)

We have therefore the relations

dx , , dy , dz ,

Tt =ry-qz, ^>t =pz- rx
, Tt=qx

-py (3)

as the expression of the fact that the vector (x, y, z) is really fixed,

and that its projections on the coordinate axes are only changing
in consequence of the motion of the axes themselves.

As a particular case these equations hold if we replace x, y, z

by the direction-cosines of a line (such as the vertical) which is

fixed in direction.
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In the case of a variable vector we have to add to the second

members of (2) the terms uSt, vSt, w$t (say) which represent the

actual displacements of P parallel to the momentary directions of

the axes. Thus

dx dy dz
- - - z-r x, = w + qx-p y. ...(4)

We can at once write down a number of important formulae.

Thus if OP be the position vector of a point P relative to the (fixed)

origin, the velocities of P parallel to the coordinate axes are

u = ~-r'y + q'z, v =
-jt-p'z

+ rx, w=
-j^-q'x +p'y. ...(5)

When the origin is in motion these formula give the velocities

relative to 0. To find the absolute velocities we must add to the

second members the terms u, v
f

, w', respectively, which represent
the velocity of 0.

Again, if OV be drawn to represent the velocity (u, v, w) of a

moving point, the component velocities of F, i.e. the component
accelerations of the moving point, will be

du , dv
, dw ,

ru, 7 = - -qu+pv. ...(6)

These give the accelerations relative to 0. If the origin is in

motion with acceleration (a, ', 7') we must add a', #', 7',

respectively, to the second members.

Again, the momenta of the various particles of any dynamical

system are equivalent to a localized vector (f, rj, f) representing
the linear momentum, passing through a fixed origin 0, and a free

vector (X, //,, ^.representing the angular momentum. The change
in the linear momentum is equal to the impulse of the external

forces, whence

where (X, Y, Z) is the force-resultant of the total external force

on the system.

The change in the angular momentum is given in like manner

by the formulae

=#,...(8)
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where L, Mt
N are the moments of the external forces about the

coordinate axes.

Since the linear moin< ntum is the same whatever the pon
of 0, the formula* (7) will hold <-\vn if tin- origin be in motion.

The equations (8), on the other hand, will in general be affected.

We have seen however in Chap. VI that we may take moments
about the mass-centre as if it were at rest. The equations willithere-

fore stand when the moving origin coincides with the mass-centre,

provided (X, ft, v) denote the angular moim-ntum relative to the

mass-centre, and (//, M, N) the moment of the external forces

relative to this point.

The modification required in (8) when the origin has any given velocity

(u't v\ w') is as follows. At the time t+8t the linear momentum ( + d, 9+&fe

C+8) is a localized vector through the new position of the origin. Its moment

about the original position of the axis of x is therefore

C . v'tt -
rj

. v/dt,

terms of the second order being omitted. This expression is t< > 1 >c added to the

value of SX. In this way we find

.(9)
dp
~di

dv

If the moving origin coincides always with the centre of mass we have

where J/i, is the total mass of the system. The equations (9) then reduce, as

they ought, to the forms (8).

Ex. 1. In the particular case where the axis of z is fixed we Eave />'=0,

<^'
=

0, /= o> (say). The equations (4) then reduce to

u x a>y, v=y+a>Xj w=z (11)

If co be constant the accelerations are

a= u toy= x 2a>y co
2
a?,

.(12)

These are known .results [D. 33].

Ex. 2. In the case of axes fixed in a moving solid, and coincident with the

principal axes of inertia at the origin,

(14)
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Substituting in (8) we obtain Euler's equations. When there are no external

forces, these express that the vector (Ap, Bq, Cr] which represents the angular
momentum is fixed in space. (Arts. 46, 49.)

The application of the notation of Vector Analysis to this case may be

noticed. Let OH (
= H) be a vector drawn from to represent the angular

momentum, and let CD be the angular velocity. If the point If were moving
with the axes its velocity would be [H], by Art. 23. Hence when H is fixed

in space

which is equivalent to Euler's three equations. Writing

(16)

(17)

and reducing by means of the formulae (10) of Art. 23, we obtain the usual

Cartesian forms.

63. Motion relative to the Earth.

An important application of the theory of moving axes is to the

case of motions relative to the rotating
earth. The origin being taken at a

point near the earth's surface, in lati-

tude X, let us suppose that the axis of

x is directed horizontally to the east,

that of?/ northwards, and that of z ver-

tically upwards. The terms 'horizontal'

and '

vertical
'

have of course reference

to the direction of apparent gravity.

If co be the earth's angular velocity of

rotation, the component angular ve-

locities of the axes about their instan-

taneous positions will be

p = 0, q
= fo cos X, r

The component velocities of a moving point are therefore, by
Art. 62 (5),

dx
u =

-j
-- wy sin X -f <&z cos X,

= o>sinX (1)

v ^-TT
dy
-TT

dz
-j
-- 0)0) COS X.

dt
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The component accelerations are

du
a

-j-
a)V sin X + a>w cos X,

dv
,

y9
= -77 -f ecu sm X,

dt

y = -TT am cos X.

.(3)

The equations of motion of a particle m, subject to forces

X, Y, Z, as well as to apparent gravity, are then

ma = X, mj3=r, my = Z-m</ (4)

A remark is called for here. We have tacitly treated the origin
as fixed, whereas it is really in motion in a diurnal circle, and

has consequently a velocity in this circle, and an acceleration

towards its centre. This might be rectified by the addition of

suitable terms in (2) and (3), which as they stand express velocities

and accelerations relative to 0; but the changes would finally

disappear from the equations (4) when written out at length, owing
to the fact that the axis of z is assumed to coincide with the

direction of apparent gravity (g\ as affected by 'centrifugal force,'

and that X is accordingly taken to denote the 'geographical' as

distinguished from the 'geocentric' latitude.

Substituting from (2) and (3) in (4), we have

d*x dy . dz X
-T- - 2o) ~- sm X + 2ft> -j- cos X - o>

2# =
,

dt* dt dt m
d"y dx . Y
-T^ + 2o> yr sm X -

ft)
2
y sm2 X + &>

2 sm X cos X =
,

dt at m
dzz dx Z
-p; 2o> -7- cos X + &)

2
y sin X cos X aPz cos8 X = a.

at2 at m

The terms in these equations* which contain o>
3
#, ewty o>

a

^ are

however utterly negligible in any practical case. The values of

x, y, z are always insignificant in comparison with the earth's radius

(a), and o>
2a is itself small compared with g. Indeed if we were to

retain the terms in question, we ought for consistency to include

the local variation of g.

* Due to Poisson (1838).

...(5)
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64. Foucault's Pendulum.

To apply the equations to the (small) motion of a pendulum,
we put

X = -Tx/l, Y=-Ty/l, Z = -Tz/l, ......... (1)

where I is the length, T is the tension of the string and x, y are

the horizontal components of the displacement of the bob from

its mean position. The third equation of Art. 63 (5) shews that

T = mg, approximately. Hence, neglecting terms of the second

order,

where n2
g/L

If we put f= x -\- it/, these combine into the equation

W/2
' ""

,14
III/ U V

Hence ^twsinA = He i<Tt
-{ Ke ~ i<rt

, (4)

where cr= \/(n
2

-|- ro
2 sin2

X), (5)

and the (complex) constants H, K are arbitrary. This represents

motion in an ellipse which turns round the vertical with the

constant angular velocity o> sin X in the negative direction, the

period in the ellipse being 'l-n-ja.
In any practical case the dis-

tinction between o- and n is of course negligible.

The simple view of the matter is that the earth is rotating
about the vertical at the rate o> sin X, in the positive direction,

beneath the pendulum.

6 5 . Relative Motion of a Particle under Gravity.

In the case of motion under apparent gravity alone, the equa-

tions, with the omissions referred to, become

d*x dy . dz
-j- 2co -~ sin X -f 2o> -j- cos X = 0,
at2 dt dt

-- 4m...
(1)

dx = -9-
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Th- see.,nd and third <>| tln-.s.- i

dy
^ B v - 2<t)x sin X,

J.
.........

i,

= w #2 -I- 2a>tf cos X,

where v , w are constants of integration. Substituting in the first

equation we have

+ 4o)2
a; = 2o> (v sin X w cos X) 4- 2<0gt cos X, . . .(3)

the integral of which is

V sin \ WH cos X fltf cos X
a; = ^ cos 2wt + sm 2a>t + - -+- W
The values of y and are then to be found by substituting this

value of x in (2), and integrating.

In the case of free fall from (relative) rest at the origin the initial values

of x, y, z, dx/dt, dyfdt, dz,'dt are zero. Hence

Vo =0, ^=0, ,1=0, B=- ff-^ .................. (5)

Since the angle at through which the earth turns during the descent is very

small, we expand sin 2W in (4), and retain only the more iini>ortaut part of the

result. The easterly deviation from the vertical through the starting point is

accordingly
(6)

Substituting in (2), we find for the northerly deviation

y=-#o>2fsinXcosX, ........................... (7)

but the ratio of this to (6) is of the order *, and the effect is therefore altogether

negligible. Again, we have

*=-\gt\ .................................... (8)

approximately, the omitted term being of the same order as (7). The only
effect of the earth's rotation which could be expected to be at all appreciable

is the easterly deviation given by (6). In a fall of 100 metres this would

amount to about 2-2 cos X centimetres. The deviation is so slight, and it is so

easily affected by accidental disturbances, that it is difficult to verify it with

certainty by experiment. The attempt has however lieen made, with some

success*.

In the application to the unresisted flight of projectiles the initial con-

ditions may be taken to be
.- = 0, \

ft= ?r
.J

* For references see Routh, Dynamic* of a Particle, Art. 627.
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Hence in (4)

PosinX-WoCosX u gcos\
~llv- '

B=^-^^- ............. (1 >

Thus

BinX-co
sin S*. ...(11)

If we substitute in (2), and adjust the constants of integration so as to makey
and z vanish for t=0, we find

cos X (vn sin X - w cos X) ( - sm

-cos

These formulae are exact, so far as variations in the value of g can be

neglected ;
but a sufficient approximation is obtained if we expand the circular

functions, and retain only the more important terms. In this way we find

>Z
3

,
............ (14)

(15)

(16)

The terms here omitted are of the order v'2t2 as compared with those retained.

If the vertical plane of projection make an angle /3 with the plane ar, we have

w =<cos/3, i> =w 'sin/3, ........................ (17)

where w '

is the initial horizontal (relative) velocity. The horizontal distance

travelled in the plane of projection is

^/= ^cos/3+ysin^= ^< 7+ (l^-^^; )cos/3cosX.a)^;
2
,

.. ....... (18)

and the deviation from this plane is

y'=y cos ^ - ^ sin =
{(u>

-
$ gt] sin ft cos X - UQ sin X} a>t

2
....... (19)

This is positive when the deviation is to the left.

66. Rolling ofa Solid on a Fixed Surface.

The method of rotating axes is also convenient in problems

relating to the rolling or spinning of solids on fixed surfaces.

Considerable attention has at one time or another been bestowed on
such questions by mathematicians. It is not that the phenomena,
though familiar and often interesting, are held to be specially

important, but it was regarded rather as a point of honour to shew
how the mathematical formulation could be effected, even if the
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solution should prove to be Impracticable, or difficult of inter-

pretation.

The problems of this kind which are most tractal>l- ;uv, naturally,

cases of steady motion, or of snuill nscill.-M i-.ns about such a state.

We proceed to the discussion of a few of the simpler exampl* >.

We take first the steady motion of a sphere rolling on a surface

of revolution whose axis is vertical.

We adopt a right-handed system of axes through the centre (7, of which

Qz is normal to the fixed surface, Ox is in the vertical plane through 6?

z, and

Gy is horizontal. Let a be the radius of the sphere, c that of the horizontal

circle described by 6', ^ the angular velocity in this circle, 6 the constant

inclination of Qz to the upward vertical.

Fig. 53.

Let (X) Y> Z) be the reaction at the point of contact. Since the acceleration

of Q is c^2
,
towards the centre of its 'horizontal circle,

X= -Mg sin 6+Mc \pcos0, F=0, Z=Mg cos B + J/c^
2 sin 6. ...(1)

Since our axes are rotating about the vertical with the angular velocity fa
we have

(2)

If (p, q, r) be the angular velocity of the sphere itself we have the kinematical

relations

ap=cfa ?= .................................. (3)

The components of angular momentum are

\= lp, /i
= 0, v = /r, .............................. (4)

where / is the moment of inertia about a diameter. The equations (8) of

Art. 62 now reduce to

. (5)
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The first of these is satisfied already, since we have assumed that \^ is constant.

The third shews that r= const, =rc, say. The remaining equation leads to

(I+Ma2
} - <L2 cos + In^ sin 6 J/aasin $=0, (6)'
ci

which is the required condition for steady motion.

For given values of c, 0, and n there are two possible values of ^ of different

magnitudes, the motions not being reversible unless we reverse also the spin.

The above investigation applies, as the figure indicates, to the case of a

sphere rolling on the inside of a concave surface, and the two values of ^-, when

real, have then opposite signs. To make it applicable to the rolling of a sphere

on a convex surface we must reverse the signs of c and ^.

67. Rolling of a Sphere on a Spherical Surface.

The general equations of motion of a sphere rolling' on a fixed

spherical surface may be obtained as follows.

We take as the standard case that indicated by Fig. 53. With the same

arrangement of the moving axes as in the preceding Art., let (u, v, w) be the

velocity of G. Then

p'=-sin0v^, q'
=

0, r^costfvf-, (2)

where b is the distance of G from the centre of the fixed surface.

The remaining kinematical relations are

The components of momentum are

= Mu, rj=Mv, 0, (4)

X= /p, p.=Iq, v=Ir (5)

The equations of linear momentum (Art. 62 (7)) become

(6)

together with an equation which serves merely to determine the normal

reaction Z.

The third equation of angular momentum makes dr/dt=0, whence r=n,

a constant. The remaining equations are



66-67] MOVI NCI 161

If \v<> eliminate X and Y between (6) and (7), and substitute the values of

w, v, p, q, //, q',
r' from (1), (2), and (3), wo are led to the following equations:

-sin 6 COH 6 - *~
/ *i' -

'[

*> #,
\

where K*=1/M.
If we put K = we get the equations of the spherical pendulum [D. 103].

The condition for steady motion is obtained by making 6 = const., t = const.

The result agrees with Art. 66 (6) if we put c= 6sin 6.

If we multiply the equations (8) by B and ^, respectively, and add, we find

on integration

I (
1 +

2

2
)

(^
2+ sm2^2

)=|cos0+ const., ...... .........(9)

which is easily recognized as the equation of energy.

The second of equations (8) is immediately integrate, but it should be

noticed that it does not imply the constancy of angular momentum about

the vertical through 0. Since Y does not vanish, this angular momentum is

in fact variable.

The case of a sphere rolling in a circular cylinder is simpler.

We take the axis of z parallel to the axis of the cylinder, and the axes of x
y y

as in the figure. We have then

p'
=

0, ?'
=

(), /= ^............................(10)

The kinematical relations are

u=-ar= b0, y=0, w=ap, .....................(11)

where b is the distance of G from the axis of the cylinder.

Fig. 54.

Suppose in the first instance that there are no external forces other than

the reaction (X, Y, Z) at the point of contact. The dynamical equations then

reduce to

(12)

(13)

JUH.M. 11
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Eliminating X and r, we find u = Q, / =
(), whence =

o>, a constant. Again,

eliminating Z and p,

(I+Ma?)w-la(oq= (14)

Eliminating q between this and the second equation of (13), and having regard

to (11), we find

(l+Ma2}w+ Io>
2w=0 (15)

The longitudinal velocity of G is therefore periodic, viz.,

(16)

where ^= . / hr^rrrs (17)

The solution is completed by the relations

p= y q= const. --- sin (<r-fe), r= o>................ (18)a ttcr a

When gravity acts we must write, in (12), X Afgsiu 6 in place of X, the

axis of the cylinder being supposed horizontal. Eliminating X, we now have

exactly as if the motion were two-dimensional [D. 63].

The equation (14) is replaced by

(I+Ma2
)<w-IaQq= ............................(20)

In the case of a small disturbance of the state of steady motion in which the

sphere rolls along the lowest generator of the cylinder, 6 is small. If in the steady
motion the sphere has no spin about the vertical, w is small, of the second order,

and the longitudinal velocity of Q is therefore very approximately constant. If,

on the other hand, there is a finite spin n about the vertical, we have

approximately. The longitudinal motion of the centre is therefore affected

by a small periodic term.

68. Rolling Wheel.

We take next the case of a wheel rolling on a horizontal plane.

Let Gz be the normal to the plane of the wheel, making an angle Q with the

vertical, whilst Gx passes through the point of contact. If ^ be the azimuth

of the plane zx, we have

jo'=-sin0^, q'
=

ff, /= cos0\^...................... (1)

Also, considering the motion of a point on the axis of the wheel, fixed relatively

to it, we have

P=tf> 2= 2'.................................. (2)

Denoting by (u, v, w} the velocity of the centre, we have the kinematical

relations

u= 0, v=-ar, w= aq, ........................... (3)
where a is the radius.
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The equations of linear momentum, Art. 62 (7), reduce to

M(arr' + aq*)
= X+Mg*\r\6, \

M(-a*-apq)=Y, [ (4)

M(aq-arp)=Z-MgcoH0, )

whore ,\', V, #aro thr components of the reaction of tin; plane.

Fig. 55.

The principal moments at G being A, A, (?, the equations of angular
momentum become

Ap- Aqi
/+ Cqr=01

\

Aq-Crp + Apr'=-Za\ ........................... (5)

Cr =Ya. j

Eliminating Y, Z, and writing, for shortness,

A'=A+Ma\ C'= C+Ma*, ........................ (6)
we have

A 'q
-
C'rp + A pr'

= - Mga cos 6, }

Substituting from (1) in these, and in the first of (5), we find

A'0-A sin cos 0^'
2 + C'r sin 0^ = -Mga cos 0,

.(8)

C'r -

One or two simple cases of disturbed steady motion may be noticed.

If the wheel be rolling on a nearly straight course, with its plane nearly

vertical, we put 6= \ir+ ^, and assume x and ^ to be small. Neglecting terms

of the second order, we have r=0, or rn (say), and

(9)

112



164 HIGHER MECHANICS [iX

The latter equation makes

(10)

Hence, omitting the constant,

(11)

The variation of x is simple harmonic, and the steady motion is therefore

stable, provided

^>^ .................................. (12)

In the case of a hoop, the condition is

If we retain the constant in (10), but assume it to be small, the solution will

represent an oscillation about a state of steady motion in which the centre

describes a horizontal circle of very large radius.

If the wheel be set spinning about a vertical diameter, with angular velocity

<o, and slightly disturbed, x and r are to be treated as small. The equations

(8) make

^ 4)

approximately. From the latter equation we have

C'r=Ma*a>x..................................(15)

an additive constant being omitted. Hence

For stability we must have

o>
2 > Mga/A'.................................. (17)

In the case of a hoop this becomes

The retention of a small arbitrary constant in (15) would merely involve

small constant additions to the values of x and T.

69. General scheme of Equations for the Rolling of a
Solid on a Horizontal Plane.

In the preceding examples the treatment has been influenced

to some extent by the special circumstances of each case. It may
be worth while to give the general scheme of equations applicable

to any case of a body moving, under gravity, in contact with a

horizontal plane.
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Taking the principal axes at the mass-centre as axes of co-

ordinates we have, in the first place, Euler's equations

Ap-^-Oqr-yZ-zY,
Bq-(C-A)rpzX-xZ, ............... (1)

where x, y, z are the coordinates of the point of contact, and X, Y, Z
the components of the reaction there. Again, denoting by (u, v, w)
the velocity of G, we have

M(u - rv + qw) = X + Mgl, \

M(v-pw + ru)=Y+Mgm,\ ...............(2)

M (w - qu + pv)
= Z + Mgn, J

where I, m, n are the direction-cosines of the downward vertical.

Since this is also the direction of the normal to the surface of the

solid at the point of contact, I, m, n are known functions of x, y, z,

which (again) are connected by the equation of the surface.

Since (I, m, n) is a fixed direction in space, we have, by Art. 62,

I rm + qn = 0, }

m- pn+ rl = 0, > .....................(3)

n ql -\-pm- 0. J

If the solid rolls without slipping, the velocity of that point
which is in contact with the plane must vanish; thus

u - ry + qz
= 0, \

v-pz + rx = 0, > ........................(4)

w qx + py = 0. J

If on the other hand the plane is smooth, we have in place of (4)

X = IR, Y=mR, Z=nR, ...............(5)

where R is the normal pressure, together with the kinematical

relation

l(ury + qz) + m(v pz + rx) -f n (w qx + py) = 0. . . .(6)

It is easy to satisfy ourselves that the problem, as thus formu-

lated, is in each of the above cases mathematically determinate.

A general discussion of the equations is out of the question, but problems
of disturbed steady motion are more or less tractable. For example, if the body



166 HIGHER MECHANICS [iX

was originally rotating about a principal axis (Gz) which was vertical, and

coincident with the normal at the point of contact, then in a slight disturbance

from this state the quantities

p, q, x, yf X, F, u, v, I, m
will be small. Neglecting terms of the second order, the third of equations

(1) shews that r=0, whence r= const. We may also put

w=0, 7i= l, Z=-Mg, z= const. = A, say................ (7)

If the lines of curvature of the surface of the solid at the original point of

contact are parallel to Gx, Gy, the equation of the surface in this neighbourhood
will be of the form

z= h-\(aX^+^\ .............................. (8)

whence l=ax, m=$y, .................... +. ........... (9)

approximately.

The resulting equations are now linear. The results for one or two cases

are given in the examples at the end of this Chapter.

7O. The Stability of Aircraft.

The method of moving axes is frequently employed in investiga-
tions on the stability of an airship or aeroplane. The following is an

outline of the procedure for the case of straight horizontal flight.

We adopt a right-handed system of axes, fixed in the body. The
axis of x is drawn forwards from the centre of gravity, parallel to the

axis of the screw, and therefore in the plane of symmetry; that of y
is drawn normal to this plane, towards the right, or starboard, side.

Accordingly when these axes are horizontal that of z is directed

vertically downwards.

We denote by A, B, G, F, G, H the moments and products of

inertia with respect to these axes, but it is obvious that on account

of the symmetry with respect to the plane zx the products F and H
vanish. The components of linear and angular momentum are

accordingly, in our previous notation,

'

The equations of motion of an aeroplane
* are therefore

* In the case of an airship the terms involving g do not occur in equations (2),

gravity being compensated by the buoyancy. On the other hand the equations (3)

must be modified by the introduction of the couples due to gravity and buoyancy

combined, acting through the respective centres.
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-^
- rv + qw ]

=MQgl + P-X,}
at /

-j- pw + ru) = M gm F,
etc /

dw ~
qu + pv

(2)

(3)

where M9 is the total mass*, I, m, n are the direction-cosines of

the downward vertical, P is the thrust of the screw, and X, F,

Z, L, M, N are the force- and couple-components of air-

resistance ).

To these we must add the kinematical equations

dl

-J-
-rm+ qn = 0,

dm
-J- pn+ rl =0, (4)

which express the fixity of the vertical.

Assuming that in steady flight the axis of x is horizontal, the

equations must be satisfied by u = U, say, whilst v, w, p, q, r, l
y
m all

vanish, and n 1. Hence

X, = P, r,-0, Z,

where the unit suffix relates to the steady state. To adapt the

equations to the case of a slight disturbance we write U+ u for u

* In the case of an airship the ' virtual mass,' which includes a correction for

the inertia of the air, may be important.

f A further modification is required in the case of an airship, owing to the fact

that the thrust of the screws is in a line considerably below the centre of mass.
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and omit terms of the second order in u, v, w, p, q, r, I, m, putting
therefore n 1. Thus

(6)

(7)

Owing to the altered velocity of the air relative to the various

parts of the machine, the quantities X Xl} ..., ...,L Llt .......

will involve the values of u, v, w, p, q, r. It is assumed that for

small values of these quantities the functions are linear; thus we

write
-

JTj =Xu u +Xvv + Xww +Xpp + Xqq +Xr r,

'

...(9)
L - ^ = Luu -f Lvv + Lww + Lpp 4- Lqq -I- Lrr,

where the thirty-six coefficients are constants depending on the

structure of the machine and on the value of the undisturbed velocity

U. They are called 'resistance-derivatives' by Bryan*, by whom

they were first introduced. In a symmetrical machine, such as we

are considering, their number reduces to eighteen. For instance, it

is obvious that the value of X X l must be unaffected by a reversal

of the sign of v or p or r. Hence XVtXp ,
Xr

= 0. By considerations

of this kind we learn that X, M, Z will not occur with the suffixes

v, p y r, and that Y, L, N will not occur with the suffixes u, w, q.

*
Stability in Aviation, Lojidon, 1911. For further investigations reference

may be made to Bairstow, Applied Aerodynamics, London, 1920.
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The values of the derivatives for a particular machine are inferred

partly from theoretical considerations, and partly from experiments
on models in a wind channel.

Our equations thus fall into two independent groups. In the

first group we have

~
dw

-M.gl + Xuu+Xww +Xqq
= 0,

Muu+Mww+ .

dl

= 0,

= 0.

(10)

This involves only u, w, q, I.

In the second group

'dv

dp n dr

-
dt dt

+ Lvv f Lpp + Lrr
-

0,

+ Nvv +Npp+Nrr = 0,

dm

...(11)

This involves only v, p, r, m.

Any small disturbance may therefore be resolved into two types.
In one of these we have v, p, r, m 0, whilst u, w, q, I are subject to

the equations (10). The path of the mass-centre is confined to a

vertical plane, and the only angular movement is that of 'pitching/
to which q refers.

In the second type we have w, w, q, I = 0, whilst v, p, r, m are

subject to (11). The deviation from the steady state now consists in

a 'side-slip' (v) accompanied by 'rolling' (p) and 'yawing' (r).

To investigate the stability of the straight flight when affected by
disturbances of either type we assume as usual that the dependent
variables are proportional to e**, and proceed to ascertain the
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admissible values of X. In the case of (10) we are led to the

determinant

Xu ,

Zu ,

Mw ,
M

In like manner the equations (11) give

M\+YV) K-^, MU+Yr

NV) -G\+N,

In each case the result, when developed, is a biquadratic in X.

A real positive root of this would involve in the expressions for the

velocities terms of the form. ae at
,
which are capable of indefinite in-

crease. A pair of conjugate imaginary roots with real positive parts
would introduce terms of the types ae at cos fit, be

at sin fit, indicating

an oscillation of continually increasing amplitude. It is therefore

essential for stability that the roots should either be real and

negative, or have their real parts negative.

Let us suppose the equation (12) written out in the form

p8X+p4 ==0, .... ........... (14)

and let us denote by H the product of the six sums of pairs of

roots, viz.,

H = plpzpz -p?pt-p?...................(15)*

It is easily found on examination of the various possible cases that if

the roots of (14) are to be of the required character the quantities

PI, P<i, PS, p*> and H must all be positive. These conditions are more-

over sufficient as well as necessary. For real positive roots of (14)

are excluded by the supposition that the coefficients are positive.

*
If a, j8, 7, d be the roots we find

Multiplying these expressions, and taking account of the fact that d is a root of (14),

we obtain the formula (15).
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Again, if there are two pairs of imaginary roots, say a t and

a i/3', we have

H = 4a' {(a + ')' + (/3 + ,9')') ((a + a')' + (ft
-

pTf\. ...(16)

If H is positive, a and a' must have the same sign, and since

pl
= 2 (a + a') this sign must be negative ifpl is positive. If the

roots are two imaginary and two real, say a ift, 7, 8, we have

#=2a(7 + $){(a + 7)
2 + /3'} {(a + g)

2 + /3*j .......(17)

Hence a and 7+8 must have the same sign. Since PI= (2a +7+5)
this sign must be negative, and since p^ = (a

2 + yS
2
) 78, 7 and 8 must

both be negative*.

In this way the 'longitudinal stability/ as it is called, of the

machine is determined. A similar treatment applied to the equa-
tion (13) gives the conditions for 'lateral stability.'

7 1 . Equations ofMotion of a Deformable Body.
It is sometimes convenient to refer the motion of an imperfectly

rigid body, or of an assemblage of discrete particles, to a system of

moving axes, especially when the changes of the relative configura-
tion are slight. We have to decide, in the first place, on the principle
which shall guide our choice of axes, and define their motion. The

origin will naturally be taken at the mass-centre, and we need

only consider motions relative to this point.

One method which suggests itself is to make the mean square of

the deviations of the particles in a short time St, from the positions
which they would have occupied if they had been fixed relatively to

the axes, a minimum. Let (p, q, r) be the angular velocity of our

moving axes of x, y, z, and u
t v, w the component velocities of a

particle m. The deviation of this particle, in the above sense, has

for components

(u qz + ry) St, (v rx + pz) &t, (wpy + qx) St. . . .(1)

Hence, omitting the factor &2
,
the quantity which is to be made a

minimum by variation of p, q, r is

2ra {(a qz + ry)* + (v rx + pz)
2 + (w py + qxf\ ____(2)

The kinetic energy is

(3)

* The criteria, and the argument, are due to Routh.
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and the components of angular momentum are

X = 2m (yw zv), //,
= Sw (zu xw), v = !Sm (xv yu). . . .(4)

The expression (2) is therefore equivalent to

2T + Ap* + B<? + O2 - 2Fqr - 2Grp - 2Hpq
- 2 (\p + pq + vr), ...(5)

with the usual notation for coefficients of inertia.

The conditions for a minimum as regards variations of p, q, r

are therefore

Ap- Hq- Gr = ~\,

These equations determine the instantaneous values of p, q, r when
those of X, IJL, v, and of the inertia coefficients, are known. It will be

noted that they have exactly the same form as for a rigid body
(Art. 31).

Axes chosen so as to fulfil the above condition may be called

'mean axes.' Their determination is of course by no means unique.
We may start at a given instant with any rectangular system, pro-
vided its subsequent motion be governed by the formulae (6).

The equations of angular momentum have the forms

d\

rX = M
, (7)

dt

dv

but it must be remembered, in substituting the values of X, //-, v

from (6), that A, B, C, F, G, H are now variable.

The preceding equations lend themselves to an investigation of the free

Eulerian nutation of a slightly deformable body which in its normal state is

kinetically symmetrical about an axis. We will suppose that the body is

slightly disturbed from a state of steady rotation with angular velocity n about

the axis of kinetic symmetry.

In the disturbed state p, q, F, (r, H will be small quantities, and the changes
in the principal moments and in the value of r will also be small. Hence, neg-

lecting small quantities of the second order, we find, from (6) and (7),
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We have in view prinripallytheua.se of the earth, where the ratio (C-A)/A
is small, ;ui<l \vheiv tlm period of the nutation was consequently found, on the

hypothesis of absolute rigidity, to be large compared with 2/r/n (Art. 47). The

products of inertia, F and (?, in (8), may then be taken to have the statical

values due to the instantaneous centrifugal force, as modified by the gravita-
tional attraction of the deformed body, which tends to restore the normal state.

Now the 'centrifugal' potential per unit mass ofa body rotating with angular

velocity &> about an axis (I', m' t ri] is

and if the axis in question is nearly coincident with the axis of z this becomes

small quantities of the second order being neglected.

The first term in this expression is already operative in the undeformed

state, and its effect may be supposed to be allowed for in the values of A and C.

We may therefore write, for the disturbing potential

V=-n(px+qy}z............................... (9)

If we trace the equipotential surfaces due to p alone, it is easy to see that if n
be positive the tendency of the component p of the rotation is to diminish the

value of 6r, and similarly that the influence of q is to diminish that of F. We
assume therefore, as at all events a rough representation of the conditions,

F= -pnq, G= -ftnp, ...........................(10)

where /3 is a positive constant involving the elasticity of the material, the dis-

tribution of density, and the constant of gravitation, as well as the dimensions

of the body.

On substituting in (8), we find that the equations combine into

=fy .................. (11)

where =p+ iq.....................................(12)

Hence, assuming that varies as et<rt
,
we find

<r_C-A-f3n*
n~ ".4 +/&?"'

'

shewing that the period is lengthened by the deformation.

If external forces are operative whose moments about the coordinate axes

are Z, J/, 0, we have in place of (11),

............... (14)

Hence, if Z, M vary as elW
, the forced oscillations are given by

(15)
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We may apply this to the precession of the earth's axis. Referring to

Fig. 32, p. 83, where B' is that pole of the great circle ZC which lies on the

side of A, the average solar effect is a couple K sin to cos o> about OB' where

to is the obliquity of the ecliptic and K is given by Art. 61 (3). Since

cos B'A = sin <, cos B'B=cos
</>,

we have

L-\-iM= - K sin to cos w (sin <+t cos <)= IK sin to cos to e
~ *w

*, ...(16)

very approximately. Hence, putting 0-= n in (15),

^, ........................... (17)

or
jt?=^-sino)cosa>cos^, q= ^-sinwcos a>sin^.......... (18)

Since these results do not involve /3, the motion of the earth's instantaneous

axis is approximately the same as if the earth were rigid.

The precession is found from (18) by the formulae of Art. 33. Thus

q sin rf>
- p cos <f> K

\ = "--T-Jr--r= _
costo, .................. (19)

sin to Cn

in agreement with Art. 61 (6).

EXAMPLES. XII.

.1. A particle is constrained by a smooth straight tube which rotates with

constant angular velocity to about an axis not in the same plane with it. Prove

that the motion of the particle relative to the tube is the same as if the tube

were at rest and the particle were repelled from the position of relative

equilibrium by a force varying as the distance.

2. A tidal current is running northwards along a channel of breadth 6, in

latitude X. Prove that the height of the tide on the E. coast exceeds that on the

W. coast by 2 bav/g sin X, where v is the velocity of the water, and to the earth's

angular velocity.

Work out the result for the case of the southern Irish Channel, taking
6= 48 sea-miles, v=3'2 knots, X= 52. [57 ft.]

3. A shot is fired eastwards in latitude 60, with a velocity of lOOOft./sec.

and elevation 20. Find the deviation due to the earth's rotation, neglecting

the resistance of the air. [27 ft. to S.]

4. A particle is projected vertically upwards in vacuo with velocity v. Prove

that when it returns to the ground there is a deviation

to the W. (Laplace.)

5. A particle is projected with velocity 7 on a smooth horizontal plane.

Prove that owing to the rotation of the earth it will describe an arc of a circle

of radius F/(2o> sin X) with this constant velocity.
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6. Deduce the fninil:n for the component accelerations in spherical
coordinates Ait. :M) from the theory of moving axes.

7. Apply the tln-rv <>f moving axes to deduce the following formulae, where

/!, MI , HI are the direction-cosines of the tangent line to a twisted curve relative

to fixed axes, 2 >
m2i n z those of tin- principal normal, /3 , m$ t n% those of the

binomial, and p and o- are the radii of curvature and torsion, respectively :

d^Jj dl
? = l,_lj d^ = _lj

ds p' ds a- p
1

ds a 1

with .similar foriniiliu for dm^ds, dn^ds, etc.

(Take as moving axes the tangent line, the principal normal, and the

bi normal)

8. A particle is constrained by a smooth rigid tube in the form of a plane

curve, which rotates in its own plane about the origin 0, with angular velocity .

If v be the velocity relative to the tube prove that the tangential and normal

accelerations of the particle are

respectively, where r is the radius vector, and p the perpendicular from the

origin to the tangent.

9. A circular disk is set spinning with angular velocity o> about a vertical

diameter, on a smooth horizontal plane ; prove that the condition for stability is

a)
2 > Mga/A,

where A is the moment of inertia about a diameter.

10. A sphere whose centre of mass coincides with its centre of figure, but

whose principal moments at that point are J, A, <?, is set rolling along a hori-

zontal plane with angular velocity to, in a direction at right angles to its axis

of unequal moment, which is horizontal. Prove that if this state of steady
motion be slightly disturbed, the period of a small oscillation about it is

A(A+Ma*)} 27T

C(C+Ma*}}' a,'

where M is the mass, and a the radius.

11. A solid of revolution has an equatorial plane of symmetry, and is rolling

in steady motion on a horizontal plane, with angular velocity o> about its axis

which is horizontal. If the motion be slightly disturbed, the period of a small

oscillation is STT/O-, where

_CC'?-Mg(a-p}A
AA'

where a is the radius of the equatorial circle, p the radius of curvature of a

meridian at the equator, and A'=A + Ma2
,
Cf=C+Ma*.
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12. A solid of revolution is placed with its axis vertical on a rough hori-

zontal plane, the height h of the centre of gravity being greater than the radius

of curvature p at the point of contact, so that the position is unstable in the

absence of rotation. Prove that if it be set spinning about the vertical axis with

angular velocity o>, the condition for stability is

4
~~

if A', A', C are the principal moments of inertia at the point of contact.

13. If in Ex. 12 the plane be smooth, the condition is

if A, A, C are the principal moments at the mass-centre.

14. Investigate the small oscillations of a rolling wheel about a state of

steady motion, in the two cases of Art. 68, by the intrinsic equations of Art. 55.

15. A rigid body contains a rotating flywheel, whose axis is fixed rela-

tively to it. Prove that the modified form of Euler's equations is

Give the precise definitions of A, B, C, a, ft y.

16. A system of particles is moving in any manner, and axes Got, Gy, Gz

move about the mass-centre so as always to coincide with the principal axes of

inertia at that point. Prove that the requisite angular velocities are

2m (yw +zv) 2m (zu + xw] ^,

~C^B ' A^C '

~

B-A '

where (u, v, w) is the velocity of a particle m at (#, y, 2), and A, B, C are the

instantaneous values of the principal moments.

Prove that . = 2 *m(yv+ zv}}, etc., etc.



CHAPTER X

GENERALIZED EQUATIONS OF MOTION

72. Generalized Coordinates and Velocities.

Suppose we have a dynamical system composed of material

particles or rigid bodies, whether moveable independently or con-

nected in any way, subject to mutual forces, and also to the action

of any given 'extraneous' forces, i.e. forces exerted from without on

the system, Any given configuration* can be completely specified

by the values assumed by a certain finite number n of independent

quantities, called the 'generalized coordinates' of the system. These

coordinates may be chosen in an endless variety of ways, but their

number is determinate, and expresses the number of degrees of

freedom of the system. We denote the coordinates by ql} qz ,
. . .

, qn .

It is implied in the above description that the Cartesian co-

ordinates x, y, z of any given particle m are definite functions of the

<?'s,
these functions varying of course from one particle to another.

Hence
dx . dx . dx .

dz . dz . dz

The velocity of every particle of the system at a given instant is

thus completely determined when we know the configuration, and

the time-rates of variation, viz. qlf ^2 , ..., q.n ,
of the coordinates.

These rates are called 'generalized components of velocity.'

If we employ the sign 2 to denote a summation extending over

all the particles of the system, the kinetic energy T is given by
the formula

2T = 2m (x* + 2/
2 + z2

)
= au q? + a^qf + . . . + Za,,?,?, + ...,.. .(2)

* This term is meant to include position in space, as well as the relative positions
of the parts of the system.

L. H. M. 12
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^ (dx dx dy dy dz dz}ar8
= 2, 1^-

-- + ^- ,/- + ^ }
= a*..

Thus T is expressed as a homogeneous quadratic function of the

generalized velocities. The coefficients arr ,
ars are called the

'coefficients of inertia' of the system; they are in general not con-

stants, but functions of the coordinates qr ,
and accordingly vary with

the configuration.

. They are subject to certain algebraic limitations, which are

necessary to ensure that the expression (2) shall be positive for all

values of the velocities other than zero. If we write

.................. (4)

and denote by An_j the determinant obtained by omitting the first

row and column, by Aw_2 that obtained by omitting the first two

rows and columns, and so on, the necessary and sufficient conditions

are that the determinants

An ,
AM_!, ..., Ag, A!

should all be positive*.

73. Components of Momentum and Impulse.

Any given state of motion of the system through a given con-

figuration may be imagined to be generated instantaneously from

rest by the application of suitable impulsive forces. If (X', Y', Z')

be the requisite impulse on a particle ra we have

mx=X', mij= F', mz = Z' (1)

If we multiply these equations by dx/dqr , dy/dqr , dz/dqr , respectively,

and add, and then perform the summation 2 we have

Pr-Qr', (2)

* See Williamson, Differential Calculus, ad fin., and Burnside and Panton,

Theory of Equations, chap. xvi.
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*-*(*|+*|

v-
The quantity pr is called a 'generalized component of momentum/
and Q,' a 'generalized component of impulse.' It is evident that in

calculating Qr

'

we may omit all forces X', Y', Z' which are such that

finite forces proportional to them would do no work in any infini-

tesimal displacement consistent with the connections of the system.
Cf. Art. 78.

If in (3) we substitute the values ofx
t y, z from Art. 72 (1) we find

pr = alrq1 + a2r q2 + ...+anrqn , ...............(5)

but the momenta in any given case are most easily calculated from

the formula

which is obviously equivalent to (5).

By Euler's theorem of homogeneous functions we have

... +pn qn)................ (7)

Ex. Take the case of a single particle referred to spherical polar co-

ordinates.

In the notation of Art. 3 the kinetic energy is given by

r=|7n(f
2+ r2 2+ r2 sin2 0^)......................... (8)

The generalized components of momentum are accordingly

, ,
................... (9)

or W d\jr

The first of these expressions is recognized as the momentum of the particle
in the direction of r, the second as the angular momentum about an axis per-

pendicular to the plane of 0, and the third as the angular momentum about

the line OZ from which 6 is measured. They might have been obtained,

though less simply, from the formula (3), writing

./ = /
i sin ^cos^r, y=rsin dsin^r, ,?=rcos0.............(10)

12-2
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74. Reciprocal Relations.

The formula (5) of Art. 73 leads to an important reciprocal
relation between any two states of motion through the same con-

figuration (qi,q2 ,
. . .

, qn).
Let the velocities and the momenta in one

of these states be denoted as above, whilst those corresponding to the

other state are distinguished by accents. The relation in question is

Piqi +pA* + +pn qn
' =

Pi'qi + pi q* + . . . + pn
'

qn . - -CO

Each of these expressions is in fact equal to

Outfit' + &<?'+ + 012(21 ft' + &'<J2) + ..........(2)

If we assume that all the components of momentum vanish

except those corresponding to the coordinates qr , q8 ,
we have

Prqr'+P*qs=prqr +Psq8> ...............(3)

If, further, we make ps
= 0, pr

' = 0, we have

Pr Ps

The interpretation of this result is simplest when the coordinates

qr , qs are both of the same kind, e.g. both lines, or both angles. The
theorem then asserts that the velocity of type s generated by an

impulse of type r is equal to the velocity of type r generated by an

equal impulse of type s.

Ex. 1. Suppose we have any number of bars A B, BC, CD, . . .
, freely jointed

at the points B, C, D, . . .
, any one of which may be supposed fixed. For sim-

plicity we suppose the bars to be in a straight line. The two coordinates qr ,

qa may be taken to be the displacements, at right angles to the lengths, at any
two points P, Q of the system. The theorem then asserts that the velocity of

Q due to an impulse at P is equal to the velocity of P due to an equal

impulse at Q. Again, if we use angular coordinates, the angular velocity of

any bar HK due to an impulsive couple applied to any other bar BC is equal
to the angular velocity of BC due to an equal couple applied to HK. Finally,
as an instance where the coordinates are of different kinds, we infer that if an

impulse applied at any point P of BC generates an angular velocity o> in

HK, an impulsive couple go, applied to HK would produce the velocity o>a

at P [D. 108].

Ex. 2. If an impulsive couple H, applied to a free rigid body about an axis

(I, m, n\ ger^erates an angular velocity whose component about an axis (', m', n'}

is co, the same couple about (I, m', ri) will produce an equal angular velocity o>

about (19 m, ri).
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If the principal axes at the mass-centre be the axes of coordinates, we find

mm'

nnf

The symmetry of this relation verifies the theorem.

75. Theorems of Bertrand and Kelvin.

With the same notation as in the preceding Art. we have, by
Art. 73 (7),

= J 2r (pr-pS) (qr + ?/)
- 2r fa*' ~P/ jr), -(I)

identically, where the symbol 2r indicates a summation embracing
all the suffixes*. Now, by the reciprocal theorem,

SrCprtfr'-p/jrHO......................(2)
Hence

T-T' = 1s2r (pr +pr')(qr -qr'), ............(3)

and, by a similar proof,

T-r^^r (pr -pr')(qr +qr').............(4)

From these we can deduce two important theorems in which the

kinetic energy of the system when set in motion by given impulses,
or (again) with prescribed velocities, is compared with the energy

acquired when the system is constrained in any way.

Let us suppose, in the first place, that the system is started by

given impulses of certain types, but is otherwise free. We may
suppose that by a linear transformation, if necessary, the coordinates

are so adjusted that the constraint is expressed by the vanishing of

certain coordinates of the remaining types. We have, from (4),

= J 2r (pr -pr) (qr
~ &

If the accents be taken to refer to the constrained motion we have

pr =pr
'

in those types for which the impulses are prescribed, whilst

the velocities qr
'

vanish in the remaining types. Thus

T-T' =&r (pr -pr')(qr -qr')................(6)

The right-hand side is the kinetic energy of a motion in which the

velocities are qr qr', and is therefore essentially positive. The

* This will not be confused with the previous use of S (without a suffix) to

denote a summation over the particles of the system.
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energy generated by given impulses is therefore greater than if the

system had been constrained, by an amount equal to the energy of

the motion which is the difference between the free and the con-

strained motions. This theorem was first given in its complete form

by Bertrand. A good example is furnished by Euler's problem
(Art. 44).

Next suppose that the system is started with prescribed velocities

of certain types, by means of suitable impulses of those types, but

is otherwise free. From (3) we have

We have qr
=

qr
'

in the types where the velocities are prescribed,
whilst the momenta pr vanish in the remaining types. Hence

T'-T=^r (pr
-
Pr')(qr -qr')................(8)

The energy acquired when the system is started with prescribed
velocities is therefore less than if the motion had been constrained,

by an amount equal to the energy of the motion which is the

difference between the free and the constrained motions. This

theorem is due to Kelvin*.

Another proof of the above theorems is given in Art. 77. For

the statical analogues see Art. 87.

Ex. Take the case of a waggon containing a number of bodies which are

free to roll about, or to swing like pendulums. A given horizontal impulse on

it will generate more energy than if the relative motion of any of the contained

bodies had been prevented. On the other hand, it requires a smaller expendi-
ture of work to produce a given velocity of the waggon.

For instance, suppose that the waggon carries (transversally) a single

cylindrical roller of mass ra, radius a, and radius of gyration K. It is easily

found that the impulse necessary to produce a given velocity u of the waggon is

.................................... (9)

where M'=M+, ..............................(10)

if M denote the mass of the waggon alone, allowance being made for the

rotatory inertia of the wheels. The formula %u for the energy generated may
be put in either of the forms

jj, or p/V............................... (11)

Since J/'<M+m, the theorems are verified.

* Proc. R. S. Edin,, 1863.
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This example illustrates Rayleigh's remark that the effect of a constraint

is (in a genrnil smsr; t< im-nM.sc tin- //////</ ..fa -

76. Velocities in terms of Momenta.

If in Art. 75 (3) we put <//
=

qr + &qr , where Bqr is infinitesimal,

we have
ST=2rPr Sqr ,

........................(1)

and therefore, since the variations Sqr are independent,

as in Art. 73.

Since the momenta are linear functions of the velocities, we can

evidently by algebraic solution express the velocities as linear

functions of the momenta. Substituting in Art. 73 (7), we obtain

an expression for the kinetic energy as a homogeneous quadratic

function of the momenta. Denoting it in this form by T\ we have

2r = A up*+AvpJ+... + 2A l2p lp2 +..., ......(3)

where A rr ,
A r8 are certain coefficients depending on the con-

figuration.

If now in Art. 75 (4) we put pr

' = pr + &pr ,
we have

sr-s^sp,., ........................(4)

and therefore

*-;.........................

This gives the velocities due to specified impulses*. Thus

qr
=Al,p1 +At,pi + ... + Anrpn .............(6)

The coefficients A^, A rg have accordingly been called the '
co-

efficients of mobility' of the system.

Ex. In the case of a uniaxal body moveable about a fixed point we have

(Art. 33)
2y-4 (0

2+ sin2 0^2
) + (?(< + cosW................... (7)

The component momenta are accordingly

(8)

We recognize X as the angular momentum about an axis through the fixed

point 0, normal to the plane of 6
; p.

is the angular momentum about the

vertical OZ; and v that about the axis OC of kinetic symmetry.

* The formula is due to Sir W. K. Hamilton ; see Art. 82.
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In terms of A, /*,
v we have

whence the relations

, ar
;

ar . ar
*=

^A' *=^T' *= -a7
........................ <

10
)

are easily verified.

77. The Routhian Function.

We may notice at this stage an important modification of the

above procedure which was instituted by Routh and Thomson
and Tait, although the full advantage of it will only appear later

(Art. 83). Instead of expressing the kinetic energy in terms of the

velocities alone, or in terms of the momenta alone, we may express
it in terms of the velocities corresponding to a certain group of the

coordinates, say qlt q2 , ..., qm ,
and the momenta corresponding to

the remaining coordinates, which (for the sake of distinction) we
will denote by x> x'> %", ____

The formulae for these latter momenta are

_dT ,_dT ,,_dTK . ,
K ^ / >

& f\ . // ....... ...... \ -* /
dx a% dx

Modifying for the present purpose a procedure due to Hamilton,
Routh introduced the function

R=T- KX - K
'

x'- K"x"- .............
.-

.....(2)

or, as we may write it, by Art. 73 (5),

R =4 (Mi +P& + +pmqm -KX- *'x'
~
*"x"

~ .) -(3)

Hence, if we denote by 8 a variation affecting the velocities, and

therefore also the momenta, but not the configuration,

where the summation S includes all the degrees of freedom. By
the reciprocal theorem of Art. 74 we have

Hence SR = %(pr8qr x&><)......................(6)

Now the equations (1) when written out in full determine x> X>X"> - -

as linear functions of /e, K, K", ... and the velocities ql} q2 , ..., qm .

Hence R can be expressed as a homogeneous quadratic function of
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these two sets of quantities. On this supposition, we have from (6),

since the variations Sqr and BK are now independent,

*-f| < 7 >

dR . , uR .,, dR
and Y = Y ==

7 > V == "*
o~~7/ \"/

An important result is that if the kinetic energy be similarly

expressed it reduces to the form

yr
fTfr . ~tr ^Q\

where is a homogeneous quadratic function of the velocities

<ji> ^ --> <jm alone, whilst ^Tis a similar function of the momenta

ic, K, K", alone. For, in virtue of (8) we have from (2)

dR

and it is evident that the terms in R which are bilinear in

respect of the two sets of variables
cj,, <j2 , ..., qm and K, K', tc", ...

will disappear from the right-hand side. The coefficients in the func-

tions
,
K will of course depend in general on the configuration.

The formula (9) shews that the kinetic energy would be un-

altered if the velocities qlt q2 , ..., qm were all reversed, the momenta

K, K, K", ... being unchanged.

We can also derive an immediate proof of the theorems of

Bertrarid and Kelvin discussed in Art. 75. Let us suppose, in the

first place, that the system is started from rest by given impulses
of certain types, but is in other respects free. The former of the

two theorems asserts that the kinetic energy is greater than if by

impulses of the remaining types the system were constrained to

take any other course. We may imagine the coordinates to be so

chosen that the constraint in question is expressed by the vanishing
of the velocities qlt q2 , ..., qm , whilst the given impulses are

K, K', tc", .... Hence the energy in the actual motion is greater than

in the constrained motion, by the amount {.

Again, suppose that the system is started with prescribed

velocity-components qlt q^ } ..., qm by means of proper impulses of

the corresponding types, but is otherwise free, so that in the actual

motion we have K = 0, K' = 0, K" =(),..., and therefore K = 0. The

energy is therefore less than in any other motion consistent with
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the prescribed velocity-conditions, by the value which K assumes

when K, K, re", . . . represent the impulses due to the constraints.

This is Kelvin's theorem.

78. Lagrange's Equations.

To form the general equations of continuous motion we start

with the equations of motion of an individual particle, viz.

mx = X, my=Y, mz = Z. ..................(1)

Multiplying these by dx/dqr , dy/dqr) dzldqr , respectively, and adding,

and summing the result for all the particles of the system,

+ . ,.(2)
dqr

y
dqr dqj \ dqr dqr dq

Now, referring to Art. 72 (1), we have

d fdx\ _ d*x . d*x .

dt (dqj
~

dqidqr
* '

d -dx dx . dx . \ dx

the differentiation with respect to t being 'total/ Hence

.. dx _ d f . dx \ . d / dx\^~ x

d ( . dx\ . dx

with similar relations. Thus

.. dx .. dy .. dz
^-+y L̂ + z-^-
dqr

y
dqr dq

d ~ f . dx . dy . dz\ ^ f . dx . dy . dz\= -r,2m (x~ + y-
L̂ + z^-\ -Sma7^-+2/^-+^^

dt \ dqr
9
dqr dqrj \ dqr dqr dqr /

_dpr dT

-~dt~djr
'

'

by Art. 73 (3).

If we calculate the work done by the forces on the system in

an infinitesimal change of configuration, we find

^= 2 z +F^ ...................(7)
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These quantities Qr are called the 'generalized components of

force* on the system. The symbols X, V, / in (1) are supposed to

include all tin- forces, of whatever origin, which act on the particle

m; but in calculating the value of any g'in-r;ili/-d oinnjjonent Qr

\\c may of course ignore all forces, such as the internal forces of a

rigid body, or the reactions between smooth surfaces in contact,

which on the whole do no work.

The equation (2) may now be written

dpr dT_

dt\^
If in this we put r = 1, 2, 3, ..., n in succession, we get the n in-

dependent equations of motion of the system, in the form given by

Lagrange, with whom the first conception, as well as the formula-

tion, of a general dynamical method applicable to all systems of

finite freedom appears to have originated*.

In any small change of configuration of a ' conservative
'

system
which is free from external force we have

where V is the potential energy. Hence

Lagrange's equations then take the formf

dt \dqr dqr dqr
'

To verify the equation of energy, we have from Art. 73 (7)

2T=2rPrqr , ........................(13)

*
Mecanique analytique, 1st ed., 1788. The original investigation is reproduced

below in Art. 101. The proof in the text was given by Hamilton (Phil. Trans., 1835,

p. 96), and afterwards independently by Jacobi in his Vorletungen Uber Dynamik

(1842), by Bertrand in the notes to his edition of Lagrange (1853), and by Thomson
and Tait (2nd ed. 1879).

t Since V does not involve qr the equation may be written

1 8Jj_?i
dtdqr ~dqr

'

where L = T- V. This function L is sometimes called the 'Lagrangian function,'

or the ' kinetic potential
'

(Helmholtz).
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where 2r is used as before to denote a summation extending over

all the coordinates. Hence

or

This expresses that the kinetic energy increases at a rate equal to

that at which work is being done by the forces. In the case of a

conservative system free from external force the formula becomes

the equation of energy.

If we integrate the equation (8) from t = to t = T, we have

where the square brackets are meant to indicate that the excess of

the final over the initial value of the enclosed quantity is to be

taken. In the case of instantaneous generation of motion from rest

the first integral disappears, since dT/dqr involves the coordinates

and the velocities only, and is therefore essentially finite. Hence

Pr=Qr, ...........................(17)

where Q/-*-sx' + F + * ,
......(18)

as in Art. 73.

79. Applications of Lagrange's Equations.

The use of Lagrange's equations may be exemplified by apply-

ing them to one or two problems which have already been treated

in other ways.

Thus, to form the equations of motion of a particle in terms of

spherical polar coordinates, we have on reference to Art. 73 (8)
om

=m (r + r sin2 2

),
~ = mr* sin # cos

cr ou
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The equations of motion an- thrn-fon-

/// (r ru'
2 r sin-

*/
dt

(m

d

- 7/ir
2 sin

= R,

= B,

whore R, ,
are the generalized components of force. The defi-

nition of these latter quantities is that the expression

R&r+&M + Vty (3)

is to be equal to the work done in an arbitrary infinitesimal dis-

placement. Hence R is the radial component of the force on the

particle, <s) is the moment of the force about an axis through
normal to the plane of 6, and is the moment about OZ.

In the case of the spherical pendulum we have

r = l,
= -mglsin0, ^ = (4)

The second and third of equations (2) then become

0-sin0cos0^
2 =

-|sin0,
siuz 0^ = h, (5)

which are the usual equations of the problem [D. 103]. The first

of equations (2) determines the tension (mg cos R) of the string.

In the case of the top we have, by Art. 33 (6),

(6)

(7)

The formulae for the component momenta X, yu,
v have been given

in Art. 76 (8). Again

=A sin 6 cos cos d) sin

(8)

The formula (12) of Art. 78 accordingly gives

AS - A sin cos 0^2 + <?(</> 4- cos 0$) ^sin0 = Mgh sin 0,
'

cos ^J
= 0,[A sin2 cos

...(9)
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The last two equations express the constancy of the components

p, v of momentum. Hence

AO A sin 6 cos + v sin 6^r = Mgh sin B
t \

*. )

Of. Art. 57.

The theory of the top has been developed from these equations in Art. 57,

but the following deduction for the case of the nearly upright top may be

inserted for the sake of comparison with Art. 58.

We may now put

sin =
0, cos = 1 |0

2
,

approximately. The resulting equations may be written

H .. ...(ii)
2
^= const.,

where x =<^~\ vtl^ (12)

We may regard 0, ^ as the polar coordinates of the horizontal projection of a

point on the axis of the top, relative to an initial line which revolves with the

angular velocity ^ v/A. The relative motion of such a point is therefore elliptic-

harmonic, with the period
4:7rA

provided v'
2
>4AMgh.

Some further examples are appended.

Ex. 1. To deduce Euler's equations of motion of a rigid body about a

fixed point.

In the notation of Art. 33 (5) we have

p=0sin (f> \^sin 6cos<p, q= 6cos(f>+ \^sin0sin^>, r= + ^ cos 0,

...... (14)

and 2T=Ap2+ Bq2+Cr2
............................ (15)

Hence |?= Or ~--=Cr, .......................................... (16)
00 C(f>

Also, if the work done in an infinitesimal displacement be denoted by

.............................. (18)

it is plain from Fig. 32, p. 83, that $ is the moment of the external forces

about the axis OC, usually denoted by iV.
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Lagrange's equation
ddT dT-*
5a i

accordingly becomes

N. ...........................(20)

Since it is indifferent which of the principal axes at the fixed point we
denote by 0(7, the remaining equations of Euler's triad will also hold.

Ex. 2. In the steam-engine the driving power is usually controlled by some
form of 'centrifugal governor.' The original type,
introduced by Watt, is shewn in the annexed sketch.

The spindle to which the arms carrying the two balls

are hinged rotates at a rate proportional to the speed
of the engine. When this rotation is uniform the

balls, under the action of gravity and centrifugal

force, take up a definite 'equilibrium' position de-

pending on the speed. If the speed increases the

balls diverge outwards, raising the collar c to which

the lower arms are connected, and thus operating
a system of levers which turn a valve so as to reduce

the supply of steam. Conversely, when the speed

diminishes, the collar descends, and the supply is reinforced.

If 6 denote the inclination of the upper arms to the spindle, and ^ the

angular velocity about the vertical, the expression for the kinetic energy has

the form
27T=^2+ /ip, (21)

where A and / are functions of 6. The coefficient / is supposed to include a
term representing the inertia of the engine and of the train of machinery in

connection with it. Lagrange's formula gives

d

and (/>-*i .................................... (23)

where V is the potential energy of the governor, and represents the excess

of driving power over resistance. If this excess vanishes when the valve has

the position corresponding to 6= a we may write, as an approximation,

*= -0(0- a )..................................(24)

For steady motion we must have =
a, ^=^ where <*> is determined by

Since this involves the above value of 0, the speed o> will vary with any per-
manent change in the driving power. The contrivance does not therefore main-
tain a constant speed independent of variations in the driving power, and it
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was therefore suggested by Maxwell that it should properly be called a 'mode-
rator' rather than a 'governor.'

To examine the effect of accidental disturbances of the steady motion, we
write

6=a+x, f= w+y, ,...(26)

and treat x, y as small. If we cancel the terms which refer to the steady

motion, the equations (22) and (23) become

A'x-\l"^x-r^y-\-V"x=^ (27)

/?/+ /'<. +/3#= 0, (28)

where accents indicate differentiations with respect to 0, and the coefficients

are supposed to have the constant values corresponding to 6= a. Assuming
that x and y vary as e^, we find

JA3+ {/(F"-|/V) + /'2a>2}X+7'/3<o= (29)

It is essential of course that the governor should be stable when the speed <> is

maintained constant. The condition for this is*

F"-/'o>2 >0 .(30)

This being satisfied, the coefficients in (29) are all positive. There is therefore

one negative, and no positive root. Since the sum of the roots is zero, the

remaining roots must be imaginary with positive real part. The complete

solution of (27) arid (28) therefore consists of terms of the types e~ 2
^, #* cos vt,

e^siuvt. The latter pair indicate an oscillation of continually increasing

amplitude.

This instability is checked to some extent by the inevitable friction between

various parts of the mechanism, but in order definitely to eliminate it a viscous

resistance is sometimes expressly introduced, opposing variations of 6. This

may be represented by inserting a term ydB/dt on the right-hand side of

(22), and therefore a term yx in (27). The resulting equation in X is

^/X3
-fy/X

2
-f{/(F"-|/'co

2
)-f/

/2
a,

2
}X+ /^a,= (31)

There is obviously one negative root, as before. The condition that the re-

maining roots should be negative, or imaginary with negative real part, ist

yi{i(V"-\r<j}+r*<o*}>Airp<, (32)

which is satisfied if the frictional coefficient y is sufficiently great.

* In the problem of Art. 80, Ex. 1, we have

V - mga cos 0, I=ma? sin2 9,

and therefore V" -
$ Z'o>

2=mu2a sin2
6,

in the position of relative equilibrium, where cos d g/u^a. A closer analogy to the

circumstances of Watt's governor is furnished by Ex. 3 of Art. 80.

f If a, /3, 7 be the roots of the cubic

x3
+p\x* +p2x + ps= 0,

we have (/3 + 7) (y + a) (a + p) =p3
-
pipz .
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SO. Varying Relations.

It was assumed in the proof of Lagrange'a equations that the

geometrical relations which <l-t<-rnim<- tin absolute position of any

given particle of the system in terms of the generalized <-<inlinate8

are ofinvariable form, It was shewn h\\vvrr l>y Vi.-i 11<- (1849) that

the equations retain their form when the relations in question vary

continuously with the time, being now of the type

# =/(*,<?,, ft,..., <?), ?/
=

tf(*>?i>ft> >?)> * = A (*> ft, ft, >?).

......... (1)

The functions are of course different for the various particles.

We have, in place of Art. 72 (1),

dx dx . dx . dx
^T + o~ #1 + 5~ ft + - + 5~~
9 9<7i 9^2 9^

(2)

Hence

9/7T i 9 /
^J-o 1" ^ V

"T" ^11 5l
2 + ^ft

2 + + 2C112 ^! ^3 + . . .
, (3)

where

and the coefficients arr , a rs have the same algebraical forms as in

Art. 72 (3), but now involve the time explicitly, as well as the co-

ordinates.

Hence if all the roots be negative we have pip2>P3- If they are -
X, /* tV, we have

and the condition that n should be negative is, again, pip^>P3> Conversely, if

Pip>p3, we cannot have imaginary roots with real part positive, whilst positive

real roots are excluded if all the coefficients of the cubic are positive.

L. H. M. 13
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We write also

dx . dy . dz\

dqr dqr dqr)

r...+anrqr , (6)

whence Pr = ^- ............................CO
dqr

Again, we have

d

dt dq dtdqr dq

d dx

. . .

i * " ^

by (2). The investigation of Art. 78 then applies without further

modification to shew that

_rfar_ar_ a ,

dtdqr dqr
-Vr>

as before.

It is to be noticed, however, that the formulae (14) and (15) of

Art. 78 no longer hold. In particular the energy of a conservative

system is no longer constant.

It was pointed out by Hayward that the present case can be

brought under the type contemplated by Lagrange by the intro-

duction of a new coordinate
</>

in place of t, so far as t appears

explicitly in (1) and in the formulae derived from them. Putting

_., fix dx dy dy dz dz\
Or = Zm ( ^r o~ + oT o + ^1 * )>

\$$ dqr d(f> t>qr d<l> dqr /

we have
2r= o (^

2 + 2 (a^j + az qz + . . . + anqn)
<

+ au q^ + a&qf + . . . + 2a12^ q.2 + ...... ,(12)

Lagrange's equations (Art. 78) then lead to (10), with the additional

equation
d dT dT

where <J> is the generalized component of force corresponding to
</>.

We may suppose <E> to be so adjusted as to make < = 1
;
and nothing
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will then be altered in the preceding equations if we write t for
<f>

before, instead of aft< i. th. differentiations.

The reason why the ordinary equation of energy does not hold

is now apparent. We should need to add to the formula (14) ofArt.78

a term 4><. This represents the rate at which work is being done

by the constraining forces which are required in order to keep <

constant.

Ex. 1. A particle moves in a smooth circular tube which is free to rotate

about a vertical diameter.

If 6 be the angular distance of the particle from the lowest point, ^ the

azimuth of the tube, we have

2T=ma* (0
2+ sin2 0^2

) + 4/<P, .....................(14)

where a is the radius, and / the moment of inertia of the tube about the verti-

cal diameter. The equations of motion are therefore

ma2
(6
- sin B cos 0ip)= 0,

]

d ...(15)

=*.j

Now suppose the tube constrained to rotate with the constant angular

velocity o>. The last equation becomes

= 2wa2a>sin0cos00............................(16)

This gives the varying couple which must be applied to the tube to maintain

the angular velocity constant. The remaining equation

wa2
(0-o>

2
sin0cos0) = e ........................(17)

is the same as if the tube were at rest, and a centrifugal force wio>2a sin 6 were

to act on the particle from the axis of rotation. It might have been obtained

at once by applying Vieille's theorem to the expression for the kinetic energy

of the particle, viz.

27\ =wa2
(

2+ a>
2 siii2 0).........................(18)

Since the potential energy is

K= -?n#acostf, ..............................(19)

we may verify that

3<*rf ?)-*> ..............................(20)

in accordance with a remark made above.

Ex. 2. To form the equations of motion of a particle referred to rotating
axes.

If Xj y, z be the relative coordinates, the axis of z being that of rotation,
we have

(21)

132
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where &> is the angular velocity. Hence

m (x
-

coy)
- w (if+ a)*')

= X,

(22)

These reduce to well-known forms. In particular, if o> be constant, the first

two equations become

Ex. 3. A rigid body is free to swing about a horizontal axis COG', and is

symmetrical with respect to a plane meeting this axis at right angles in 0.

This axis is constrained to rotate about the vertical through 0, with the con-

stant angular velocity a>. The line joining to the mass-centre G is assumed

to be a principal axis at 0.

The expression for the kinetic energy is got by putting =
^7r, -^=o>t in

Art. 33 (3), (4). Thus

2^=^w2 sin2 + 5w2 cos2
< + <70

2
,

.................. (24)

where C is the moment of inertia about COC'
t
B that about OGf, A that about

the normal at to the plane GCC ',
and is the inclination of OG to the

vertical. If OG=h, we have

F=-%Acos< ...............................(25)

Lagrange's formula then gives

C(j)-(A-B}o>
2
sin<f)C08(t>=-Mghmn<f>................(26)

The possible steady motions are given by < = 0, < = TT, and

but the latter case can only occur if

\A-B ?>\Mgh\ ............................(28)

The reader will find it an interesting exercise to examine the stability of

the various steady motions.

Ex. 4. A pendulum symmetrical about its axis hangs by a universal flexure

joint from a vertical spindle, which is made to rotate with constant angular

velocity o>.

In the notation of Art. 33, Ex. 2, we have

.(29)
F= - " " "

where h is the depth of the mass-centre below the suspension when the

pendulum is vertical.
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range's formula can now lx> applied, but we will consider at present

only the case of .small oscillations ali.ut tin- vertical. We write

.r=sin0co8^, y=sin sin
>//, ..................... (30)

so that ./, //
-uv tin- hori/ontal coordinates of a point on th- axis. Hence

\\ < have, then, with suhVient approximation, since Q is assumed to be small,

2T-A (i*+y*)-C<*(xy-yx) +u>t^
2 V= Mgh (x*+/) + const.

The equations of small relative motion are therefore

.(33)

These are identical, as we should expect, with Art. 58 (1), if we allow for the

different convention as to the sign of h.

8 1 . Equations of a Rotating System.
A general formula for the equations of motion of a dynamical

system relative to axes which are rotating with a constant angular

velocity is obtained as follows.

Taking the axis of rotation as axis of z we write

2T7 = 2m {(x
-

o>y)
2 + (if + o>#)

2 + *2

)

= 2ro + 2fi)Sm(a?y-y)4-2, ............ (1)
where

(2)

(3)

If the relative configuration be determined by the generalised co-

ordinates qlt q2 ,
. . .

, qn , & will be a homogeneous quadratic function

of the corresponding velocities, viz.

2^ = an g1

2 + a2272
2 +...+2a12g1 ^+..., .........(4)

where the coefficients an., ars have the same forms as in Art. 72 (3).

f& denotes, in fact, the kinetic energy which the system would

possess in the absence of the rotation &>. T
,
on the other hand,

denotes the energy of the system when rotating in relative rest, in

a given configuration; it involves the coordinates only. As regards
the remaining term in (1) we have

.........(5)

where
oqr oqr/
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Hence
d dT d fi1& \_ ___ _

I
_. l_ *y

I

dt dqr dt \dqr /

dT a a*, a* a, ar,
^

= ~--r ~ QI + ~ QI+ ... + TN <7+ ~ ....... (o)
dqr dqr dqr

*
dqr

*
dqr

*
dqr

The typical equation of motion is therefore

.

where

A, =^_^ = 2o,2mi^\ ............. (10)
dq, dqr d(qs,qr)

It is particularly to be noticed that

/5rr
= 0, pn = -0M....................... (11)

The structure of the equation (9) is exemplified in Ex. 2 of

Art. 80. The formula may also be derived ab initio from Art. 80

(23) by the method of Art. 78.

Referring to the equations just cited, we have

2m (xx +yy + zz) o)
2Sm (xx -\-yy)

= ^ (Xx + Yy + Zz),

.........(12)
or, in generalized coordinates,

^<p-T.)
= Qlql + Q,q,+ ,..+Qnq .......... (13)

In the case of a conservative system free from external disturbance

this leads to

. , ^+ V- T, = const, .....................(14)

which takes the place of the equation of energy. The term T
may be called the potential energy of centrifugal force.

The formula (13) may also be derived from the equations of

type (9): cf. Art. 78. It follows also from a consideration of the rate

at which work is done by the constraining forces
;
see Art. 80.

82 . Hamiltonian Equations of Motion .

In the Hamiltonian form of the equations of motion of a con-

servative system the kinetic energy is assumed to be expressed in

* Thomson and Tait, 2nd. ed., Art. 319.
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berma f the momentn />,,/>2 , ...,/> HIM! tlu> coordinates g,,ft, ...,gw

as m<l<'|><'n<l<-nl
variables. 1 )-M,,I intf it in this form by !T,and em-

ploying T in the former sense, i.e. as a function of the velocities and

tin- coordinates, we ha\

Hence, using now the symbol 8 to denote a complete infinitesimal

variation, affecting the coordinates as well as the velocities and

momenta,
/ 7\T 7)7' \

Sr = 2,
(p

T &q, + qjpr ~gty
-
g?r)

......(2)

by Art. 73 (6). Since pr , qr are the independent variables in T it

follows that

ar

as already proved in Art. 76, and also that

^ =-^ ...(5)
oqr dqr

Hence the Lagrangian equation (12) of Art. 78 transforms into

^ = -i-
(r+7)......................(6)

if ^=r + F, ...........................(8)

i.e. H denotes the total energy of the system, expressed in terms of

the coordinates and the momenta.

If we join to (7) the equations of type

which follow at once from (4), since V does not involve pr ,
we have

a complete system of 2n differential equations of the first order

for the determination of the motion*. This has been termed the

'canonical form' of the equations of motion of a conservative system.

* Sir W. B. Hamilton 'On a General Method in Dynamics,' Phil. Tran*., 1834.



200 HIGHER MECHANICS [x

The equation of energy is at once verified, thus

dH

from (7) and (9).

The Hamiltonian transformation is extended to the case of

varying relations as follows. Instead of (8) we write

H =^qr -T+V, ..................(11)

and imagine H to be expressed in terms of plt p2 , ..., pnt the co-

ordinates qlt q2 , ..., qn> and the time t. The internal forces of the

system are still assumed to be conservative, with the potential

energy V. Performing the variation 8 on both sides of (11), we find

SH=ZrqrSpr -Sr ~(T-V)Sqr ,
............(12)

terms which cancel in virtue of the definition of pr being omitted.

Since the variations $pr , Bqr are independent, we have

Hence, by Lagrange's formula, as extended by Vieille,

dH

The equations (13) and (15) have the same form as (9) and (7), but

H is no longer equal to the energy of the system.

83. Cyclic Systems.

A '

cyclic
'

or
'

gyrostatic
'

system is characterized by the following

properties. In the first place there are certain coordinates, which

we denote by %, %', ^", ..., whose absolute values do not enter into

the expression for the kinetic energy, but only their rates of variation

%, %', x"> Secondly, there are no forces of the types of these

coordinates. This case arises, for instance, when the system includes

gyrostats which are free to rotate about their axes, the coordinates

in question then being the angular coordinates of the flywheels
relative to their frames.
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Coordinates of thifl character'are called 'cyclic*.'
The remaining

coordinates <>f tli. system, say </,, 7, ..... qtn , may be distinguished

as 'palpable'; in many practical <|ii<
-si i. MIS they an- the nly

ordinates which are directly in evidence.

In virtue of the above assumptions, the Lagrangian equations

corresponding to the cyclic coordinates reduce t<>

dST_ ddT_ ddT_
55*

0> Sa#~ did?''
Hence

ST_ VT_ , VF_

9*~ 9*'

=

%''"

where K, tc'
y K", ... are constants, viz. the constant momenta of the

types in question.

The equations (2), if written out in full, would be linear in respect

f X> X> x"> -" and
<?i> <?2, > <jm- Solving them, we could express

%> X> X,">
"- as linear functions of K, K, K", ... and ql} qz , ..., qm .

Substituting in the remaining Lagrangian equations, we should

obtain m equations to determine qlt q.2 , ..., qm . We proceed to

ascertain the general type of such equations.

We write

^T-KX-KX'-"'*''-.- ............... (3)

as in Art. 77, and imagine R to be expressed as a homogeneous

quadratic function of qlt qz ,
. . .

, qm > ^, K, K", . . ., with coefficients which

will in general be functions of the coordinates qlf q2 , ..., qm . Per-

forming the operation 8 on both sides, we have

Omitting the terms which cancel by (2), we have

Hence
dT = dR dT = dR

dqr dqr
'

<tyr ^r'*

* Since these coordinates as well as the corresponding velocities do not appear
in the final equations they are sometimes classed as 'ignored' coordinates, and the

method explained in the text is called that of 'ignoration of coordinates' (Thomson
and Tait).
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dR ., dR dR
and x = -^,%=-^,%'=- 8-^ .............(7)

With the exception of the second equation in (6). these have already
been proved in Art. 77.

Substituting from (6) in Lagrange's formula, we have

d^dR dR_
dtdqr ~dqr

~^r '

This modification ofthe Lagrangian equation is due to Routh (1877).

Ex. In the case of the top the cyclic coordinates are ^ and $. Hence, with

the notation of Art. 58,

- 4 (9}$C ......... ................ ( '

The equation (8) then gives

From this we could easily investigate the small oscillations about steady pre-
cession.

Having regard to the various types of terms which enter into R
we may write

jB = Br-^+Ag1 +A^ + ...+/sm?m ,
......... (ii)

where is a homogeneous quadratic function of the velocities

#!> <J2>
- -

, <?m corresponding to the palpable coordinates, K is a homo-

geneous quadratic function of the cyclic momenta , *', K", . . .
,
and

/3r is a linear function of these momenta, say

&. = ar /e + a/*'+a;Y
/ + ................... (12)

From (3) and (7) we have, as in Art. 77,

the bilinear terms having cancelled.

Now
o
T

and = _ .

i +
.

2+ ^ + ,

8gr dqr dqr dqr
* l

dqr
^

dqr
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Hence, substituting in (8), we obtain the typical equation of motion

of a gyrostatic system in th<- form

d 3<& WL

(16)

where (r>tf).^-^ (17)
dqg dqr

This form is due to Kelvin*.

It is to be noticed that

(r,r)-0, <r, )
= -(,r) (18)

Hence if in (16) we put r = 1, 2, ..., m in succession, and multiply
the resulting equations by ql9 q2 , ..., qm> respectively, we find, as in

the proof of Art. 78 (14),

or, in the case of a conservative system,

{ + V-rK- const., (20)

which is the equation of energy.

When qi,q2t >..,qm have been determined from (16) as functions

of the time, the velocities corresponding to the cyclic coordinates

can be found, if required, from the relations (7), which give

dK
- - MI ~ Ma - ... - ctmqm >

.(21)

In the particular case where the cyclic momenta K, K,K", . . . are all

zero, we have j3r
= 0, K= 0, and the typical equation (16) reduces to

The form is now the same as in Art. 8, and the system accordingly

behaves, as regards the coordinates qlf qzj ...j^m* exactly like the

acyclic type there considered. These coordinates do not, however,

now fix the position of every particle of the system. For example

* Thomson and Tait, 2nd ed., Art. 319, Example (G).
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if the system passes a second time through a given configuration,
so far as this is defined by qlt q2 , ...,qm ,

the 'ignored' coordinates

%' x'>X"> do not in general resume their original values.

It is to be noticed, again, that the terms in (16) which are linear

in qlt fy, ..., qm change sign with t, whilst the rest do not. Hence

the motion of a gyrostatic system is not reversible, unless indeed we
reverse the cyclic motions as well as the velocities qlt q2 , ...,qm
which relate to the palpable coordinates. For instance, as has been

already remarked, the precessional motion of a top is not reversible

unless we reverse the spin.

84. Kineto-Statics.

The conditions of 'equilibrium' of a system with latent cyclic

motions are found by putting </i
= 0, q2

=
0, . . .

, qm 0. We find

The form is the same as for the equilibrium of a system without

latent motion, but endowed with potential energy K.

The formula may be obtained independently. If the system be

guided from (apparent) rest in the configuration (q lj q2 , ..., qm) to

rest in an adjacent configuration, the work done must be equal to

the increment of the latent kinetic energy. Thus

^rQr&qr
= &K, ........................ (2)

which is equivalent to (1).

The formulae (21) of Art. 83 now reduce to

The energy K may of course also be expressed as a homogeneous

quadratic function of %, ', %", .... Denoting it in this form by T ,

we have

by Art. 82 (5). The formula (1) therefore becomes
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An <

\;iiii|)l
is furnished by the top. The cyclic coordinates

?
m > have (see Art. 83 (9))

2T = A sin2

whence the relation

cos

(7)w w
may be verified.

If Fbe the potential energy, the condition (1) of 'equilibrium'

gives

r

)
=

(8)

This leads to the condition for steady precession (Art. 54).

EXAMPLES. XIII.

1. Assuming from Bertrand's Theorem (Art. 75) that the energy of a free

rigid body set in motion by an impulsive couple (X, /-t, v) is a maximum, prove
that the component angular velocities are X/-4, /*/-#, v/Ct

the coordinate axes

being the principal axes of inertia at the mass-centre.

2. In the case of two degrees of freedom, assuming

2T= au ji

prove that ^
and verify the relations

3. Prove that in the notation of Art. 76

1~
~A

, />,

where A is the discriminant of T.
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4. A waggon of mass M carries a pendulum of mass m and length I which
can swing in the direction of motion of the waggon. If x be the velocity of

the waggon, 6 the inclination of the pendulum to the vertical, prove that

2T=(M+ m} tf+ 2ml cos BxB +

If
,
< be the components of momentum corresponding to x and 0, prove

that

Also, express the kinetic energy in terms (i) of and 0, and (ii) of x and K
;

and verify Bertrand's and Kelvin's theorems.

5. A particle moves in the plane xy under an acceleration \ir towards the

origin, where r is the radius vector. Form Lagrange's equations in terms of

the coordinates |, ?;
denned by

x= c cosh cos?/, 3/
= csinhsm7;

and verify that they are satisfied by = const., rj
= vV-

Examine the case where the central force is repulsive.

6. A uniaxal solid whose principal moments are A, A, C is mounted so

that it can swing about an equatorial axis, which is horizontal. This axis is

carried by a vertical frame which is made to rotate with constant angular

velocity o> about its vertical diameter, in which the mass-centre of the solid

lies. Form the equation of motion
;
and prove that the vertical or horizontal

position of the axis of symmetry is the stable one, according as (7< A.

Prove that the period of a small oscillation about stable equilibrium is

/{
A

}
*!.V \\C-A\S- *

Shew that the results are the same if the vertical ring be free.

7. Employ Lagrange's equations to obtain the equations of motion of a

rigid body about a fixed point in the forms

d%T dT 3T
-TO-- r ^ + q-~-= L, etc., etc.,
dt dp dq

* dr

the coordinate axes being supposed fixed in the body, but not coincident with

the principal axes of inertia at the point.

8. A right circular cone of semi-angle a is placed on its side, at rest, on a

rough horizontal plane which then begins to rotate about the vertical through
the apex 0. Prove that when the angular velocity of the plane is o> the axis

of the cone revolves about the vertical with the angular velocity Cat/I, and

that its motion relative to the plane is at the rate (CA)/I. a>sin2 a, where

A, A, C are the principal moments at 0, and / is the moment of inertia about

a generator.
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9. A pendulum qyminotrioa] about a longitudinal aim OA bangs by a
Hooka's joint, from a vertical spimlh: which is made to rotate with a constant

.menhir velocity o>. Let 6 be the inclination to the vertical of that arm (COO')
of the cross to which the pi-n'lulum is attached, and $ tbe angle which the

plane AOC makes with the vertical plane through OC. Prove that

27*= A (A sin - a) sin 6 cos
<j>)* + B (6 cos + o> .sin 6 sin <)

2+B (<j> + o> cos 0)*,

F= -
JfyA sin 6 COM 0,

// lining the distance of the mass-centre from 0.

10. In the previous question, putting 6= \-n -, </>
=

>;,
and treating , 17

as

small, prove that

- B) <J+ Mgh} =0,1
= 0.f

Solve these equations, and interpret the solution.

11. A body whose principal moments A,B,C are unequal is spinning about

the axis OC with very great angular velocity n, which is maintained constant.

If this axis be made to revolve in one plane about 0, with angular velocity t?,

the requisite constraining couples are, on the average, % (A +B) v in that plane,

and Cnv at right angles to it.

12. A chain of equal bars loosely jointed at their extremities is laid out in

a straight line. The mass of each bar is J/, its length is 2a, and its radius of

gyration about the centre (which is the centre of mass) is K. If the chain be

set in motion by impulses at right angles to the length, and yn be the initial

velocity of the nth joint, prove that the terms in the initial kinetic energy
which involve yn are

except in the case of the end joints of the chain.

If the chain extend to infinity in one direction, and if the finite end (w =
be free, prove that the value of yn due to a lateral impulse on this end is



CHAPTER XI

THEORY OF VIBRATIONS

85. Conditions of Equilibrium. Stability.

In order that, in a conservative system, the configuration

(<?i <?2> --, Qn) may be one of equilibrium, the equations of motion,

viz.,

d dT dT dV _ _

must be satisfied by

&>&>&, ?n
= 0, .....................(2)

dV
whence ^ = ...............................(3)

dqr

Hence the necessary and sufficient condition is that the potential

energy should be 'stationary
'

for small variations of the coordinates.

If, further, V is a minimum in the configuration in question, the

equilibrium is stable. For in the motion consequent on a slight

disturbance the total energy T+ V is constant, and since T is

essentially positive, it follows that I
7
'

can never exceed its equilibrium
value by more than a slight amount depending on the energy of the

disturbance. This implies, on the present hypothesis, that there is

an upper limit to the deviation of each coordinate from its equi-
librium value; moreover, the limit diminishes indefinitely with the

energy of the original disturbance *.

No such simple argument is available to shew without qualifica-

tion that the above condition is necessary. If, however, we recognize

the existence of dissipative forces which are called into play by any
motion whatever of the system, the conclusion can be drawn as

follows. However slight these forces may be, the total energy T+V
must continually diminish so long as the velocities qlt q2 ,...,qn

differ from zero. Hence if the system be started from rest in a

* The argument is due to P. L. Dirichlet (180559).
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tr which V is loss than in the equilibrium configura-

tion, (lie potential rMiT^y must, still lurthi-r dfcir-as.-, >ince T cannot

be negative. It follows either that the system will tend to come to

rest in some new configuration of equilibrium, or that V will

diminish indefinitely*.

86. Statical Relations between Forces and Displace-
ments.

When extraneous forces act on the system, we may denote their

generalized components by Qj , Q2 . -, Qn> This involves a deviation

from the notation of Art. 78. We must now add a term Qr to the

second member of Art. 85 (1).

The conditions of equilibrium are accordingly given by n

equations of the type

These give directly the forces required to maintain specified dis-

placements, and can of course be used conversely to find the static

displacements due to given forces; see Art. 88.

When the displacements are small, it is convenient to adjust the

coordinates qlt qz , ...,qn (e.g. by the addition of suitable constants)
so that they shall vanish in the undisturbed configuration. The

potential energy is then given with sufficient approximation for

many purposes by an expression of the type

2F=cn ?1

2 + c!2?2
2 +...+2c12 ?1 ?2 + .............(2)

A constant term in the expansion would be irrelevant, since it

would disappear in (1), and terms of the first order are not ad-

missible, since by hypothesis the equations (3) of the preceding
Art. must be satisfied by zero values of the coordinates f.

We have then, from (1),

Qr
= clrql + c2r q.2 + ...+cnrqn ................(3)

Any system in which the forces are assumed to be linear functions

of the displacements from equilibrium, with constant coefficients,

may be called by analogy an 'elastic' system, since this is the kind

* This argument is due to Lord Kelvin; see Thomson and Tait, Natural Philo>

sophy, 2nd ed., Art. 345 ii.

f For stability it is necessary that the expression (2) should be essentially positive.

The coefficients crr ,
crs are therefore subject to certain algebraical restrictions. Cf.

Art. 72.

L. H. M. 14
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of relation which is ordinarily assumed as the basis of the theory

of Elasticity. The constants crr , crs may be called 'coefficients of

elasticity/ or (for a reason which will appear) 'coefficients of sta-

bility/

From (2) and (3) we derive

F=J(Qi?i + ftft+- + Qn3)................ (4)

This has an interesting verification. Let us suppose that the forces

are gradually increased from' zero to their final values Qlt Qz ,
. . .

, Qn ,

preserving throughout the same ratios to one another, so that their

values at any stage of the process are 0Qi, 0Q2 ,
. . .

, 0Qn >
where 6 is to

range from to 1. The corresponding values of the coordinates will

be 0qlf 0q2 , ...,0qn . Hence, considering any one coordinate, the

element of work will be

0Qr.&(Oqr) = Qrqr-OM................... (5)

The total work is therefore

(6)

Since the work done on the system has its equivalent in potential

energy, the result (4) follows.

8 7 . Reciprocal Relations.

The mathematical relations with which we are now concerned

are the same as in the theory of initial motions and impulses

(Arts. 74-76), and the theorems there developed have accordingly

their analogues in the present subject*. Thus we have the reci-

procal relation

Qiqi + Qaft' +-.- + Qnqn
' =

Qi'q* + Qa'& + + Qn'qn . . .(i)

between the forces and the- displacements in any two cases, each of

these expressions being equal to

Cn qiqi + c^q* + . . . + C12 (q^ + g/g2 ) + ..........(2)

In particular, if all the forces vanish except Qr , Qs', we have

q _ qr
'

/o\

3,-
...........................

If the two coordinates here concerned are of the same character,

e.g. both lines or both angles, the theorem asserts that the displace-

ment of type s due to a force of type r is equal to the displacement
of type r due to an equal force of type s.

*
Of. Eayleigh, Theory of Sound, c. iv.
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The must intcrc>tiiiur .(pplir.itic.iis ,-u. \ mlinitc freedom, to

\vhii:li they an \t,.| 1 ,l.-.l ! v Tli.- th-,,ry .,f Kl.^t
i.-ify furnishes a

iiuinlMT of exam] >lcs, some of which have been found useful in the Theory of

Structures [S. 142].

Tims if a weight W suspended from a point A of a horizontal beam pro-
duces a deflection y at J5, the uame weight H susp. nded from B will produce
;ui I'tjiml deflection y at J. A^.iin, if u l)-n<liiiur moiuent J^ applied at A pro-
duces a rotation 6 at //, an equal couple ^applied at B will produce a rotation

B at A. Further, if a couple M at A produces a deflection y at Z?, a force J//a
at />' will produce a rotation yja at A.

Statements of this kind can of course be verified directly, but often only

by rather elaborate calculation.

88. Potential Energy in terms of Disturbing Forces.

By the method of Art. 75 we derive the formulae

V'-V = ^r(Qr' + Qr)(qr'-qr)............(1)

r-F-i2,(Q,'-Q,)(j,' + j,), ............(2)

which are of course equivalent, in virtue of the reciprocal theorem.

The former of these may be obtained otherwise by calculativig the

work done as the forces vary from Qr to Qr

'

, preserving always the

same relative magnitudes. If at a certain stage in this process the

forces are

Qr+0(Qr'-Qr)
the corresponding displacements will be

qr + 6 (qr
-

qr\

The element of work is accordingly .

Integrating this from 6 = to 0=1, and adding up the results for

the forces of various types, we obtain the formula (1).

The theorems analogous to those of Bertrand and Kelvin

(Art. 75) are included in the following statement :

The potential energy of the system when deformed by given

forces is greater, whilst the work required to produce a given

deformation is less, than if the freedom had been limited by the

introduction of constraints. In other words the effect of the con-

straints is to increase the '

stiffness
'

of the system.

It is unnecessary to give the proofs, which may be derived by
mere literal substitutions from the investigation of Art. 75, writing

Qr for pr and qr for
(],..

142
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It will be noticed that if in (1) we make qr
'

qr infinitesimal,

we reproduce the formula (I) of Art. 86.

Again, if we solve the n equations of the type (3) of Art. 86 for

<?i> #2, > <}n
in terms of Ql} Q 2) ..., Qn ,

and substitute in (4) of the

same Art., we can express the potential energy as a function of

the forces Ql} Qz , ..., Qn - Denoting it (in this form) by V\ we write

2Fx = C11Q1 + C'jBQa +... + 2CMQ 1 Q 1 + ..........(3)

If in (2) we make Q/ Qr infinitesimal, we find

or qr
= ClrQl +CvQ9 +... + CnrQn ................ (5)

This gives the displacements due to prescribed forces. The

coefficients Crr ,
Cr8 may be called 'coefficients of pliability.'

Finally, there is an analogy with the investigation of Art. 77.

If we isolate a particular group of coordinates, say ^, %', ^"', ...,

and denote by X, X', X", ... the corresponding components of force,

we have of course

3F 3F 37A =
TT ,

A = r ,
A =^ r, ,

............. (o)
ty a% 8*

These relations enable us to express ^, ^', ^
r/

,
... as linear func-

tions of the remaining coordinates, which we denote by qlt qz , ..., qm ,

and the forces X, Xx

, X", .... If these values be substituted in the

function

we find, exactly as in Art. 77,

*-. ..............................(8)

9F , SW
and %=-^x> %=-gx" X - -, ..........O)

Since, from (7) and (9),

the potential energy, when similarly expressed, reduces to the

sum of two homogeneous quadratic functions, viz. a function of

a function of X, X r

, X", ....
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Tin' xjiivii>n W may bo interpreted an follows. We may regard V an

the internal elastic energy of the system, and the remaining terms in (7) as the

energy in relation to a field of constant external forces X, X', X", .... The
formula (7) then gives the total energy.

Lrt u.s tir>t siij)|xi>f th.it prawribed values are given to the coordinates

q\, q-n ""> ?m by suitable forces of the corresponding types, the forces

\, X', X", ... being zero. This may Ixs regarded as imposing a certain

geometrical constraint on the .system. The coordinates x, x',x",... will in

consequence assume certain values. Next let the forces X, X ', X", ... be gradually

applied, increasing always in the same proportions up to their final values, the

displacements q l , q.2 ,
...

, qm being maintained unaltered. Theadditional changes
in the coordinates x, x'i x"> >

an(^ consequently the work done by these forces

in increasing the elastic energy of the system, will evidently be the same what-

ever the particular constrained configuration from which the start is made.

We have thus a. physical proof of the theorem, already proved analytically,

that V can be resolved into the sum of a function of q iy q^ ..., qm aQd a

function of X, X', X ",....

The matter becomes more interesting, as well as more obvious, if we
consider a case of infinite freedom, for instance a horizontal beam, or a

cantilever. First suppose that a prescribed deflection y is maintained at a

point P by means of a force applied there. The consequent elastic energy has

the form By*. Next let a load be applied at another point $, gradually

increasing from zero up to its final value w. If the position of P be maintained

unchanged, the additional deflection (z) at Q due to the load there will l>e the

same as if P had been fixed in its zero position, e.g. by means of a prop.
Hence the work done by the load, and the consequent addition to the elastic

energy of the beam, will be wz, or w2
/C, if w= Cz. Thus

i^ ............................... (11)

89. Free Vibrations.

Proceeding now to the theory of small oscillations about equili-

brium, we take first the case of free vibrations, extraneous forces

being supposed absent.

The formula for the kinetic energy is of the same type as in

Art. 72, viz.

2T = au ql

* + av& + ... + 2an q,q, + ............. (1)

In the investigations which follow, the deviations from the equili-

brium configuration are assumed to be small, so that the coefficients

dm arg may be regarded as constants, and equal to the values which

they have in the equilibrium configuration.

Again, if as in Art. 86 we suppose the coordinates to be adjusted
so as to vanish in the equilibrium configuration we may write
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The Lagrangian equations now take the form

the term dT/dqr being omitted as of the second order in the

velocities. Hence

. . . + anrqn + clr q, + c2rq2 + . . . + cnrqn = 0. . . .(4)

To solve this system of linear equations we assume

qr
= A r **...............................(5)

This gives n equations of the type

(alrX2 + clr ) A, + (a^X
2 + C2r)A 2 +...+ (anrX

2 + cnr)A n = 0.

............ (6)

Eliminating the n 1 ratios

A i: A a :...:A n ,
........................ (7)

we obtain A(X) = 0, ........................... (8)

where

A(X) an\2
4- cn ,

a21X2 + c21 ,
. . .

,

12 , ,
. . .

,
an2X2 + cn2

(9)

This is a symmetric determinant, of degree n in X2
. It may be

shewn that the n values of X2 are all real, and that if the expression

(2) for V be essentially positive they are all negative*. Hence if

V be a minimum in the equilibrium configuration the values of X

will occur in pairs of the form

X-tr (10)

The equations (6) corresponding to any value of X are equi-

valent in virtue of (8) to n 1 relations determining the n 1

ratios (7), the absolute values of the constants being alone arbitrary.

Thus

^=^-
2 =

...=^,=#,say, (11)

where ^ ,
az ,

- - .
, n are the minors of any one row of the determinant

A (X). Since these minors are functions of X2
,
and are therefore

* See for example Whittaker, Analytical Dynamics, 2nd ed., Art. 77. The out-

lines of another proof are given in Art. 93 below.
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the same for values of X which differ only in sign, the solution

corresponding to a pair of roots of the form (10) will be

qf
= ar(IW+Ke-"'> (12)

or, in real form,

qr
= Car cos (at + e), (13)

where the arbitrary constants H, K, or C, e, are the same for all the

coordinates*.

This solution, taken by itself, represents what is called a 'normal

mode/ or 'fundamental mode/ of vibration. Each particle of the

system executes a simple-harmonic vibration of period 27r/<r. The
direction of vibration of each particle is determinate, as also the

relative amplitudes of the various particles, which keep step with

one another, and so pass simultaneously through their equilibrium

positions. The only arbitrary elements are the absolute amplitude,
which depends upon C, and the phase-constant e.

When all the values of X2 are negative (and distinct) there are

n such normal modes, and the most general small motion of the

system is obtained by superposition of these, with arbitrary ampli-
tudes and phases; thus

qr
= Car cos (<rt + e) + CV cos (a-' t + e') + C"ar

"
cos (v't + e") 4- . . . .

...(14)

The 2ra arbitrary constants (7, C', C", ...
, e, e', e", ... enable us to

adapt the solution to given initial (small) values of the n coordinates

<?i> #2, > qn and the n velocities qlt qz , ..., qn .

The periodic form of the solution (14) indicates that, since

(7, (7, C", . . . are assumed to be small, the configuration never departs
far from the equilibrium configuration. A minimum value of V
therefore indicates stability, in accordance with Dirichlet's argu-
ment (Art. 85).

When V is not an absolute minimum, so that the expression

(2) may become negative, positive values of X2 will occur, involving
solutions of the type

qr
= *r (He" + Ke-**) (15)

Unless the initial conditions are specially adjusted, the value of qr

increases until the assumptions on which our approximate equations
were based cease to be valid.

* The theory is due substantially to Lagrange, Mteanique Analytiqne, 2mc partie,

6me sect.
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Unless otherwise stated we shall have in mind chiefly the case

of stability.

Finally, it is to be remarked that the solution (11) fails if all the

minors of A (X) vanish. This can only occur, however, if the equation
in X2 has a multiple root. For, differentiating column by column
we find

rfA(X)

"SM
=

\n* ^271X ~r C?u, . . .
,
dnn \ -f- Cnn

the number of determinants being n. The specimen determinant

here written is equal to

ann + Oi2i2 + . . . + aln lw ,

where an , M , ..., aln are the minors of the first column of A (X).

Hence if the minors all vanish we have

-0"

d(X
2

)

which is the condition for a multiple root. The case of multiple
roots will however be excluded for the present.

9O. Illustrations.

The following examples will serve to elucidate various points
of the preceding theory.

Ex. 1. A particle oscillates about the lowest point of a smooth surface,
to which it is confined. This is the case also of Blackburn's pendulum [D. 29].

Using rectangular coordinates, with the axis of z vertically upwards, we

have, with sufficient approximation,

z* j- ~ fit \jj ~|~y j) **......*........*.* .^
i. j

The equations of motion are therefore

m,v + GLX+ hy= 0, mi/+ kx+ by= (3)

Assuming
x=Fei<rt

, y= Gei<rt
, (4)

we have

whence

.(6)

In order that Fmay be a minimum for #=0, y= 0, we must have

a>0, 6>0, ab-h2>0.
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The values of a - wliich satisfy (6) are then easily seen to be real au<l \-

For th i

r.\|iv.sioM on tin- Icft-li.uid side of (6) is positive for <r*= -f oo
, negative

for <r
2=a/m or 6/?n, and again j)ositive for <r

2 = -oo. Denoting the roots by
'-, <r"-', the complete solution is

:C7cos(0-*+ ) + C"cos(0-'i

(7)

If we eliminate <r
2 between the equations (5), we get

h(F*-Gz
)
= (a-b)FG............................(8)

The directions of vibration in the two normal modes are therefore given by

h(x>-y*} = (a-b}xy............................... (9)

This is the equation of the principal axes of the indicatrix of the surface, as

was to be expected.

Ex. 2. Three equal particles are attached at equal intervals a to a tense

string of length 4a, which is fixed at the ends. It is assumed that the lateral

deflections are so small that the tension (P) is not sensibly altered.

The statical forces required to maintain the deflections yl , y.t , y3 of the

three particles are evidently

a a

The potential energy is therefore, by Art. 86 (4),

(11)

(12)
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The upper sign makes y^=yz
=

3/2/V2, whilst the lower makes y\=y^=y2/\/2.

Both modes are symmetrical, and the latter type, iri which the three deflections

have the same sign, has the longest period, as was to be expected. The figure

shews the three modes.

Fig. 57.

The systematic theory of the vibrations of various types of

continuous systems must be sought elsewhere. In particular, the

transverse vibrations of a tense string, which furnish the simplest

instance, belong properly to Acoustics. Continuous systems furnish

however such interesting illustrations of various points in the

present theory that an occasional example will be useful.

Ex. 3. Let us take the small oscillations of a chain hanging vertically from

one end.

The origin being taken at the equilibrium position of the lower end, the

tension (P] at a height x above this point will be gpx, where p is the line-

density, the vertical motion being neglected as of the second order. If y
denote the horizontal deflection, the horizontal components of the tension on

the lower and upper ends of an element x will be

_ p Or and
dx

" ~
dx

'

ex

respectively. The equation of motion of this element is accordingly

or
8

.(15)*

To ascertain the normal modes of vibration we assume as usual that y
varies as e*, whence

* This partial differential equation takes the place of the n linear equations of

the type (3) of Art. 89 which present themselves in the case of a system of finite

freedom.
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The -., hit i. MI which is finite for .r=0 can be obtained by a series, but the remit

assumes ,i slightly neater form if we replace x by a new independent variable

r, wri
1

The equation h

The solution which i.s finite for r=0 i

......... (19)

where JQ (or) is the 'Bessel's Function' of zero order,

VIZ.

-M

and G is arbitrary. The value of r corresponding to

the upper end (x=l) is

n= 2V(%), (21)

and the condition that this end is fixed gives

J (*ri) = (22)

This equation, which replaces the A (X)
= of Art. 89,

determines the admissible values of a-
;
and the types

of the corresponding normal vibrations are then

given by (19).

The roots of (22) are given by

-r 1 / 7r
= -V655, 1-7571, 27546,..., (23)

the numbers tending to the form s
,
where s is

integral. The longest period is accordingly

= 5-225
or

.(24)

In the modes after the first, the values of r

corresponding to the lower roots give the nodes, or

points of rest (y
=

0). Thus in the second mode
there is a node at the point determined by

r/n= -7655/1-7571, or ^=T2
/r!

2 =-190. Fig. 58.

The first two modes are represented, on different scales, in the annexed

figure. The node represents the point of suspension in the first case.

* The interpretation of T is as follows. The wave-velocity on a string with

uniform tension equal to that which obtains at the point x would be J(P/p) or

>J(gx). The time which a geometrical point moving always with this local velocity

would take to travel from the lower end to the point x is
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9 1 . Orthogonal Relations. Normal Coordinates.

The quantities which we have denoted by ar satisfy certain

important relations.

Denoting by ar , or/ the values corresponding to two distinct

roots of

A(\) = 0, ........................... (1)
we write for shortness

2T(a, a
/

)
= a11 a1a/+a22 a2 a2'+ ... +aia (a1 aa

/ + 2a1

/

) + ... , ...(2)

2F(, a')
= Cuiai' + C220f2 a2

/ + ... + C12 (ofi0f2

/ + 2i') + > (3)

and

T(a)=T (a, a) = \ (an a^ + a22 2
2 + . . . + 2owa1 aa + ...), .. .(4)

If in Art 89 (6) we replace the symbols A lt A 2 , ..., An by aly

cfa , ..., ctn ,
and multiply the resulting equations by otj, a2 , ..., Gfn ,

respectively, we find by addition

X2 7 + F() = ......................(6)

Again, if we multiply by a/, a2', ..., an', respectively, before

adding, we obtain

\*T(, a')+V(a, a') = 0, ..................(7)
and similarly

X'2 T(, a') +F (a, a) = ................... (8)

Since X2 and X'2 are for the present assumed to be unequal, it

follows that

T(,a') = 0, F(,a') = ................... (9)

These 'conjugate' or 'orthogonal' relations, as they are called, are

important.

As a first application, if we introduce n new coordinates 0, 6',

6", . . .
, connected with the original ones by relations of the type

qr
=

r e + ir'0' + *r"&'+..., ...............(10)

we find that in terms of these the expressions for T and F both

reduce to sums of squares, since the coefficients of products vanish

in virtue of (9). Thus

2r = a^ + a
/

<9
/2 + a''^//2

+..., ............... (11)

2F=c02 + c'0/2 + c
// / '

2
+..., ............... (12)

where, for example,

a = 2T(a) = a11 a1
2+a22 2

2 +... + 2a12a1 a2 + ..., ...(13)

c = 2F(a)= Cntt!
2 + CfflOg

2 + ... + 2c12a1 2 + ....... (14)
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These new coordinates are called the 'normal' n ipal*

coordinates of the system. The coefficients a, a', a", ... are the

'principal coefficients of iin-rtia'; they an- positive on account of

the essentially positive character of T. Th- < .. thcients c, c', c", ...

are the 'principal coefficients of stability'; they are positive if V is

a minimum in the equilibrium configuration about which the

motion is supposed to take place.

In terms of the normal coordinates the equations of motion

become

a0 + c<9 = 0, tt'0' + c'0' = 0, a"0"W0"=0, .......(15)

Hence

0=Ccos(r + :),
0' = C" cos (<r'+e'), 0"=G'"cos(<7"* + 6"),...,

......(16)

if o-
2
=c/a, <r'

2 =
c7a', <r"

2 =
c'7a",..., .........(17)

in agreement with (6). In each normal mode of vibration one

principal coordinate varies alone.

The conjugate relations may be used to determine the motion consequent

on arbitrary initial conditions.

We have

and

r(ai<0= ..........(19)

Hence, multiplying (10) by dT(a)/dar ,
and adding the results for r= 1, 2, ..., 71,

with similar formula) for &, 6", ....

Let the initial values of the coordinates qlt q^ ..., qn be denoted by

o-2 , ,
OTn, and those of the velocities qlt q2 ,..., qu by GT,, ar.2 , ...,

respectively. Writing, in place of (16),

. ...(21)
or (T

we have, from (20),

with similar results for H'
y K\ II", K", .... The constants in 0, ^, &', ... are

thus determined, and the value of y r is then given by (10).
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92. Reality of the Roots ofthe Frequency Equation.

There is nothing in the original definition of the quantities 0? as

minors of the determinant A (X), or in the proof of the orthogonal
relations of the preceding Art,, that requires the values of X2 which

satisfy

A(X) = ...........................(1)

to be real. Imaginary values of X2
,
if they could occur, would how-

ever be in pairs of the type

X2 =^ + ^, X' 2 = p-^, .................. (2)

and the corresponding values of ar ,
ar

'

would be conjugate imagin-

aries, say
CLr'
=

fJLr -il>r ................... (3)
These make

ar ar
' = /v

2 + vr\ a,/ + asa/ = 2//,r/^ + 2vrVf} ,
...... (4)

whence

T(a,a
f

)
= T(ri+T(v), F(a,

Since the values (2) of X2 and X/2 are unequal, these expressions

must vanish, by Art. 91 (9), Since T
(//,)

and T (v) are essentially

positive, the quantities /jLr,vr ,
and therefore all the minors ar ,

must

vanish, which as we have seen would imply a multiple root of (1),

a case for the moment reserved*

It appears therefore that the values of X2

given by (1) are real,

even if V is not essentially positive. So far as the present argument
is concerned they are not necessarily negative, but they will be so

if Fis an absolute minimum in the configuration of equilibrium.

This follows at once from (6) of Art. 91. In the opposite case we

may have positive values of X2
, giving solutions of the type (15)

of Art. 89, and so indicating instability.

93. Theory of Multiple Roots.

The process of solution of the equations of motion explained in

Art. 89 assumes that the minors of the determinant A (X) do not

all vanish. We have seen that this condition is fulfilled if the

equation A (X)
= has no repeated roots.

From one point of view the occurrence of a multiple root is an

accidental property of the system which disappears when the

slightest alteration is made in its constitution, e.g. by a slight
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CHT decrease of one of the ooefl^ienta of ineiiiA, It i there-

fore not to be anticipated that, any fundamental change in the

character <>{' the motion, as from stability to instability, will attend

the analytical peculiarity*.

An indication of the kind of results to be expected is supplied

by the case of a particle oscillating under gravity in a smooth

ellipsoidal bowl. So long as there is the slightest inequality in the

principal radii of curvature at the lowest point, the normal modes
are definite, and the periods different. But if these radii are equal,
the particle can oscillate in any vertical plane through the lowest

point, and two such oscillations can be superposed, giving an elliptic

harmonic motion. Instead of a solution of the type

X = A} COS ((T^ + 6^ + A 2 COS((Tz t + .,),
) . .

y^kiAt cos (a-l t + el ) + k2A z cos (a-2 t + e2 ), J

where klt k2 are definite quantities depending on the principal

curvatures, we have a solution

# = .Fcos(<7-Ha), y = G cos (at + 0), .........(2)

involving the same number of arbitrary constants.

To examine the matter further, and at the same time with a

view to avoid intricate algebraical work, we take up the investigation
of normal modes de novo, by a method which has, moreover, an

interest of its own. It will be sufficient, also, to confine ourselves

to the case of three degrees of freedom, which has the advantage of

an exact correspondence with a familiar problem of Solid Geometry.
The extension to the general case would only involve longer formulae,

We may further simplify the question by a linear transformation

of coordinates which shall reduce one of the expressions for T and V
to a sum of squares, with unit coefficients. This is of course possible
in an infinite variety of ways. We write, accordingly,

2T = tf
2 + 2 + *2

,
.....................(3)

and, for the potential energy,

27= aa* + by'
i + cz* + 2fyz + 2gzx +

<

Zhxy.......... (4)

*
Lagrange and Laplace both fell into error on this point. The correct analytical

theory (not reproduced here) was given independently by Weierstrass (1858) and
Routh (1877).
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The equations of motion are therefore

x + ax + hy + gz = 0,

(5)

Assuming that x, y, z vary as elrt
,
we have

..................(6)

Now these are exactly the equations to which we are led in the

process of finding the stationary values of the function

ax? + by* + cz* + 2fyz + 2gzx + 2hxy

Since the denominator cannot vanish, this function has necessarily
a least value. Incidentally, we may remark that if (as we assume)
F is essentially positive, the consequent value of cr

2 will be positive.

Hence there is at all events one real solution of (6) of the type

*==*, .....................(8)xl yl zl

with a positive value c^
2
, say, of cr

2
. If there is more than one such

solution, giving the same least value to (7), the subsequent argument
is not affected.

Take next the question of finding the least value, which evidently
must exist, of the function (7) subject to the condition

xxl -\-yyl + zzl
= ...................... (9)

The determining equations are

(a
- a2

) x + hy + gz = kxlt \

hx+ (b -a*)y +/* = %!, I ............... (10)

9x +fy + (c
- ff^ z = ^iJ

where k is (so far) an undetermined multiplier. If we multiply
these equations by x1} y1} z1} respectively, and add, we find

=
(ax, + %i + g^) x 4- (ha^ + by, +fz,) y + (gx, +fy, + cz,) z

- cr
2

(xx, + yy, + zz,)

= Q, .............................. (11)
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= 0. The equations (10) accordingly reduce to the form

(6). We thus obtain a real solution of the dynamical equations, of

the type

fa

=
|a

=
|a

; (12)

and the condition ( !)) shews that this solution is distinct from the

former one, even if the resulting value (<r2
a
) of <r

a
happens to be the

same*.

In the final stage, we consider the values of the ratios x\y\z
determined by (9) and by the further condition

We may evidently choose a2
, I, m so as to make

cue -f hy + gz = a*x + lx^ + m#2 >

hx+ by +/z= <7
2

y +% + my2 , (14)

gx +fy + cz = a*z + lz -f mz.,
,

since the determinant

does not vanish f. But if we multiply these equations by a?, , y, ,
z

l

and add, and again by x2 ,y2 ,
z2 and add, we easily find / = 0, m 0.

The equations thus reduce to the form (6) as before.

We thus obtain three distinct solutions of the dynamical equa-

tions, each involving two arbitrary constants.

In the above method the occurrence of repeated roots of the

equation A (cr
2

)
= 0, where

A(<7
2
)=* a-o-2

, h, g , (15)

h, b cr
2

, f

V, f> <>-*

gives rise to no peculiarity. Analytically, the process is equivalent

*
If the degrees of freedom are more than three in number, the process must be

continued, a new condition of the type (9), with a corresponding undetermined

multiplier, being introduced at each stage short of the last.

^ H, M. 15



226 HIGHER MECHANICS [XI

to finding three mutually perpendicular conjugate diameters of the

quadric
a#2 + by

2 + cz* + yyz + %gzx + 2hxy = const., ......(16)

whether such a set of diameters is unique or not.

If, for shortness, we denote the minors of A (<r
2

),
which are of

course functions of o-
2
, by A, H, G, ..., we have

Hence if the minors all vanish, the equation A(0-
2

)
= has a

multiple root, as we have already seen. Conversely, if the minors

are not all zero, there is no repeated root. For if A (o-
2

)
= 0, the

minors of any two rows are proportional, so that

BC=F*, CA = G 2
,
AB = H*............. (18)

The leading minors A
, B, C cannot all vanish, for this would involve

F = 0, = 0, H = as well. And if A0, we have

which is not zero.

94. Stationary Property ofthe Normal Modes.

The preceding investigation shews that the values of a2 are

stationary for slight variations in the values of the ratios x : y : z.

Also, that if the system be reduced by frictionless constraints to one

degree of freedom, so that the above ratios have prescribed values,

the frequency will be intermediate in value between the greatest

and least natural frequencies of the system. And these statements

can obviously be extended to any system of finite freedom.

The stationary property was noticed by Lagrange. The addi-

tional remark just made is due to Rayleigh, who gives the following

proof in terms of the normal coordinates of Art. 91. If in the

notation of that Art. we put

0**rt, ff=n'<j>, 6" = n"4>, .... ............... (1)

the expressions for the kinetic and potential energies become

(3)
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and the frequency of the constrained mode is accordingly given by

CM + *V+cV+...~' ''2

'I'h is is intermediate in value between the greatest and least of the

quantities c/a, c'/a, c"/a", ... proper t<> ih- s.-veral normal modes.

Moreover, if the constrained mode differs little from a normal mode,

e.g. if //, p", ... are small compared with /*,
the change in the

frequency is of the second order.

This stationary property gives a valuable means of estimating
the frequency of a natural mode of a system, by means of an assumed

approximate type, when the exact determination would be difficult

or even impracticable. Many interesting examples of this procedure
are given in Rayleigh's Theory of Sound.

Ex. 1. Take the case of three equal particles attached at equal intervals

to a tense string (Art. 90, Ex. 2), and consider an assumed type of symmetrical
vibration in which y1=2/3= $3/2 Then

V= (4/3*
-

The method explained makes

where /z
= P/ma. The fraction is stationary for3= l/\/2, and the corresponding

values of cr
2 are as in Art. 90. In this case it was evident beforehand that the

assumed type would include the true natural modes of symmetrical vibration.

Ex. 2. As an example where there is infinite freedom, take the problem
of a chain hanging vertically from one end.

If y be the horizontal deflection at a distance (measured along the chain)
from the upper end, we have

2T=p |Vfc ................................. (7)
J o

where I is the total length. The height of any point above its equilibrium

position is increased by

s- I cos^rcfo
= 2 / sin2 ^rd0,

Jo Jo
where \^ denotes inclination to the vertical. Since sin^= c(y/8, =y, say, we

have, to the second order,

2V=gp[
l

ds
I

Jo Jo

=9P
L j o jo jo

(8)

15 2
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Let us choose as an assumed type

where
rj
involves t only. This makes

*V^fttW+*jft I
2lr

=$rp(i+$/3+ i/3"h
2J

and therefore

g 15 + 20/3+ lOff

T 10+ 15/3+ 6/3
2

'

We know that whatever the value of
/3, this will give us an over-estimate of

the frequency of the slowest mode. If we put /3=0 we get the period of a

rigid bar, viz.

(12)

The minimum value of the fraction in (11) is 1-4460, whence

This agrees with the correct value (Art. 90, (24)) so far as the digits go.

The comparison of (12) with (13) illustrates the principle that the intro-

duction ofany constraint into a system raises the frequency of the gravest mode.

95. Forced Oscillations.

We proceed to consider the forced vibrations of a system under

prescribed external forces Qr ,
the typical equation being

72 4- ... + anr'qn + C\r<li + Cjjrtfa + + Cnr qn
= Qr -

......... (1)

The most important case is where the forces Qr are of the simple-
harmonic type cos (a-t + e). The most general law of variation with

the time can be based on this by superposition. Analytically, it is

simplest to assume that Qr varies as ei<rt
,
with a complex coefficient

Owing to the linearity of the equations the 'time-factor' ei<rt will

run through all the terms, and need not always be exhibited.

The equation (1) now takes the form

(clr
- <r

2alr) ql + (c^ -oaa)q2 + ...+ (cnr
- <7

2anr) qn = Qr .

......... (2)

Solving we find

r
= alrQi + v.Q>2+...+nrQn, ......... (3)
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where A (a*) is the <l-tTininunt of the coefficients in (2), and alr ,

a., ..... o,Jr are the minors of its rth row. Every particle of tin-

system executes in ^'iH-ral a simple vibration of the imposed period

27T/0-; and all tho particles pass simultaneously through tln-ir

equilibrium positions.

The amplitude becomes very great wh-n a* approximates to a

root of

A(<r') = 0, ...........................(4)

i.e. when the imposed period nearly coincides with one of the natural

periods. This is the principle of *

resonance,' which is of great im-

portance in Acoustics, and in the Dynamics of Machinery.

Since the determinant A (cr
3
) is symmetrical, 0^ &. The co-

efficient of Qr in the expression for q, is therefore identical with the

coefficient of Q8 in the value of qr . This is the basis of an important
'

reciprocal theorem
'

formulated by Helmholtz, and afterwards ex-

tended by Rayleigh. As in the case ofsome of our previous theorems,

the most important applications are to systems of infinite freedom,

as in Acoustics.

The solution (3) is of course only a '

particular integral
'

of the

equations (1). For a complete solution we must superpose the

expressions for the free vibrations (Art. 89) with their 2n arbitrary

constants. This enables us to adapt the solution to arbitrary initial

conditions of displacement and velocity.

If the system be referred to its normal coordinates (Art. 91),

the equations of type (2) are replaced by

(c
-

a*a) = Q, (c
f - oV) ff = Q', (c"

-
<r*a") 6" = Q", . . .

,

.........(5)

the notation being as in the Art. referred to. If <rc , 0"o' <*o"> be

the values of <r in the various normal modes, viz.

<TO
=

c/a, <r' = c'/a', <TO
"' =

c"/a", . . .
,

.........(6)
we have

a- -- g- -- ff
<~

C (l-<ry<r ')'

-
C'(l-<rKy

.........(7)

Now Q/c, Q'fc', Q"/e", ... are the statical displacements which

would be produced by constant forces of the respective normal types,



230 HIGHER MECHANICS [XI

equal to the instantaneous values of these forces in the actual

case. They may be called the 'equilibrium values' of the displace-

ments. The formulae shew that if the period (27r/er) of the imposed
vibration is long compared with those of the normal modes of free

vibration, the system is practically, at any instant, in the '

equi-

librium' configuration corresponding to the disturbing forces. This

is the assumption virtually made in Bernoulli's 'equilibrium theory'
of the tides; but the fundamental condition as to the relation of

the periods is not fulfilled in the case of the tides of short period

(senii-diurnal and diurnal).

If the frequency of the imposed vibration is very nearly equal
to one of the natural frequencies, the amplitude of the corresponding
normal coordinates tends to become great in comparison with the

resfc, and the forced vibration of the system therefore approximates
to the type of a normal mode.

96. Effect of Dissipative Forces.

In practice the vibrations of a dynamical system are more or

less affected by dissipative forces of various kinds. In order to

obtain at all events a qualitative representation of these it is usual

to introduce into the equations frictional forces proportional to the

generalized velocities. This procedure will be familiar to the reader

in the case of the damped oscillations of a system of one degree of

freedom [D. 94].

In all cases where the origin of these forces is known, the re-

presentative terms in the generalized equations are found to be of

a special type, depending on a certain function of the velocities.

Suppose, for instance, that a particle m is resisted by a force pro-

portional to its velocity, so that its equations of motion are

mx+.kx = X, my + ky=Y, mz + kz Z. (1)

In the process of forming the general equations of motion we

multiply (1) by da/dqr , dy/dqr , dz/dqr , respectively, and add. It

follows from Art. 72 (1) that these factors are respectively equal to

dx/dqr , dy/dqr , dz/dqr . Hence, in addition to the terms previously

obtained, we have an expression

?+*) (2)
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Again, suppose that bet\\ n .my two particles m,, mt there is

a force varying Bfl tin- rt'tntire velocity. In th-
-jii;it

i.n> nf nmt i<,u

of m, we have terms

k(xl -x,) t k(y,-y.\ k(z,-z2\ ............

and, in the equations of w2 ,
terin>

k(x.-xl\ k(yz -y l\ k(z,-z,)............. (4)

If we multiply the expressions (3) by dxjdq,, dyi/dqr > dz,/^r ,
an<^

the expressions (4) by dx.2/dqr , dy2/dqr , dzjdq,, and add, we obtain,

finally, a result

. , .......... (5)

Hence in all such cases, the generalized equations of (small)

motion take the form

ilr+lr+sr- ......................^
at dqr dqr dqr

where F is a homogeneous quadratic function of the generalized

velocities, say

2^=M1
* +M2

' + ... + 2M1 $2 +...; .........(7)

this function is moreover essentially positive.

If we multiply (6) by qr , and add up the n equations thus

obtained, we find

(8)

Hence the function 2F measures the rate at which the mechanical

energy of the system is being diminished by friction. It was in-

troduced into the theory of vibrations by Rayleigh*, and termed

by him the '

dissipation function.' Kelvin proposed the name
c

dissipativity.'

97. Free Oscillations with Friction.

The equations of free motion are now of the type

+ b^ft + bzr q2 + . . . + bnrqn

+ Cir qi + c*rq2 + . . . + cnrqn = 0, . . .(1)

where =
., brs = b8r ,

crs =csr ................(2)

* Proc. Lond. Math. Soc. (1), t. iv (1873); Theory of Sound, c. v.
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If we assume qr
= A r e

M
, ...........................(3)

we have n equations of the type

(alr\* + blr\ + clr) At -H(a2rX
2 + &2rX + c2r) J. 2 + ...

+ (anrX
2 + bnrX + cnr ) A n = 0. . . .(4)

Eliminating the n 1 ratios

we have a symmetrical determinantal equation of the 2??th degree
in X, which we write

A(X) = ............................ (5)

Corresponding to any one root of this we have

= = =^ (6}
a, 2 a,

'
'

where ccj, a2 > > fn are the minors of any one row in A (X) (cf.

Art. 89).

To investigate the nature of the roots of (5) we may proceed
as in Art. 91. Thus we find

+V(a)=0................(7)

If, as we assume, V as well as F and T is essentially positive, this

equation shews that real values of X, which imply real values of

the minors a, must be negative.

Again, if X' be a second root of (5), and if we distinguish the

minors of A (X') by accents, we find, with an obvious extension of

the notations of Art. 91,

\*T(a, a') + \F(a, a!) + F(a, a
/

)
= 0, ............(8)

X/2

T(a, flO + X'JXa,
r

) + F(a, a')
= ............. (9)

Hence if X, X' are unequal

X4.V= ' XV-'~
Tl^aTy ~yT )

/

)

.......... (

If X, X' are a conj ugate pair of imaginary roots, say

X =p + i<7, \' = p-icr y
..................(11)

we find

p -zv) +r'-(1

where the definitions of
/JL,

v are the same as in Art. 92 (3). The
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former of these equation! >h-ws that mmpi.-x i.
5) will have

lu-^.-it i\c ival parts.

"For each real root of (5) we have th-n-f.n- a solution of the type

'/,
= t-V, ........................

(1

whnv
fj

is negative. The displacements d-ray without oscillation,

and tin- motion is accordingly styled 'aperiodic.'

When the solution corresponding to a pair of conjugate imagi-

nary roots is put in real form, we obtain

qr
= A

[fjLr cos (at + e)-vr sin (at + e)} ef*
t
.........(14)

where the constants A, e are arbitrary, but the same for all the

coordinates. This represents a simple harmonic oscillation whose

amplitude diminishes asymptotically to zero. It was found that in

the absence of friction the phase was at any instant the same for

each coordinate. Equation (14) shews that this statement no longer
holds. It is easily seen that the motion of any particle will in

general be (damped) elliptic harmonic.

When the frictional coefficients brr ,
br8 are small, considerations

of continuity indicate that the roots of (5) will be imaginary, and

that vr will be small. The equations (12) then shew that p is

small, and that, to the first order of small quantities,

<>
The quantities fj,r

will differ only slightly from the values which

they have in the case of no friction, and the stationary property of

the normal modes, proved in Art. 94, shews that the value of a3

given by (15) is affected by friction to the extent only of a small

quantity of the second order.

The effect of slight friction is therefore mainly on the ampli-
tudes of vibration, the natural periods being practically unaltered.

The method to be pursued in the treatment of'forced oscillations

with friction will be understood from what has been said in Art.

95. When the frictional coefficients are small, the modification of

previous results is slight, except in the case of exact or approximate
coincidence between a natural and an imposed frequency. The

general character of the results is perhaps sufficiently exemplified

by the case of one degree of freedom [D. 95]. The theory is fully

developed in Rayleigh's Theory of Sound.
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98. Oscillations of a Cyclic System.

The most general form which the equations of small motion of

a dynamical system can assume, as modified by the introduction of

terms proportional to the velocities, is

where the relation Brs
= B8r is not assumed to hold. If we put

brs = bsr = ^(Brs + Bsr\ .................. (2)

ft. = -ftr = i (#-*), .................. (3)

the equation may be written

Itfr

+
af

+ &'' +&>*+, 4 ^An +g = Qr, (*)

where F has the same form as in Art. 96 (7).

The terms arising from F are of the type already considered,

and may therefore be classed as representing
'

frictional
'

or
'

dissi-

pative' forces. If we multiply (4) by qr ,
and add the results for

all the equations, we find

l ql + Q&+... + Qnqn ,
......(5)

since the terms involving /3's cancel by (3).

The terms in (4) containing $'s, on the other hand, are such as

occur in
'

cyclic
'

systems with latent motion (Art. 83), and are

therefore called
'

gyrostatic
'

terms. To make the correspondence

exact, we must put U= V + K, in (1), where K denotes the kinetic

energy of the latent motions alone, The symbol T must also be

replaced by ,
which denotes the kinetic energy which would

remain if the cyclic motions were annulled.

Equations of the same type apply also to the case of motion

relative to a rotating body (Art. 81), provided U now stand for

F T
,
where T is the kinetic energy of the system when rotating

in relative 'rest' in the configuration (ql , qz , ..., qn\

In either case, the conditions of steady motion, or of relative

equilibrium, are of the same type

f-o ................. : .........(6)
dqr

as in Art. 85.
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The argument of Diridilrt. applies without nm<liiir;ui,,n t.. >li-\v

that insufficient condition ofStability is that (/should be a iiiiriiiiium

in the equilibrium configuration. This is in virtue of the equations

-I- V + K = const.,

+ F - yo
= const., (8)

proved in Arts. 83, 81 for the respective cases. The same condition

is also necessary, if the influence of dissipative forces affecting the

coordinates 0,, </2 , ..., qn is taken into account. This follows from

Kelvin's argument, reproduced in Art. 85. We shall therefore

assume in what follows that U is a minimum.

To examine the influence of the gyrostatic terms on the small

oscillations we will suppose for simplicity that F=0. We will also

assume the coordinates 0,, 2 , ..., qn to be adjusted so as to vanish

when the conditions (6) are fulfilled. We write therefore

2tf=c11 1

a + c22 2
2 +... + 2cI2 1 2 + (9)

It is to be remarked, however, that owing to the fact that K, or T ,

is involved in the value of U, the coefficients in this expression

may depend in part on the values of the constant momenta cor-

responding to the ignored coordinates, or on the angular velocity of

the rotating body, as the case may be.

The equations of motion may be further simplified by a trans-

formation of coordinates which shall reduce the functions 1& and

U simultaneously to sums of squares, say

2& = a1 1

2 +o2 0.2
2 +...+an n

2
, (10)

2tf=c2 1

2 + c2 0,
2 +... + cn <7n

2
(11)

This is always possible, but it is to be remembered that the par-
ticular transformation required may vary with the values of the

constant momenta, or constant angular velocity, referred to. The
new coordinates may be called the 'principal coordinates' of the

system, but it must not be assumed that they retain the mutually

independent character of the ''normal coordinates
'

of an acyclic

system. For instance, modes of motion are not as a rule possible
in which one principal coordinate varies alone.

The equations of motion now take the forms

...(12)
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To investigate the free motions, we put Qlt Q2 , ..., Qn
= 0, and

assume

qi
=A^ t q2

= A 2e", ..., qn
= A ne"..........(13)

Substituting, we find

(a xX2 + Cj) A! 4- J312\A 2 + ...

"

+ ln\A n = 0,

c2) 4 8 + ... + &n\An = 0,

ni-4n + M\A Z + . . . + (OnV + Cn ) 4W = 0.

Eliminating the ratios A l : A 2 : ... : A n ,
we get the equation

Ca ,

or, as we may write it for shortness,

A(X) = (16)

The solution of (14) corresponding to any particular root X is

^ =
^?=...=^=C, (17)

where alt cr2 , >
<*n are the minors of any row in (15), and C is

arbitrary.

The determinant A (X) is a ' skew
'

determinant, in virtue of

the relations (3rs
=

/38r . If we reverse the sign of X, the rows and

columns are simply interchanged, and the value of the determinant

is therefore unaltered. The roots of (15) will therefore occur in

pairs of the form
X = + (p + ia), (18)

but it is evident from Kelvin's criterion that if U is a minimum
in the zero configuration we must have p = 0, so that the motion is

strictly periodic.

To obtain an analytical proof of this result we adapt the pro-

cedure of Art. 91. If in (14) we replace A lt A 2) ..., An by 1? a2 ,

..., an ,
and multiply the resulting equations by aa ,

a2 , >
an re-

spectively, we find on addition

This shews that the values of X2
,
if real, must be negative.
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Again, let us <l-not- by a/, a/, ..., an
'

the values of th- m

convspomliiig t<> any other root !' (16) which is not such that

\ + \' = 0. We find

'

X-
1

(o, a) + \'/3rH (ar'all
-ar a9')+U(*, o')

= 0, ....

and X'2& (a, a) + X'Sft., (ara/ - a/ a.) + tf (a, a')
= 0. . . .(21)

the middle terms, and'dividing by X + X', we have

XX'-
'

If complex roots were admissible, we might put

X = p + io-
,

X' = p ia-...................

Hence writing ar = pr + ivr ,
ar

' = /*/
-

ii//, ...............(24)

weshouldhave ^ + B._- ................(25)

which is impossible if U be essentially positive. We conclude that

the roots of (16) occur in pairs of the form

X = iV. ...........................(26)

It will appear presently that the inverse statement, viz. that

the roots cannot be all of this type unless U is a minimum in the

zero configuration, does not hold in the present case, unless fric-

tional forces be taken into account (see Art. 99).

To examine the character of a small oscillation, we note that

the minors alt aa , ..., will in general involve odd as well as even

powers of X, and will therefore be complex. Putting

\ = io; ar
=

fJLr + ivr , ..................(27)

we have qr
= C (pr + ivr) e***......................(28)

Writing C = He", and taking the real part, we get

qr
=

H{fjLr cos(<rt + e)-vr sm(o-t + e)}, .........(29)

where the constants H and e are arbitrary. This represents what

may be called a ' natural mode '

of oscillation of the system. The
number of such modes is equal to that of the degrees of freedom.

It will be observed that the phase at any instant is not uniform

throughout the system, being different for the different coordinates.

It will be found that in any natural mode the relative motion of

any particle is in general elliptic harmonic.
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Examples of the small vibrations of a cyclic or of a rotating

system of finite freedom have occurred incidentally in various parts

of this book*. The following is a comparatively simple instance of

a continuous system.

Ex. A uniform endless chain revolves in its own plane in the form of a

circle
;
to investigate the small oscillations about the steady motion.

Let a be the radius, p the line-density, o> the angular velocity. The polar

coordinates of an element of the chain when at rest being (a, 6), the coordinates

in the disturbed state may be written

r=a + u, 0i= 0+a>t+ -, ........................ (30)a

where u, v are small. If < be the angle which the tangent makes with the

radius vector, we have, since the chain is assumed to be inextensible,

8r du u' ,~,,

"^-a-ss-a' ........................... (31)

where the accent denotes differentiation with respect to 6. Hence

*=*--, .................................... <32 )

to the first order. Again

Since sin
(/>
=

!, to the first order, we have

u+ v'= .................................. (34)

The radial and transverse accelerations are

2

C*
\ 2

o> +H = w-2o>v-o>2w-G>2
a, ......... (35)

..................... (36)a \ a

with the same approximation.

If ty be the inclination of the tangent to a fixed line, we may write

^= 0i + 0, ....................................... (37)
and therefore

^ =
(l
+
^'-')s0,

.............................. (38)

from (30) and (32).

We now calculate the forces on an element PQ (
=

aSQ}. If T be the tension,

these reduce to 8T along the tangent, and Tbty along the normal [S. 80].

Resolving along and at right angles to the radius vector 0P, we have

i
-\M, ............... (39)

and dTsm<t>+n^cos(f) = 8T+T-80, ........................ (40)

'* See Arts. 47, 57, 79,
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iv>|-rrti\flv. Tlir i'|iiation> ..finot.il>!! of the olcinciit pti&B arc there f

-+ ........... 12)

As a first approximation uc have 7T

=po>
2aa

,
as is otherwise known [S. 80].

Putting this value of '/' in the small terms, and eliminating T, we find

//' - 2o>v' - o>
2 w'+ i? + 2o>M = - o>

2 y" + (a'
2 u'" + w'2 u, ............

or, on eliminating u by means of (34),

i;"-v-f4a)v'-a>2
i;
iv -3el>

2 y"=0...................... (44)

This might be treated on the usual plan, assuming that v varies as ei<rt
,
but

the work is shortened if we assume at once

v= Cei(<rt-'
\ ................................. (45)

where 5 is any positive or negative integer. This requires

(7
2
(5

a + l) + 4(ra)-a)2 2
(*

2
-3) = 0, .................. (46)

the roots of which are

-(47)

The formula (45) may be interpreted as representing a wave travelling

round the circle with either of the two angular velocities

............................(48)

These are the velocities relative to the chain. To get the velocities in space
we must add o> to the results, which become

0, and .,............................(49)

respectively.

That a disturbed form would be possible which is stationary in space was
known beforehand [D. 50]. That both waves should be stationary for *= 1

is also obvious, since the disturbed form is then circular, to our order of

approximation.

The formula (45) shews that the phase varies along the chain. This

illustrates a remark made above.

99 . Kinetic Stability.

It has been objected to the Lagrangian theory of small oscilla-

tions about absolute equilibrium, as developed in Art. 89 with the

neglect of small quantities of the second order, that it cannot

furnish a decisive test of stability, since the neglected terms might

conceivably in the course of the motion become important.
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As a matter of strict logic the objection is valid, but since the

criterion arrived at, viz. that a necessary and sufficient condition

of equilibrium is that the potential energy in the zero configuration

should be a minimum, is confirmed by the argument of Dirichlet

and Kelvin (Art. 85), the point is hardly important.

The argument referred to, when extended to gyrostatic systems,

shews that a sufficient condition of stability, even when dissipative

forces are ignored, is that F+ K, or V T
,
as the case may be,

should be a minimum. And so far there is agreement with the

approximate treatment based on linear equations (Art. 98). On
the analytical theory, however, this condition is no longer essential,

and we may have periodic solutions, apparently indicating stability,

even when the function in question is a maximum.

To prove this statement it will be sufficient to consider the

case of two degrees of freedom. If friction be neglected the equations

of small motion, in terms of principal coordinates, have the form

where alf a2 are necessarily positive. Assuming that ql and q2 vary

as e
u we find

a^X4
4- (ajC2 -I- a2 C! + /3

2
) X

2 + CiCa = (2)

The two values of X2 will be real provided

(3* + 2/3
2

(c^Ca + O-jCO + (Oad-
- O^)2 > (3)

If Cj, c2 are both positive this condition is fulfilled, and the two

values of X2 are moreover negative (cf. Art. 98). We have then

X = iarl) io-2 , (4)

where ov
2

,
cr2

2 are the roots of

a1a2 a-* (a^a -f a2 Ci + /3
2
)"

2 + CjC^O (5)

The solution therefore consists of simple harmonic vibrations
;
so

that the zero configuration is stable from the analytical point of

view, as well as in virtue of Kelvin's criterion.

It is evident, however, that the condition (3) may be fulfilled

even if GI or c2 ,
or both, be negative, provided the gyrostatic con-

stant /3 be sufficiently great. If clf c2 have opposite signs one

value of X2 is then positive and the other negative. The positive

root gives solutions of the types e, e~u
>
and so indicates instability.
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If, however, c, and Cg are both negative, whilst

is positive, ;is may evidently h:ipp-n, tin- two values of X* (when
real) are negative, indicating stability, although the tun<-n<>n V + K,
or K T

,
is now a rtKLxinnun in the zero configuration.

This is not of course in contradiction with the Kelvin criterion,

which contemplates the influence of dissipative forces on the

palpable coordinates. If we introduce frictional terms into our

approximate equations, the results become concordant. We have

now

ai'qi + c^! + &u J! + (6ia
-

ft) qz
= 0,) .

av'q* + C2& + (62i + ft) qi + 622^
=

0,)

where 6n , 6,2 , 622 are the coefficients of the dissipation function

2F=& 11 $ 1

' + 2&11 g1 7a + 6a $, ...................(7)

Since this is essentially positive we have

&u>0, 622 >0, 611 6a -612 >0................(8)

The equation (2) is now replaced by

tt^gV -I- (a2 6u 4- a^) X3 + (a2 Cj + a^a + f& + ft,^ - 612
2
) X

2

+ (^11 c2 + 622^) X + ca c2 = 0.. . .(9)

We will suppose that the roots of (2) in X2 are real and negative.
This implies that Cj and c2 have the same sign. Further, we will

for simplicity suppose the frictional coefficients to be small. We
write, therefore, for the roots of (9),

X=/3 1 l(T 1 , p2 i<7s, ..................(10)

where pi> p2 are small, and <7j, cr2 are determined by (5). Neglecting
terms of the second order in bu ,

612 , 622, we find

Hence either pl or p2 must be negative, but both cannot be negative
unless the sign of GI and ca (assumed to be the same) be positive.

If G! and c2 be both negative, p l and pt must have opposite signs.

Since

1\ 1 /6U

L. H. M. 16
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*

the positive value of p will correspond to the smaller value of cr,

i.e. to the slower of the two fundamental oscillations. The ampli-
tude of this oscillation will therefore gradually increase whilst that

of the other will decay *. We may refer for illustration to a problem
discussed in Art. 40.

We are thus led to distinguish, in the case of rotational and

cyclic systems, between stability as indicated by the classical La-

grangian method of small oscillations where friction is neglected,

and stability as determined by the Dirichlet-Kelvin test. The

distinction was first pointed out by Kelvin, and was further insisted

upon by Poincare in his researches on the possible forms of equi-

librium of masses of liquid rotating under the mutual gravitation
of their parts. The two types have been designated as

'

ordinary
'

or 'temporary/ and 'practical' or 'permanent' or 'secular' stability,

respectively, the latter name being doubtless suggested in relation

to cosmical applications.

The criteria of 'ordinary' stability, i.e. the conditions under

which the equation for the determination of X in the general case

should have roots which are either pure imaginaries, or have

their real parts negative, have been discussed by Routhf. They
are naturally of a somewhat elaborate character.

Ex. 1. In the theory of central forces in two dimensions we have, taking
the mass to be unity,

27W2+r2 2
(14)

If the force vary as ljr
n we have

Putting r'
2 6= K, where * is the constant angular momentum about the centre

of force, we have in the notation of Art. 83

K=%K*lr\ (16)
and therefore

=-- + ^ (17)' dr r3 rn

The condition for a circular orbit is that U should be stationary, or

* The above investigation is repeated, with merely verbal alterations, from the

author's Hydrodynamics, 2nd ed., 1895.

t In his essay on Stability of Motion, 1877. Particular cases have been met
with in Arts. 70, 79, above.
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This n.

Hence (7 is a minimum, i.e. the circular orbit is ixrmanently stable, only if

It is known that this is also the necessary condition for 'temporary'

stability [D. 87].

Ex. 2. A particle moves on the inner surface of a spherical bowl which

rotates with constant angular velocity o> about the vertical diameter. In this

case the equilibrium of the particle when in the lowest position is 'ordinarily'

stable since the rotation is irrelevant if the bowl be smooth.

If a be the radius, and 6 the angular distance of the particle from the

lowest point, we have

U= V-T = -mgacoB0 $mvza~sm*6 (20)
Hence

^-^jrin*fl-^4>OB*Y
(21)

2a \

d#2 -'J/~ V
\^"~y

C 8

)
+

For relative equilibrium we must have dUld6=0. If o>
2
<<jr/a this is only

possible when =
0, and (22) shews that U is then a minimum, indicating

permanent stability. If o>
2> gja, there is a second position of relative equi-

librium given by

cos0=^/&>
2a (23)

The formula (22) shews that this is stable, whilst the lowest position is now
unstable. In the position given by (23) the particle rotates with the bowl like

the bob of a conical pendulum.

To examine the initial stages when the particle is slightly disturbed from

its position at the lowest point, we employ horizontal axes Ox, Oy passing

through the lowest point, and rotating with the bowl Introducing a frictional

force varying as the relative velocity, we have

where nz
=gla. These equations combine into

+ (2io> + &) + (rc
2 -a>2)=0, (25)

where =x+iy. Assuming that f varies as e
x
*, we find

...(26)

Ifk be small we have, for a first approximation, X = tot in, and consequently,

for a second,

(27)

162
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If
, rj

be Cartesian coordinates referred to fixed axes through 0, the complete
solution is

*Cle*'*
t
+***+Ct9-**

t-**i
t ............... (28)

-g,
V^\Jc(l+ ?)

................... (29)

This solution, when put in real form, shews that the motion is made up of two
circular vibrations in opposite directions, of period ^TT/H ;

moreover that if

o)
2 >n2

,
i.e. o>

2
a><7, that circular vibration whose sense agrees with o> con-

tinually increases in amplitude. The particle works its way outwards in an
ever widening spiral path, approximating to the stable position of relative

equilibrium given by (23).

Ex. 3. A pendulum symmetrical about its longitudinal axis hangs by a

universal flexure joint from a vertical spindle which is made to rotate with the

constant angular velocity o>.

This problem has been discussed by the Lagrangian method in Art. 79,

Ex. 4. In the steady motion we have =
0, ^= o>, and therefore

(30)
Hence

'

(4^(7)a,
2
cos0}sin0, ..... ...................... (31)

cos<9. ...(32)

The vertical position 6=0 is one of relative equilibrium, but is unstable if

When this condition is fulfilled there is a second position of relative equilibrium

given by

cos<!=(^fb ............................... (34)

This is stable if (as in the usual form of the experiment) A > C.

EXAMPLES. XIV.

1. Shew how the solution (13) of Art. 89 verifies the equation of energy.

2. A uniform horizontal rectangular plate rests on four similar springs at

the corners. Find the normal modes of vibration, and prove that their

frequencies are as 1 : 1 : ^3.

3. A uniform rectangular plate whose edges are 2a, 26, hangs by two equal
vertical strings of length I attached to the ends of the upper edge (2a) which

is horizontal. Describe the characters of the four normal modes of oscillation.

Prove that the periods are those of simple pendulums of lengths
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4. A uniform bar of length -''/ K *\\*\ a short string of length I.

Prove that the period <>f the slower vibration i.s greater than that of the bar when

swinging about one eml, in tin; ratio

l +
9 '

approximately. Also that the |.<-IKH| of tin- <jineh-r vil>r.it i..n j-, n*J(llg), nearly.

5. A heavv plate hangs in a horixontal position by throe vertical strings

df unequal lengths. Show that the normal modes of vibration are (1) arot.v

about cither of two vertical lines in a plane through the eent.ro of maws and

(2) a swing. parallel to this plane.

6. A thin cylindrical shell of radius a and mass M rests with ite axis

hori/ontal on a horizontal plane. Inside it there is placed a circular cylinder
of mass m, radius b, and radius of gyration K. If the system is set rocking,

form the equations of finite motion. If the motion be small, prove that the

length of the equivalent simple pendulum is

7. An elliptic hole of semi-axes a, b is cut in a thin horizontal sheet of

metal, and a sphere of radius c
(> 6) rests on it, its centre being therefore at

a height A,
= J(c

2 62
). If the sphere be set rocking through a small angle,

the length of the equivalent simple pendulum is

where K is the radius of gyration of the sphere about a diameter.

8. A string of length 4a is weighted at equal intervals with three weights

m, M, m, respectively, and is suspended from two points J, B symmetrically.
Prove that ifM performs small vertical oscillations, the length of the equivalent

simple pendulum is

a cos a cos ft sin (a
-

ft) cos (a
-

ft)

sin a cos2 a -f sin j8 cos* ft

where a, ft are the inclinations of the parts of the string to the vertical.

9. A solid free to turn about the origin is in equilibrium in a field of

force such that the potential energy due to small rotations
, 17, f about the

coordinate axes is

prove that the normal modes of vibration consist of rotations about the common

conjugate diameters of the momental ellipsoid at and the quadric

Shew that this includes the case of ordinary gravity, the centre of gravity
not being restricted to lie in one of the principal axes of inertia at 0. (Ball)

10. A string of length I, =(n+ \} a, loaded at intervals a with equal masses

7n, is fixed at both ends and subject to a tension T\. If the particles receive

small lateral displacements tyr ,
the potential energy is

I
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Form the equations of motion, and prove that the solution is

where s=l, 2, 3, ..., n, and
/ / W \ o n

"=2
\/wi)

sin
-|p

Find the limiting form of the result when m/a= p, n^ao. (Lagrange.)

11. A string of length na hangs vertically from one end, and is loaded at

equal intervals a with n particles each of mass ra. If this position be slightly

disturbed, prove that the gain of potential energy is

where yr is the lateral displacement of the Hh particle from the top.

If tt= 3, prove that the lengths of the equivalent pendulums in the three

normal modes are

2 '405 a, -436 a, '159 a.

Find the limiting value of the above expression for V when

12. If a tense string be fixed at the ends (#=0, ), the potential energy of

a small lateral displacement is

where 7\ is the tension, and y the displacement at the point x.

Assuming as an approximate form of vibration

y=Cx(l-x\

prove that the resulting estimate of the period is

where p is the line-density.

13. A circular membrane of radius a is fixed at the edge and is subject to

a uniform tension T. Prove that in a normal displacement 2, symmetrical
about the centre, the potential energy is

Assuming

obtain an approximate estimate of the longest period.

[2-56492 x <J(pa
2
/Ti), where p is the surface-density, the correct factor being

2-61253.]
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14. Repeat the calculation of Ex. 13, assuming

and adjusting the value of /3 so as to make the period a maximum,

15. Prove that the equations of motion of a gyroHtatic system with three

degrees of freedom can be reduced to the same form as for a particle attached

by springs to a body rotating about a fixed axis.

16. A particle is subject to a centre of attractive force varying as e" r/a
/r.

Prove that a circular orbit will be stable or unstable according as its radius is

less or greater than a.

17. Four equal particles, connected by equal strings forming a rhombus,
rotate in their own plane about the centre, under no external forces. Prove

that the relative configuration is neutral for all forms of the rhombus.

18. Two particles J/, m are attached to a string at distances a and a+b
from one end 0, which is fixed. The system revolves about in one plane, the

angular momentum about being /*.
Prove that

**'2/T-~

where x is the angle between the directions of the two portions of the string,

and thence that the straight form of the string is stable.

Prove that the period of a small oscillation is 27T/0-, where

^~ Mab '

<o being the angular velocity of the steady rotation.

19. A body of massM can turn freely about a vertical axis 0, and a second

body of mass m can turn freely about a parallel axis O carried by the former

body. The mass-centre O of the first body is assumed to lie in the plane of the

axes 0, 0'. The radius of gyration of the first body about is
,
that of the

second body about a vertical through its mass-centre O' is
,
the distance

between and 0' is a, and the distance of O' from 0' is 6. Prove that the

kinetic energy is given by

where 6 is the angle turned through by the first body, x is the angle which the

plane of G' and 0' makes with that of and 0' (vanishing when O' is furthest

from 0), and

If there are no external forces, and
/n
be the constant angular momentum

about 0, prove that, in the notation of Art. 83,

2/r
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and thence that the configurations x X= 7r are respectively stable and

unstable.

If the first body be maintained in uniform rotation o>, prove that

2T = (A + ZH cos x )
a,

2
,

leading to the same results as to stability.

Prove that the frequency of a small oscillation about the stable configura-

tion is given by

20. A uniform chain of length I is rotating with angular velocity o> about

one end, which is fixed, the other end being free. Prove that for small deviations

z normal to the plane of rotation the equation of motion is

Z = 4o>
2
(Z

2 -. 2K-a>2
^',

where the accents denote differentiation with respect to the distance x from

the fixed end.

Prove that the displacement in a normal mode is of the type

to (n
-

1) (ft+ 2) tf ^ (ft- 3) (n- 1) fo+2) (n+ 4) a*
\U

\l 2.3
"

P +
2.3.4.5 /

5 "]

Shew that the series' does not converge for x= l unless n is an odd integer ;

and that the corresponding frequency is then given by

^ = \ n (n + 1). (Southwell.)

21. Prove that for transverse displacements y in the plane of rotation the

equation is

y a)

and that the frequencies of the various modes of vibration are given by

where n is odd.



CHAPTER XII

VARIATIONAL MKTIIODS

1OO. Lagrange's Variational Equation.

Starting as in Art. 78 from the equations of motion of any indi-

vidual particle of a system, viz.

mx = X, my=Y, mz = Z, ............... (1)

we denote by x + &, y + By, z + Bz the coordinates at time t of the

same particle in any arbitrary configuration of the system (con-

sistent with its connections) which differs infinitely little from the

actual configuration. Multiplying the above equations by Bx, By,

Bz, respectively, and summing for all the particles of the system,

we have

2m(xBx + yBy+zBz) = 2(XBx + YBy + ZBz).......(2)

This is
'

Lagrange's variational equation.'

The special advantage of this form is that in calculating the

right-hand side we may omit all forces which do no work in any
infinitesimal change of configuration. Thus in the case of a con-

servative system free from external force we have

2m (xBx + yBy + zBz) + BV = Q.............(3)

The formula (2) or (3) is most useful in the theory of the small

motions of continuous systems. It is freely employed, for instance,

in Rayleigh's Theory of Sound. The following example may serve

to illustrate the procedure.

Ex. In the case of a chain hanging vertically from one end we have from

Art. 94, Ex. 2,

(4)

(5)

where s denotes distance from the fixed end. Hence

P (l-
Jo
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The integrated term vanishes for s = l, and also for 5=0, since &/= at the

upper end. The equation (3) therefore takes the form

.(6)

Since the function $y is arbitrary, subject only to the condition that it must
vanish for s 0, the remaining factor of the integrand must vanish for all values

of s. Hence

This is equivalent to (15) of Art. 90, where x was measured from the lower end.

1O1. Transformation to General Coordinates.

We contemplate in the first instance a system such that any
possible configuration can be completely specified by means of n

independent coordinates qlt q2) ..., qn .

The quantities Sx, 8y, &z vary by definition with the time, and

it is important to notice that the operations S and d/dt are com-

mutative. For instance,

. d
f ., . dx d^ =

dt
(x ^^~dt

=
di^..... ' .......... < x >

Hence

= -=- 2m (x$x + y% + zbz)
- 2m (xBx -f ijSij + z$g). . . .(2)

The formulae for x, y, z in terms of the generalized coordinates and

velocities have been written out in Art. 78. We have also

If we substitute in the expression

Sra (x &x -I- y y -f z 8z), ..................... (4)-

the coefficient of 8qr is

2 + . . -f Cbnr <}n ,
- - (5 )
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in the notation of Art 72. Hence, writing

-%>
.........

we have 2m(x&x + y% + z&?) = 2 r />r fy r ,..

where 2 r indicates a summation f!r \alu- - .j ,- from 1 to /<. Tin-

formula is fundamental.

Again,

Substituting from (7) and (8) in (2), and omitting the terms which

cancel by (6), we have

With the same notation for generalized components of force as

in Art. 78 we have

f.............(10)

The equation (2) of Art. 100 is thus transformed into

Since the quantities $q r are quite independent, this requires

which is the typical Lagraugian equation. The investigation now

given is substantially that by which the equations were originally
obtained.

When the geometrical relations vary with the time, we must

employ the forms of x, y, z given in Art. 80 (2). We find that the

coefficient of &qr in the transformation of (4) is

ar + Chrgi + CUr^-f ... + CLnr qn .............(13)

Hence 2m(xSx + y$y + zz) = 2 rprSqr ,
............(14)

where Pr = ^> ........................... (15 )

cqr

since T has now the form given in Art. 80 (3). The rest of the

work is as before.
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1O2. Redundant Coordinates.

The advantages of Lagrange's method are not confined to the

case where the coordinates qlt q2 , ..., qn ,
in terms of which the

configuration is supposed expressed, are all independent.

We may in the first instance suppose them to be connected by
m relations, less than n in number, say

A(t, q1} q2 , ..., ?n)
= 0, B(t, qlt q2 , ...,qn)

=
0, .......(1)

These may be interpreted as introducing partial constraints in a

system previously free. The variations $qr in the formula (11) of

the preceding Art. are no longer independent, but are connected

by the relations

Introducing undetermined multipliers X, JJL, ..., one for each of

these equations, we obtain, as in the theory of relative maxima
and minima, n equations of the type

dpr dT dJ. dB
-jr7^-=Qr + ^^--^/*.T~ + ................ (3)
dt dqr dqr dqr

These equations, in conjunction with (1), determine the n coordi-

nates g,, qz , ..., qn ,
and the m multipliers X, /*, ....

Ex. 1. As a simple example, take the case of a particle constrained by a

moving surface

#(4Jfr*4*0.................................. (4)
The equations are

, ,
-. ...(5)

ex cy cz

If the surface is smooth, its reaction on the particle is not included in the

forces X, F, Z, since it does no work. The reaction (R] is in fact represented

by the undetermined multiplier X
;
thus

Again, it may happen that, although there are no invariable

relations between the coordinates qlt q2 , ..., qn , yet from the

circumstances of the particular problem certain geometrical rela-

tions are imposed on their variations, e.g.

2r (A r5qr)
=

0, 2r (Br Sqr) = 0, ..., ............(7)'

where the coefficients A r ,
Br ,

... are functions of ql} q2 . ..., qn ,
and

(possibly) of t. It is assumed that these equations are not inte-

grable ;
otherwise we fall back on the previous case.
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Tim equations of motion are lit;iiin;d as before by th

indeterminate multipliers Tl.

dvr _ar __

</f
(><jr dqr

The coordinates
r/,, </.,, ..., qn and the multipliers X, p, ... are

determined by these equations and by the velocity conditions

corresponding to (7), vi/.

2rA rqr
= 0, 2.rBrqr = Q, (9)

Systems in which the restrictions are of the type (1) are called

by Hertz* 'holonomous/ the meaning being that the constraints

are expressed by integral as distinguished from differential relations.

Except for mathematical convenience we might by elimination

express any possible configuration in terms of n m independent
coordinates.

Systems, on the other hand, which are subject to non-integrable
conditions of the type (7) are called 'non-holonomous.' Cases of

this kind may occur when we have a solid rolling (without sliding)
on a fixed or moving surface.

Ex. 2. Suppose we have a solid moving in contact with a smo<#h horizontal

plane. Any position whatever of the solid may be specified by the Cartesian

coordinates #, y,'z of the mass-centre and Euler's angular coordinates 0, ^-, <.

Let 6 be measured from the axis of z, which we will suppose drawn vertically

upwards. We have then

and V=Mgz, (11)

where T\ is the kinetic energy of the motion relative to the mass-centre, and
is therefore a function of the angular coordinates and velocities.

The geometrical relation, expressing contact with the plane, has the form

=/(0, 0) (12)

This is of the ' holonomous '

type ; and it is immaterial whether we eliminate

z and I by means of this equation, and so reduce the number of coordinates to

five, or whetherwe retain all six coordinates and use an indeterminate multiplier.
The results obtained in these two ways will be consistent.

Ex. 3. If the plane be '

rough,' and the motion of the solid therefore

restricted to be one of pure rolling, the vertical coordinate z can be eliminated

as before, but the fact that the point of the solid which is in contact with the

plane is momentarily at rest imposes two additional conditions of a non-

integrable character.

* H. Hertz (185794), Prinzipien der Mechanik, Leipzig, 1894.
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To take a fairly simple example, let the outer surface of the solid be

spherical, of radius a, and let the mass-centre coincide with the centre of

figure. Let us further suppose that the (fixed) plane of zx is that from which

the angle ty of Euler's scheme is measured.

In a small displacement the sphere rotates about an instantaneous axis

through the point of contact. A small variation in the value of 6 alone displaces
the eentre through a horizontal distance a 86 in the plane of ZC (Fig. 32, p. 83).

The components of this parallel to x and y are a 86 cos
\js
and a 86 sin

-fy, respec-

tively. A small change in the value of ^ alone does not affect the position of the

centre. A rotation 8<p about OC has a horizontal component 8(f>
sin 6, and if

this be transferred to an axis through the point of contact, the consequent

displacements of the centre are 0,8$ sin 6 sin \^ and - a8$ sin 6 cos
\|/- parallel

to x and y, respectively. The required relations are therefore

.

^

Although problems of this kind are generally best treated in other ways,
we may proceed to write down the dynamical equations of the present method,
on the assumption that the sphere, though not necessarily homogeneous, has

kinetic symmetry about an axis.

We have then

2T=M(tf+y2
) + A(9

2+ sm*6J,
2
) + C(<j> + cos0j,)

2
,

......... (14)

whilst V is constant. The method gives

Mx=\ My=fr ..............................(15)

) (16)

0, ............... (17)

- .......... (18)

The equation (17) expresses the constancy of angular momentum about the

vertical diameter (cf. Art. 39). The quantities X, p are recognized as the

horizontal components of the reaction at the point of contact.

If we were to substitute the values of x and y derived from (13) in the

expression for the kinetic energy we should obtain

2T=Ma2
(&+ sm*6<j>

2
) + A(6*+sm2

6^)+C((j> + cos6fo*. ...(19)

This formula is correct, but it would be improper to use it as a basis for

Lagrange's equations, since the coordinates 6, ^, cf)
which are now alone in

evidence do not completely define the position of the body.

1O3. Principle of Least Action.

The preceding methods give us statements applicable to a

dynamical system at any given instant of its motion. We now
come to a series of theorems which predicate certain characteristics
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of its ean-er as a \\ln.le, l>el \\ e.-n any tWO BOUgDed
through which it passes. \Y, r,,m|.an- bht actual ii."ti..n with other

imaginable (though not. necessarily natural) m>desnf transit, ditV.-r-

ing infinitely little from it, between the MM -nfigurati

As in Art. 100 the symbol B prefix* -<1 to any coordinate, or any
velocity, will be used to indicate the dinVn -nee 1 'tween the values

<>f that coordinate or that velocity, at the same instant t of tn

the varied and in the natural motion of the system, respectively,
We have seen that on this supposition the operations 8 and d/dt
are commutative.

The symbol A, on the other hand, will be used to denote the

variation in, tKe value of any property of the career as a whole.

The best known, though not the simplest, theorem of the class

now under consideration is that of ' Least Action/ originated by
Maupertuis*, but first put in a definite form by Lagrange and

Jacobi. The '

action
'

of a single particle in passing from one

position to another is defined as the space-integral of the momen-

tum, or the time-integral of the vis viva (i.e. twice the kinetic

energy). The action of a dynamical system is the sum of the

actions of its constituent particles. Hence if we reckon the time

from the instant of passing through the initial configuration, the

action is

A = 2 !

9

mvds = 2 [m&dt-l {* Tdt, ......... (1)
JO JO J

where v is the velocity of any particle m, and T is the whole time

of transit.

The theorem to be proved asserts that the free motion of a

conservative system between any two assigned configurations is

characterized by the property that

A4 = 0, ..............................(2)

provided the total energy has the same constant value in the varied

motion as in the actual motion. In the case of a single particle,

for instance, moving in a given field of force, we may imagine it

to be started with the same velocity as in the natural motion,

and to be guided by a smooth tube which begins and ends at the

same two terminal positions, but deviates slightly from the free

path.
* P. L. M. de Maupertuis (16981759), the first French Newtonian/
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Since the time of transit will in general be altered in the

varied motion we have

= 2 (T+&T)dt - 2 Tdt
/o Jo

(3)

terms of the second order being neglected. Now by partial

integration

f

T

BTdt = 2m (

T

(xBx + y By + z&z) dt
Jo Jo

m(d;Sa; + ySy + zfo)
|

- 2m I

T

(xSx + y% + 2$*) eft

J o

w(A&c + y8y + *&*)
|

T

+ I* BVdt, ...... (4)

by Art. 100 (3). Hence (3) may be written

V)dt+

............ (5)

We have 8 (T + V) = by hypothesis. Again, the varied motion

and the actual motion are both assumed to start together from the

same configuration, so that Sx, By, Sz vanish for t = 0. At time

t r the system, in the varied motion, is not in the final configu-

ration, but will reach it in an additional (positive or negative) time

AT. Hence at this limit we must put

Sx = X&T, &y = y&T, Sz = zAr.

The last term in (5) therefore cancels the first. Hence AJ. = 0, as

was to be proved.

It is to be noticed that the equation (2) merely expresses that

the variation of A vanishes to the first order of small quantities.
The phrase

'

stationary action
'

has therefore been proposed as indi-

cating more accurately what is established. The action in the free

path between two given configurations is in fact not invariably a

minimum, and even when a minimum it need not be the least

possible subject to the given condition.
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*7

Good illustrations are furnisli- <1 by the case of a single par
For instance, a particle moving on a smooth surface, and subject

only to the reaction of the surface, will have ity constant
The theorem therefore resolves itself into the statement that

A/<fc = 0, (6)

i.e. the path is a geodesic line. A g<',
( |, -i<- is hower< - ces-

sarily tin- shortest path between two given points on it. For

example, on the sphere a great-circle arc ceases to be the shortest

path between its extremities when it exceeds 180.

More generally, taking any surface, let a point P, starting from

0, move along a geodesic. This geodesic will be a minimum path
from to P until P passes through a point 0' (if such exist) which

is the intersection with a consecutive geodesic from 0. After this

point the minimum property ceases. On an anticlastic surface

(where the principal curvatures have opposite signs) two geodesies
cannot intersect more than once, and each geodesic is therefore a
minimum path between any two of its points.

The general criterion, applicable to all dynamical systems, is as follows.

Let and P denote any two configurations on a natural path* of the system.
If this be the sole free path from to P with the prescribed total energy, the

action from to P is a minimum. But if there be several distinct paths, let

/' vary from coincidence with along the first-named path ;
the action will

cease to be a minimum when a configuration 0' is reached such that two of the

possible paths from to 0' coincide. For instance, if Oand P be positions on

the parabolic path of a projectile under gravity, there will be a second path

(with the same energy and therefore the same velocity of projection from 0),

these two paths coinciding when P is at the other extremity (#', say) of the

focal chord through 0. The action from to P will therefore be a minimum
for all positions of P short of O'f. Two configurations which are related as

and 0' in the above statement are called conjugate
* kinetic foci.'

In any case of motion of a particle in a conservative field of force with

prescribed energy the principle takes the form

Ajvcfe = (7)

For instance, on the corpuscular theory of light the refractive index (/i) of

any medium is proportional to the corresponding velocity of light. Hence

A//*fo= (8)

The integral measures the '

optical distance ' between two points of a

*
By the 'path' is here meant the continuous succession of configurations

through which the* system passes.

t The above illustrations were given by Jacobi in his Vorlesungen tiber Dynamik

(published 1866). The lectures date from 1842.

L. H. M. IT
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1O4. Hamilton's Principle.

In the preceding theorem the energy of the hypothetical motion

is prescribed, whilst the time of transit from the initial to the final

configuration is variable. In another, and generally more convenient,

theorem the time of transit is prescribed to be the same as in the

actual motion, whilst the energy will in general be different and

need not indeed be constant. On this understanding we shall have

'0 (1)
J

For

Sra (xx + i/y -f- zz)

* '

t. ...(2)

The integrated terms vanish at both limits, since by hypothesis the

corresponding configurations are fixed; whilst the terms under the

integral sign vanish by Lagrange's variational equation.

The fact that in (1) the variation does not affect the time of

transit renders the formula easy of application in any system of

coordinates.

Thus, to deduce Lagrange's equations, we have

(BT -ZV)dt = [

T

2r (~ Bqr +^Sqr
- d

^Sqr]
dt

'

T
JO

r

o wjr

The integrated terms vanish at both limits
;
and in order that the

remainder of the last member may vanish it is necessary that the

coefficients of the variations Sqr ,
which are independent and subject

only to the condition of vanishing at the limits of integration,

should severally vanish. We are thus led to Lagrange's typical

equation of motion.

It appears that the formula (1) convenient as well as a

compact embodiment of the whole of oixunary Dynamics.
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The modification of the HamiltoniaD principle appropriate to

the case of cyclic systems has been given by Larmor*. We write

R=T-Kx-X-:.> -..(4)

as in Art. 83 (3), and assume R to be expressed in terms of the

'palpable' coordinates qlt <?..., qm and the corresponding v

ties, and the constant momenta K, *', ... corresponding to tin-

ignored coordinates %, x> ^he statement then is that

(5)

provided the variation does not affect the cyclic momenta *,*',...,

and that the initial and final configurations are unaltered so far as

regards the 'palpable' coordinates qlt q2 , ..., qn . The initial and
final values of the ignored coordinates ^, ^', ... will of course in

general be affected.

To prove (5) we have, on the above understanding,

where terms have been cancelled in virtue of Art. 83 (2). The last

member of (6) represents a variation of the integral

fJ (T-V)dt, ........................(7)

on the supposition that fy = 0, &x =0, . . .
, throughout, whilst

Bqr at both limits
; i.e. it is a variation in which the initial and

final configurations are absolutely unaltered. It therefore vanishes

in virtue of the Hamiltonian principle in its original form.

1O5. Hamilton's '

Principal Function.'

We have been concerned in Arts. 103, 104 with certain pro-

perties of the free motion of a conservative system between two

configurations through which it passes, as compared with other

arbitrary modes of motion between the same configurations. Thus
if we write

(T-V)dt, ..................... (1)

17-2

*
Proc. I ,. Math. Soc. (1), t. xv (1884).
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we have seen that the value of S is unaltered, to the first order,

when we substitute for the free motion any slightly different mode

of transit between the same two configurations which is accom-

plished in the same time t' t

We now investigate the change in the value of S when we

compare the actual motion with another natural (i.e. unconstrained)

motion in which the initial and final configurations, and the time

of transit, are all slightly varied.

We have, evidently,

&S = (T
r -

V')kt' -(T- 7) A+ ( B(T-V)dt, ...(2)
J t

where the symbol S is used as in Art. 100 to denote the difference

between the values of a function in the original and the altered

motion, corresponding to the same instant of time.

It follows from Art. 104 (2) that

[* f . . .

"]*'

J t L J*'

The final coordinates (at time t' + Atf') of a particle ra in the

varied motion will now be denoted by x' + A#', y' -f Ay', z + A/.

Hence, at the upper limit we must put

With a similar adjustment at the lower limit we find

A$= jfiTAr -f 2m (x 'Aa/ + y' Ay' + z 'A/)

2w(#A#-f yAy + ^Az), ...(5)

where H=T+V, r=tr

-t, (6)

i.e. H is the constant value of the energy, and r is the time of

transit.

In generalized coordinates (5) takes the form

Now if we select any two arbitrary configurations on a free

path as initial and final, we can in general by suitable initial

impulses start the system so that it shall pass from the first to the

second in a prescribed time r. For if the values of the coordinates,

viz. q1} q2 , ..., qn ,
at time t be given, the coordinates #/, q2

'

t ..., qn
'

after a time r will be definite functions of the initial coordinates
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and impulses. Hence it th- terminal coordinates be prescribed we
have n equations to determine the requisite n initial impulses.

On this view of the matter, 8 will be a function of the initial and

final coordinates and the time of transit, as independent variables.

Hence, from (7),

, 98 dS

and

The function 8 as thus defined is Hamilton's '

principal func-

tion.'

It should be noticed that in (8) the coordinates employed to

specify the initial and final configurations, respectively, need not

be chosen on the same plan. This appears from (5) and from the

fact that

2m(xSx + ySy+z8z) = 2rprSqr ,
............(10)

whatever scheme of generalized coordinates be adopted.

If the general form of the function $ for a given dynamical

system can be ascertained, the equations (8) will determine com-

pletely the motion consequent on arbitrary initial conditions. Thus

if the initial coordinates qlt g, ..., qn and impulses^, p2 , ...,pn

be given arbitrarily, the n equations

80

determine the values of q^ , q2', ..., qn
'

after a time T. The n

equations

give the corresponding momenta.

The formulae (8) and (9) apply also, on a certain understanding,

to a cyclic system*. We now write

(13)

where 8 is to be expressed in terms of the initial and final values

of the 'palpable' coordinates qly q.2 , ..., qm ,
and of the time of

transit r. The cyclic momenta K, K ', tc", ... are supposed invariable.

*
Larmor, I. c.
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We find

A = (R'
- V) Af -(R-V) A*

see Art. 104 (6). Hence, by a partial integration,

A = (R - V) A*' - (R - V) A* + 2r Fjv*& ....

Putting 8gv'=Agv'-$r'A*', ..................... (16)

at the upper limit, with a similar adjustment at the lower limit,

we have

AS = (R -V- ^pr'qr
f

) M-(R-V- 2rpr qr) A*

+ S,p/A^-S^rA?r . ...(17)

Now 2 rprqr=R + T, ........................(18)

by the definition of R (Arts. 77, 83). Hence, putting T+ V=H,
t' t = T, as before,

AS= - #AT + Zrpr'&qr'
~ Zpr^r.......... (19)

The equations (8) and (9) follow.

1O6. The ' Characteristic Function/

There is a similar theory for the function

A = 2 [* Tdt = S + Hr... ...(1)
J t

Since the variations in (7) of Art. 105 are perfectly general, we
have at once

&A = TMJ+2rPr'q;-2 rprbqr .............(2)

Selecting as before any two arbitrary configurations, it is

possible under certain limitations* to start the system from one of

these, with a prescribed value of the total energy H, so that it

shall pass through the other. Hence, regarding A as a function of

the initial and final coordinates and the energy, we have

, dA dA

and T=

* The kind of limitation may be illustrated by the case of a projectile. The
second position must be ' within range.'
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The function A, supposed express)
< I in this way, was calle<;

Hamilton the 'characteristic function.' It represents the 'action
1

of the system in the free motion (with prescribed energy) between

the two configurations.

The formula' \\ ill apply also to cyclic systems provided we write

'-
...)dt, (5)

in place of (1). The proof can be conducted as at the end of Art.

105.

Ex. If U denote the optical distance between two points (.r, y, z) and

(X, y', O, viz.

U= J pels, (6)

we have on the corpuscular theory p.
=

v, the velocity of light in vacuo being
taken as unity. Hence, from (3),

dx1

"bU di/ oU dd "bU ,,.

where ds' is an element of the path of the ray. These equations are important
in Hamilton's treatment of Geometrical Optics. The physical meaning of the

function U on the undulatory theory is of course different
;

it measures time

of propagation, and not 'action.' Accordingly the basis of the formulae is

then Format's principle of ' Least Time,' instead of that of * Least Action.'

1O7. Hamilton's Differential Equations.

The functions denoted by S and A satisfy certain differential

equations of the first order, first given by Hamilton in a memoir

already referred to.

We assume the total energy H to be expressed in the form

where, as in Art. 76, T^ is a quadratic function of the momenta, viz.

2T'=A upl

- + A.z>p.?+... + 2A 1
,
ip lp2 -)' (2)

Substituting from Art. 105 (8), (9), and writing now t for T, we have

aflf
?!? + ...+ r=0,...(3)

which is the first of the equations referred to.

This involves n + 1 independent variables, and a '

complete
'

integral, in the language of Differential Equations, will accordingly

contain n + 1 independent arbitrary constants, one of which
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however is merely additive to S, and therefore dynamically irrele-

vant. Denoting any such integral by

S=f(t, qi, ft, ...,fti, i, 2 , -.., n) + 0, ......... (4)

the equations

where -37^ w2 , ..., ixn are arbitrary, determine g,, qzt ..., qn as

functions of t and the 2ra arbitrary constants. It has been shewn

by Jacobi (I.e.) that this process gives the general solution of the

Hamiltonian equations of motion (Art. 82), and accordingly deter-

mines the configuration at time t consequent on any arbitrary
initial conditions, viz. the n initial coordinates, and the n initial

momenta, since we have 2n arbitrary constants at our disposal.

An allusion to this theorem could hardly be omitted, but the

proof, and the further developments which this part of our subject
has received at the hands of subsequent writers, must be omitted.

The subject of
'

Theoretical Dynamics,' in the modern sense of the

term, is beyond the professed scope of this book.

The corresponding differential equation of the c characteristic

function
' A is

where H is the prescribed value of the total energy.

Ex. If U be the optical distance between two points of a medium we

have, from Art. 106 (7),

This is, on the corpuscular theory, a particular case of (6).

1O8. Reciprocal Theorems.

We may employ Hamilton's principal function to prove a

remarkable formula connecting any two slightly disturbed natural

motions of a system. Using now the symbols S and A to denote

corresponding variations at time t, the theorem, given by Lagrange
in the Mecanique Analytique, is that

ft.)=0, ............... (1)

where the summation 2r extends over all the degrees of freedom.
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If we integrate from t to tf, we have the equivalent form

2r (8pf - A*?/ &pr
'

. 8qr')
= 2 r (Bp, . A'/,

-
A/>, . Oy ,

). .

Let us write for shortness

&S &S ,

where $ is Hamilton's '

principal function.' Hence, by Art. 105 (8),

Bpr
= Z8 (?*, s) Bqa 2 (r, s') <//,)

. V
( T )

The second member in (2) thus becomes

= 2r2 (r, s') {Bqr . A<?' Agv . &?/} (5)

Identically the same expression is obtained in like manner for the

first member. Hence the theorem.

The coordinates employed on the two sides of (2) need not

belong to the same system. This follows from a remark made on

p. 261.

The formula leads at once to some remarkable reciprocal rela-

tions which were first expressed, in their complete form, by
Helmholtz.

Consider any natural motion of a conservative system between

two configurations and 0' through which it passes at times t and

t', respectively, and let t' t = r. As the system is passing through
0, let a small impulse Bpr be applied to it, and let the correspond-

ing alteration in the coordinate q8 after the time r be 8qt'. Next

consider the reversed motion of the system, in which it would, if

undisturbed, pass from 0' to in the same time T. Let a small

impulse 8p8

'

be applied as the system is passing through (/, and

let the consequent change in the coordinate qr after the time T be

Bqr . Helmholtz's first theorem is that

Bq r : Bp8

'

8q8

'

: Bpr (6)

To prove this, suppose that in (2) all the variations Bq vanish, and

likewise all the Bp with the exception of Bpr . Further, suppose all

the A^ to vanish, and all the Ap' except Ap/. The formula (2)

then gives

This is equivalent to (6), since we may suppose the symbol A to

refer to the reversed motion, provided we reverse the sign of the
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If the coordinates qr , qs are of the same geometrical character,
the statement (6) may be simplified by putting Bps

' = Spr ,
whence

(8)

Ex. 1. In elliptic motion about the centre, if a small velocity bv in the
direction of the normal be communicated to the particle as it passes through
either extremity of the major axis, the tangential deviation produced after a

quarter-period is easily found to be dv/^p., where
p. is the ' absolute force.'

It is readily verified that a tangential velocity dv communicated at the

extremity of the minor axis produces after a quarter-period the normal
deviation dv/Jp., in accordance with (8).

Ex. 2. Let 0, 0' be two points on the path of a projectile in a conservative

field of force.

First, suppose that the field is symmetrical about an axis, and that 0, 0'

are on this axis, and let v, v' be the corresponding velocities. Let a small

impulse v86 be applied at at right angles to the axis, so as to produce an

angular deflection 0, and let the consequent lateral deviation at 0' be |8'. In

like manner, in the reversed motion, let a lateral impulse v'86' at 0' produce
a lateral deviation )3 at 0- The theorem (6) asserts that

This has an interpretation in the corpuscular theory of light. An object
of breadth @' at 0' appears to subtend an angle 80 at 0. If the velocity were

uniform, and the paths consequently straight, we should have fi'
= ld0, where

I is the distance 00'. In the actual case the ratio p'jdd is called the 'apparent
distance' of 0' from 0. The theorem (11) accordingly asserts that the apparent
distance of O from is to the apparent distance of from 0' as v is to v', i.e.

as the refractive index at is to that at O. If the refractive indices at and

0' are the same the apparent distances are equal*.

When the assumption as to symmetry about an axis is abandoned it is

convenient to adopt independent systems of coordinates at and 0'. Taking
these points as origins of rectangular Cartesian coordinates, the axes of 2, /

being tangential to the path, the lateral deviations at 0' due to (small) impulses

x, y at will be given by equations of the form

a/= Ax+B& y'
= Cx+Dy......................... (10)

The reciprocal theorem (6) shews that the deviations #, y at due to impulses

#', i/ at O will be given by

af=A# + C#t y= Bx'+ Dij'......................... (11)

Hence if o-' be the section at 0' of a narrow stream of particles proceeding

* The theorem, and the term '

apparent distance,' are due to E. Smith, Optics,

Cambridge, 1738.
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from n anil included within a solid angle o> there, and if <r, <>' have similar

meaning* with regard to a stream from '/, we whall have

The same value is obtained for

........................(13)

where
/x, /*'

are the refractive indices in th- i

.ptical analogy. This gives the

theorem of 'apparent distance 7
in a generalized form.

Ex. 3. In the most general motion of a top suppose that a small impulsive

couple about the vertical produces after a time r a change 60 in the inclina-

tion of the axis. The theorem asserts that in the reversed motion t an equal

impulsive couple in the plane of 6 will produce after the time T a change ty
in the azimuth of the axis which is equal to SO. It is to be understood of

course that the couples have no components (in the generalized sense) except
of the types indicated

;
for instance they may consist in each case of a force

applied to the top at a point of its axis, and of the corresponding reaction at

the pivot.

Most of the reciprocal relations of dynamics appear to range
themselves under the theorem (6).

Thus, if the system be originally at rest, and if the time r be

infinitesimal, we may put

8fc'&'.T,

and, on account of the linear character of the relations between the

momenta and the velocities, the restriction to infinitely small

impulses 8pr may be dropped. Hence the velocity of type s due

to an impulse of type r is equal to the velocity of type r due to an

equal impulse of type s (Art. 74).

Again, applying the theorem to the case of small periodic dis-

turbances from a configuration of equilibrium, we are led to the

reciprocal relation of Art. 95.

In a second reciprocal theorem, also due to Helmholtz, the

configuration is slightly varied by a change qr in one of the

*
If with any point as centre we describe a sphere of radius t>, the area included

on this sphere by a cone of solid angle w will be yaw. Regarding x t y, as the coor-

dinates of a point on the contour of this area, the ratio of corresponding areas in

the plane x'y' and on the sphere is

8(.r',//')

? K, y)
'

t This must include reversal of the spin.
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coordinates, the momenta being all unaltered, and $ps

'

is the con-

sequent change in one of the momenta after time r. Similarly in

the reversed motion a change Sq8

'

produces after a time r a change
of momentum &pr . The theorem in question is that

Spx':Sqr
= Spr :Sqt

'

...................(14)

This follows from (2) if we assume all the Sp to vanish, and like-

wise all the Sq except &qr ,
and if (further) we assume all the Ap'

to vanish, and all the A*?' save Ag/.

Ex. 4. Let F
9
F' be the principal foci of an optical system symmetrical

about an axis. If we put

we have
v86=v'M..................................... (15)

If/, /' be the principal focal lengths, we have

0./w*/a?,
. whence

^---^ (I

/'-*"/*"
an important result due to Gauss.

Ex. 5. Let 0, 0' be any pair of conjugate foci on the axis of a symmetrical

optical instrument. Suppose that the 8q and 8q' all vanish, and likewise all

the dp and 8p' save those with the suffix r. Lagrange's formula (2) then gives

8pr .&qr=8pr'.Aqr
'

............................(17)

Writing 8pr= v86, 8pr
'= v'80', A?r =/3, &qr

'= P,

where 86 and 86' are the divergences at and 0' of a ray between these points,

and /3, ft are the breadths of conjugate images, we have

v80.p=v'80'.p', .............................. (18)

or pp80= p.'p'.80'.................................. (19)

This important law connecting the relative dimensions of conjugate images
with the relative divergences of corresponding rays is due to Lagrange.

In the reciprocal theorems here developed it is assumed that

the reversal of the system is complete, extending to every velocity

in the system. For instance, in a cyclic system the cyclic motions

must be supposed to be reversed with the rest. Conspicuous
instances where the theorems do not apply owing to incomplete
reversal are supplied by the propagation of sound in a wind, and

of light in a magnetic medium.

It may be pointed out, however, that there is no such limita-

tion to the original formula of Lagrange. In the application to
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cyclic systems \v.- may SU|IJMS- that the coordinates qlt

are the so-called 'palpable munlinates, and that the cyclic mo-
menta are invariable. Special inferences can then be drawn as

before, but tin- inn -rpn-iat \\\ is less simple, owing to the non-

reversibility of the motion.

EXAMPLES. XV.

1. Deduce the equations (1) and (2) of Art. 37 from Lagrange'* variational

equation.

2. Obtain the equation of small motion of a chain hanging vertically

(Art. 90, Ex. 3) from Lagrange's variational equation.

3. Deduce the equation of a slightly disturbed revolving chain (Art 98)
from the same equation.

4. Deduce the law of refraction of light, viz.

sin #=

in the usual notation, from the principle of Least Action, on the corpuscular

theory. (Maupertuis.)

5. Prove that in the path of a projectile under gravity the action varies

as the area swept over by the radius vector from the focus.

6. Prove that in an elliptic orbit about a centre of force at a focus the

action varies as the area described about the empty focus.

Find within what limits the action, from a given position, is a minimum.

7. A particle of unit mass moves in a plane under a central force whose

acceleration is n2 x (dist.). If r be the time of transit from the position (x\, yi)

to the position (#, y), prove that Hamilton's principal function is

S=
2"slr { (*

S+^+*i2
+yi*) cos nr -

Verify the formulae

cS cS . cS

to"*' 5"* *r=-H*

8. With a similar notation prove that in the case of a particle under gravity

the axis of y being drawn vertically upwards.

Verify the relations at the end of the preceding example.
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9. If the quantity

be regarded as a function of the initial and final momenta and the time T (
= t'

of transit, prove that

where H is the energy.

10. If 0, 0' be any two points on the axis of a symmetrical optical system,

prove that the angular divergence at 0' of a pencil of rays from is to its

divergence at as the breadth at of a parallel beam from 0' is to its breadth

at #', provided the refractive indices at and 0' are equal.
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